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Eg.:
The minimal poly of a over Q is f(x) = x

*
- 4x+2Q(x]·

= 2+E
(Exercise : f(x) is irreducible in $(x) so it really is the min . poly of a over Q.)

-

The roots of f(x) are x = vs+r
2- 2= E

-x = -E
24- 4x2+ 4 = z

It 4x2 + 2 =0
B=

-

- B = - 12-E

f(x) = x
*
-4x+ 2 = (x- x)(x+ a)(x-p)(x +B)

In this case E= Q() = [a + ba +ca+da : a
,
b

,
c

,
d+Q3 contains all the roots of f(x)

so it is a normal extension of Q . B= (*) + (*) + (x)22+ (#)23 = 2-3a

as=
=z = = 2-2

24- 4x+ 2 = 0
= 42

= B=Q() = Q(x)
= 4xt-2x2

B= c - E = x- (4x-23) = 2-3x 2- 4x +7= 0 = = = 49- a
= 4(422-2) -2

Look for an automorphism 0 : E-E (E =Q()] satisfying o(x) =B. = 14.22- 8

o(p)= o(x2-3x) = o(x)230(x) = 33- 38 = (23) -3(-3) = (x -3a)((3a)- 3)

= (2-32)(x 6x4+922- 3) = (n-32)(1428 - 6(42) + 923) = (2-3a)(a+ y = x(2-3)(2+ 1)

= x(24+42-3) = x)- (4x=2) + 452 - 3) = -x )=?

5: -36--B E =B
-(a) = B

(v) =o(x)o(p) +(a) = - o(x)= -B
AutE =<07 of order 4: cyclic G: Ante = (o)= 31

,
0

, 03033 IGaloisQ(] - correspondence Esta o(B) = -a

21=>Yois-so
, was ofB)

= - o(b)=7)
①[E] [ 2 )= 027 -X

a kix = pet) = od-2 = =z = -E.
L =(E) = E .



x= 3 = 2
%

a has min . poly . X2 - Q(X] which is irreducible

·Come I E= Q (x] 2Q is an In 1(x]
,
f(x) = x

*
-z = (x-a)(x+ ax + a)

extension of degree subfields
CE :Q] = 3

E=Q(x]
G= AutE = 31

,
+3 ,

FatbE) = abie
with basis 1

,a= 3 (x= 2)
aDegree 2 extension : quadratic extensionon E

: 3 I If EIFIQ (i.e. F is an intermediate field) then

4 : quartic-- the transitivity of degrees tells us (E : Q] = (E : F](F: Q)
- 3 x 1

- 5 ...: quintic ...

3 or 1 x 3

If [F :Q] = 1 then 513 is a basis for Fover & 30 F = Gal : a - Q
= Q

If (E : F] = 1 then Similarly) E= F.

Moregenerally if EXE is an extension of prince degree p= (E :F]

then the only itermediate extensions
are E and F-

What are the automorphisms of E = Q()
,

a= ze ? If PEAutE then &(7= q(2) = &(2) = 2



In K
, every poly · f(x) -> K(X] of degreen factors as f(x) = a(x-r)(x-r) ... (X-rn) 19 ,

4
,
E ; -> ().

eg .
x"- 1 = (x- 1)(x- 3)(x- 3)(x- 2) ... (x- 3") where E = e**

de Moivre's formula :
ef = cost + isint

in rectangular
coordinates

↑m
,q represent

a = Rez = real part of z

b = Imz = imaginary part of E.

v= (z)=b

-

The roots of X-1 are the nth roots ofuity : 1
.
9

, 92 ....,
"

forming the vertices of a regular n-gor
inscribed

in the unit circle (2) =
1.

9 gi The "Fourth roots of unity are1 ,:

&
Eg

in+ 1 = 0

↓i
Euler's Formula ei*= - = -i

Eg .

n =3 : The three cube roots of unity in I are 1
,
w

,
"where

&
gat

w==s + isin = - +E = -+
x- 1 = (x- 1)(x+x+ 1) = (x- 1)(x-w)(x- wa]

·



Follow links on course website

Eg .

consider f(x)=x+5-with 131di) = 5

I I

(1+ i) = 1 + 1i - 55 - 165i + 330 + 462i - 462 -330i + 165 + 55i - 11 - i = -32 + 32i

muchtowin
to evaluate powers z = x+ iy=+gitiy (BinoniaThera

Hi =u =E (x) (e)-= 32.(
nth roots of z = refr = 1) =-32 + 32 ,

X
I S= Hi eighthrooto t

all complex
numbers whose

z =ri = 33-
nth power is

i
.e . ph k = 0

,
1
,

2,



Cube roots ofmity in K : I
,

w
,
w= w Q[W]

= G
w+ w + 1 = 0 correspondence

G : Aut Q(w] = <e) = Sr
,

+3
= war w is a root of x 1 = (x- 1) (x+ x+ 1) = (X-1) (X-w)(X-22] where + (2)=Z

Now let x= 3 ,
F = Q(x]· La

The min . poly of < over Q is X-z = Q(x]. [(w) = w

F= Q(x) = (a +ba+ c : a
,
b

, ceQ3
,

AutE = 323
31
⑭ Y-2 = (x-x)(roots of R are notin i

scale by factor of > the extension F3Q is not normal.

x-z = (x- x,)(X- x2)(x- 93) where a = 4
,

42 = x0
,

Xz = aw

xiz = (x- x, )(x-an)(X- 93)

law?== 2. 1 = 2
EXE > Q&

&= 2

&,w]

= (x- x)(x-aw)(x- xw)

=
(w()" = 500 = 2. 1 = 2 Q[x,n

,
] Daz w=9%

= wThere are 31= 6 permutations of 1.
, 92

,
%3.

In Sp = <0
,
T)

, 0= (123)
,

+= (23).

git
e

(w) =)== w

o
w W

wa +(w) = + (&)==



ECox lot)

Using right-to-left
composition

8= (132)(23) = (13)

T= (123)(23) = (12)

e= (23)


