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mult table for a Kleinora
I Inoncyclic group of order 4) .
this cannot be a subgroup in the multiplicative
group of any field # for the following reason :

It has four solutions of y= : [roots of1)
Wedderburn's Theorem : If F is any field (finite or infinite, them any subgroupof F (the multiplicative group ofnonzers elements) is cyclic

[
If F= Eg ,

then F" is dy of order q
The nth roofs of unity in 1 Form a eglic group of order n.



An extension FCQ (ie
.

a field of characteristic zero) can be a finite extension

or an infinite extension i.e.

· n = (FiQ] <D: F is a finite extension of $ (i.e . an extension of finite

degreen) .

These are number fields, also called algebraic number Fields,
In this case I is a "simple" extension F = Q(x) = 500 + 9

,
4+ and+... + a.,

&" :

9 Q3
eg. F

= Q(E
,
] = [a+ biz +c + die: a

,
b

, cdQ3
so 91 ,

E
,
55

, 53 is abasis for F over Q and (F : Q) : 4
nadratic :

la quartic extension of Q) Ecubic :
degree

3

"Almost" any
element c F quartic : .. 4

-

F as a field: EQ() quintic : ---5

generals
#) <= E+5 then a has min, poly · X

*
-10*+1

X =E +5
*= 2 + 3 +25

F
= 5+2

=- 5 = 25
/1) All five subfields of F.

*105+ 25 = 24

Qic] Qis) Q) -12+ 1 = 0

-1
⑨ If n F : Q1 < * then I has only finitely many subfields
F and all have degree dividinga

n =Ci : CF:( :Q = ( :Q) divides e



Every element It t (if n =/F : Q) <c)

is algebraic over Q

why ? If deF
,
[FiQ] = n

,
then 1

, 9,
03..., a

"

are linearly dependent over Q.

=> at ax+ gen ... +9 = 0 for some 90
,

9
,,..;

9
.

tQ not all zero.

= a is algebraic
More than this,

I is algebraic of degree dividing n.

F2Q()2Q -> n=FiQ] = [F : Q(]) (Q(] : Q)
-

: degree ofc over ⑪

: degree of the min , poly.
· (F : Q] = no eg .

R
,

K, ... of a over Q

Let keR or K and consider the field Q17 geneed by 2
. This is the smallest

extension of Q containing . If X is algebraic ,
this gives a finite extension

&()
,

n = 1Q( : Q] < S
.

Let's take is which is known to be transcendental. &(P) is the

subfield of R containing. Q (QCR.

The subring QID] < R generated by is using addition
,
subtraction

,
and mutlip-

lication only , is the subring
& (+] = Ea+ a.H + auth + - .. + am : 90
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eg.-+1+ 105D-t QTD] ·

It's not a field : +Q,EQ(D)



If I 90+ 9
,
+ + ap+... + at For some n

,
and 9

,

9
, ..., 9 Q then

9p
** '

+ ant"+ ... + at+ a,
x + at - 1 = 0

.

Contradiction
.

To extend the ring QC) to a field
,

we divide elements of QTD] inside M :

q() =3 : FM
, g(EQ() , g(x) +09

This is a field . It's a subfield
.

It's generated by a under+
,

-

,
X,

So it is the smallest subfield containing p.

D
subfields of R :

&XIIXsubfieldsall number fields containing I⑮extensionsof i VI/S/
①(e)at
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About notation : F(x) = the ring of all polynomials in 'rbol/indeleminatefficient in

F(x) = the field of all rational functions in x with efficients in F.

= S : gHF( , gy) +03 .

F(x) is the field of quotients of F(x).

a .............

Q(ie] = [f(E) : f(x -Q(S #) f(x] = =x+x 4x+ + Q(x)

= Ea + be : a
,
be Q3 ·

then f(te)= Est - 4E+

& (v) = < : ave Q(i) , vo3 = QE] = +2-4 +1
2

(This Fing QIve) is already a field) = -Et

&() > &[*]. Let LEK
.

Then Q() = QI] iff a is algebrain
ring whicaeld

ESQ with [E : QJ=?
therearequadraticextensionofRSmst is uniquely expressible as

a + b &Ea+bt for some a b Q
,

i.e. Ab -a = 0
.

=-where S = 1749 - Q. Now E = Q(0) = @[I]



eg .
80+e-3 =0=8
&] = Q = Q(e] & (E) = Q(GE) = QE)




