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Claim : 5 Q
, (E)e .

E = a + biz has no solution with abe Q.

Suppose is = atbre where ab-Q .
Then 3 = a+ 26+ zabre so zabi2 = 3-a-cb2

If ab0then2= Q
,

a contradiction

If 6 = 0 then 0 = 3-at so a=3
,

a =15 # Q
,

a contradiction.

If a = 0 then 0= 3-262 so 262= 3
,

462= 6
,
2b = #Q

,
a contradiction. It

So 1
,
V

,
5 E are linearly independent over Q.

· I Fo

· scalarmultiple of 1
.

(v2Q by Enclid 5= 25

· linear combination of 1
,
E. (proved above)
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... are linearly independent.

IR : Q] = 0 (in fact uncountable)

Also 1
,
+

,
D

,
#, ...

are linearly independent over Q
.
(since is is transcendental).

An extension EIF isLite if (E : F] <*, i.e. (E: F] = n is a positive integer.
eg. KIR is a quadratic extension ,

hence finite
.
[K : R] = 2.

A finiteextension ofQi.e .
EXQ with (E:Q] = n

,

a positive integer ,
is called amuer Fed

(or algebraic number Field). Here every element at E is algebraic over Q
. Why ?

↑, a
,
2, ...,"are n+1 vestors in an n-dimensional vector space EIQ so this list is linearly
dependentforStQ ,

not all zer
,

ie x is a rootoa



If f(x) = 90 + a
,
x + 92x+... + aux" then the deee of fix, denoted degf ,

is the largest &
...

such that an to .

deg (3x2+ 5x +7) = 2

deg (0x+ 5x + 7) = deg (5x+7) = 1

deg (7) = deg (7x = 0

deg 0 is sometimes left undefined (no 0) or deg 0 = -*.

dog (3x+ 5x+7)(X- 4x- 11)] = deg (3x5+ ... - 77) = 5

deg (f(x)g(x)) = deg F(x) + deg g(x) -

If g(x) = v3-4x-11 then Og(x) = 0

de (o)=dego
deg 0 + deg g(x) = deg 0 + 3

.

dego = (deg0)+ 3.
There is no integen value for dego that satisfies this
(We don't choose+o ; we choose-o

. )

Let & K
. Ifa is the roof of same nonzero poly . FER(X)

,
(ie .

+(x) =of then a is lgebraic
of degree n where n is the smallest degree of any such polynomial fix) . In this case

,
the

-

smallest degree monic polynomial having< as a roof is the minimal polynomial ata love Q).

eg. M is algebraic of degree 2 with min . poly .
=-14 EQ(x)·

x= v = 1
,

4 (in . indep.Look at powers 1
,
x

,
x-3...

1, x
,

x2 (in . dep. = 0. x + 14. 1

a = E +5 is algebraic of degree4 with min
. poly , ** 101+ 1

. Why is d = +is not a root of
anysmalles degree poly. with rational coefficients ?



wherth onoff,gamepolynomial
no contrivial factorization over [(x).

If x10x+ 1 = f(x)g(), Fix,g()tR(x] ,
neither f(x) norg() is constantthem either

(i) deg f(x) = 1
, dog g(x) = 3 ; or

(iin degf(x) = degg(x) = 2
.

(The carelegf(x)= 3
, degg(x-1 is essentially case (i))

In both cases we obtain a contradiction.

In case (i)
,
x110x+ 1 = (x+a) (x+by+ xx +d) I

ad= 1
,

a =d = #1 .

In this case m(x) has # as a root but m(1 = - 8 = m + 1)
,

a contradiction.

In case (ii)
,

m(x) = x P-10x+ 1 = (x+ ax +b)(xax + c)
,

a
,
b

,
-2 (since there is no 43 from

on the left).
Once again ,

bc= 1 so b = c= 1
.
Now

m(x) = x*- 10x+ 1 = (x + aXt1)(x2- ax = 17
. Comparing i terms on both sides,

- 10 = 12-a i.e . a 1012 = 8 or 12.

This is a final contradiction so m(x) = x
*-10x1 is irreducible in [Cx] and in Q(x].

Note : x*+ X+ 1 is reducible in [x] as well as in &x] : it factors montrivially as

x
*

+ x + 1 = (y + x + 1)(x x + 1) .

This polynomiallas no roots in I or in Q or in R .

XP-10x+ 1 is irreducible in XIX] and in Q(x] but reducible in MIX]
. Every polynomial of degree 3

in R[X] is reducible.
*10x+ 1 = x

*
+ 2x+ 1 - 8x = (+ 12- (Ex)" = (x+ 1 + 2Ex)(X+ 1 - 2Ex)

The polynomial X- 7 is irreducible in XIx] and in Q, /x] and in R(x]
.

It has a roof 7 -X

#orem : If f(x) t[(x] is monic
,
then f(x) is reducible in QIx] if f(x) is reducible in [x]

. Assual thisand
a



For F(x-Q, [x] of degree 2 or 3
, fix) is reducible in Qu] iff it has a roof in Q.

This is not true for degfix) 4

Eg .
f(x) = X

*
+ x*+ I has no roofs in Q but it is reducible in Q(x)

eg. X-2 is irreducible in Q1x] since it las no roots in $
.

You need to master this point !

X-2 has no rational roots : it has one real root 23*Q essentially by Euclid's argument.

y
= X-2 If x = 2SED

,
82

,
write x=* with ab positive integers in lowestterms

(gad (a,
b)= 1) then 2 so2 is even so a is eve

- :.e . C = 2r for some positive integer r,

So 8= 263 and 63= 4r" is

even so b is even i.e
.

b = es for some st2 .

This contradicts

gad (a,
b) = 1 .

Now if x2-z is reducible in Q1x] then Y-2 = (x+ a) (x+ bx+c)
, a

,
b

,
c Q

but them-atQ is a root
,

contradiction.

For fitF(x] where E is a Field (f(x) is a polynomial in x with coefficients in the field F

and re F
,

we have : linear factor i.e. factor of degree1.

~ is a root of FIN iff X-r is a factorof
i
.

e. f(r) = 0
i.e, f(x) = (x-r)q(x) , g(x) - F(x)11

i
.

.e

. ↓ is a zero" of fix)

In one direction this "iff" statement is obvious : if f(x) = (x-r)g(x) then f(r)=gir) = 0.

what about the converse ? By the Division Algorithm, f(x) = q((X-r)+ alx) , degadea
If w is a rootof f(x) ther fir= 0 = girlfri +a g()(X-+) g(x) = a = constant



We require the Division Algorithm for this.

Review the Division Algorithm for integers I :

Let n
,
de2 with 1

. (OK for d negative but we cannot use d= 0
. ) In general d won't divide ~

evenly ; there is a remainder-
d = "divisor"

Them There exist unique quet such that n = g + r
,

ord.
q

= "Quotient"-

Eg .
n= 65

,
d = 7

,

65= 9 .7 +z 7765 F r = - remainder"

65= 8. 7 + 2 9

7
91 = (3. 7 + 0

7191 .

↳
z

quotient remainder

& divides (d/n) # is a multiple of d
,

n = gdfol i.e .
wo.

Similarly in FIx] ,
F any field.

eg. Q(x] ,
R(x], . not &[x].

Theorem (Division Algorithm for polynomials) Let E be
any field

and let f(x)
,
dixtF(x]

-

where deg d(x7 31
.

Then there exist unique q(x), rixE F(x] such that

f(x) =q(x)d(x) + r(x)
, degr(x) < degd(x) .

m+ x+i
Eg .

F = Q
,

f(x) = Y-2x-3
,
d(x) = y+ x+ 1

.

*f(x) = Y-2x-3 = (X- 1)(y2+ x+ 1) + (2x-2)



x+ x+ 1 = ( -Ex)(-2x-2) + 24)

-Exet
The Division Algorithm leads to Enclid's Algorithm (for I

,
F(x],

. )
not [[x]

gad (100
, 27) = 1 = a . 100 + b. 27 for some a, be 2

100 = 3427 + 19

27 = 1x1+ 8

19 = 248 + 3
Last nonzero remainden

8 = 2x3 + 2

3 = (x2 +D- gad(100, 27) = 1 = 3 -2

= 3- (8-2x3)
2 = 2x1 + 0

= 3x3 - 8

= 3x(19-2x8) - S

ContinueMonday
= 3x19 - 7xg




