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If
= 0 for some1

,
them the smallest auce is calledtheteristic ofis

field +
,
devoted char F = n.

eg .

char #g = 3. In Eg
,

we have=2
1 + 1+ 1 = 3 = 0

1 + 1+ 1+ 1 = 4 = 1

·
char #p = p .

If there is no positiven for which sttt -.+= 0 then F has characteristic zer (car F = 0).

If charF = u > 0 (F has positive characteristic : then char F= p is prime . Why ?
If car F = 6 them 1 + 1 + 1 + 1+ 1+ 1 = 0 in F then (HD)(HH) = H ( + 1 + 1 ++ ) = 0

- => H1 = 0 or 11 + 1 = 0 -6

Given any
field f

,
one of two things can happen :

In this case the smallest subfield of has

(i) charFP prese
O

I

1+ 1 = 2 This gives the smallest subfield in F :

1 + |+
= 3

#= 50
,

1
,

2,..; p-BCF.

=
(ii) char F= 0

.
=> QIF is the smallest subfield.

In every case the unique smallest subfield is known as the prime subfield of F

(either # or Q) and F is an extension of its prime subfield.



<+x = (1+ 1x = 0x = 0Eg. = 50
,193 # has characteristic 2

.8

# is a subfield (the smallest subfield of#
,-as · called theprime subfield).

So # is a rector space over E
.

BoBid (:] = 2 with basis 9t,23

# = Sal+ ba : a
,be E3

Let I be any finite field i

.

e. If· = 50
,

1
,

9,
Then chart +0

.
In a field of characteristic O

, the elements B
8 I

,

H
,

H(+ 1
,

H+(+ /+ ), ...

are all distinct .

So char F = #p = 90
,

1
; pris , p prime . # is the prime subfield ofF.

[F : ] = n 31
,
F = 59;9, + and2 +... + Anth : a

, . . ., and #3
X, ..., In basis for F over #p.

=> IF1 = p"
Every Finite field F has prime-power order /Fl = p" , p prime ,

31

when n = 1 F:p] = 1 F= = 50
, !--, p-13 = "integers modp":

the orders of the finite fields are 2
,
3
,
4

,
5
,
7

,
8

,
9

,
11

,
13

,
16

,
17
,
19

,
23

,
25

,
27

, 29
,

31 , ...

(No fields of order 6,
10
,

12
,

14
,

15
,

18, ...



for every g
= p" (pprime ,

n> 1) there is a field of order

prime power) chism
. (Proof I andit isunieewould

This field is deand itis unique up
to iona take too long

.
We did the

case g== 4 . )
-

Basic facts about # : (g = p")
Car Fa =

p
.

· For every at Eg ,

at = a .

This generalizes Fermat's little Theorem

the special case n= 1 i

.

e . q
= p)

the same proof
You are by now familiar with lp (n = 1).

what about t = Sal + bo : a
, be 3 ?

O is chosen as a roof of an irreducible poly ·
f(x) = x+ ax +b+x).

Special case : Find an irreducible poly ·
x+ ax+be #(x]

There are only four polynomials of degree 2 In Ex] :

2 = X. X reducible
x+ 1 = (x+D(x+ 1)] #= 39. + b . 2 : abet3
Y+ x = x(x+ 17
R+ X + 1 must be irreducible. The only degree / polynomials are x

,
x+ 1

f(x) = xi x+ 1 has no
roots int so f(x) is irreducible inx).

f(o) = 1 Let a be a roofof f notint
butinne e
f(x) = *+x+ 1 =0

f() = 1



Over F = 90
, 13

, degree& X
,

x+ 1 (both irreducible)
degree 2 : E

,
x

=
+ 1

,
x x

,
y+ X+1 Conly x+ 1 is irreducible)

degrees:, Y+ x2
,

x+ x71
,
y+ x7x

,
yx3x+ 1

3
= x2(x+ x) =

X(x+x+>
= (x+ 1)

lonly two these are irreducible : x3+ x+ 1
,
x3+ x71) .

degree 4 :
Sixteen polynomials of degree ↑ N+&*+be+ cx ++ (a,

b
, <d -

x
*

+ x+ 1 = (x*+ x+ has no roots in but it is reducible.

x
*
+ x+ 1

,
x
*

+ y+ 1
,
x*+ x+x+ x + 1 are the only irreducible

polynomials of degree 4 in Flx].

# = [al +b + 22 : a
,
b
,#3, arootofmy faita

03= A +1

Esso,
p= 03+ 02 = (A+D +0= o0+ 1

①" = 03+02+0 = (f+y +p+0 = 0+ 1

Fact : The nonzero elements of
any finite

o = 03+ 0 = (0+D +0 = 1
-

field form a cyclic group . (It

consists ofalloversto an element
(generator) ↑

-



Eg. #
= 50

,
1

,
2

,
3
,
43 Fr "I :

0 or8"D-3
-

# 0203 84 #5 Ob

2012T - 82 + 5 ph ,

243 etc.- i ·2431

4312 I124

mult table for a Kleinora
I Inoncyclic group of order 4) .
this cannot be a subgroup in the multiplicative
group of any field # for the following reason :

It has four solutions of y= : [roots of1)
Wedderburn's Theorem : If F is any field (finite or infinite, them any subgroupof F (the multiplicative group ofnonzers elements) is cyclic

[
If F= Eg ,

then F" is dy of order q
The nth roofs of unity in 1 Form a eglic group of order n.



An extension FCQ (ie
.

a field of characteristic zero) can be a finite extension

or an infinite extension i.e.

· n = (FiQ] <D: F is a finite extension of $ (i.e . an extension of finite

degreen) .

These are number fields, also called algebraic number Fields,
In this case I is a "simple" extension F = Q(x) = 500 + 9

,
4+ and+... + a.,

&" :

9 Q3
eg. F

= Q(E
,
] = [a+ biz +c + die: a

,
b

, cdQ3
so 91 ,

E
,
55

, 53 is abasis for F over Q and (F : Q) : 4
nadratic :

la quartic extension of Q) Ecubic :
degree

3

"Almost" any
element c F quartic : .. 4

-

F as a field: EQ() quintic : ---5

generals
#) <= E+5 then a has min, poly · X

*
-10*+1

X =E +5
*= 2 + 3 +25

F
= 5+2

=- 5 = 25
/1) All five subfields of F.

*105+ 25 = 24

Qic] Qis) Q) -12+ 1 = 0

-1
⑨ If n F : Q1 < * then I has only finitely many subfields
F and all have degree dividinga

n =Ci : CF:( :Q = ( :Q) divides e



Every element It t (if n =/F : Q) <c)

is algebraic over Q

why ? If deF
,
[FiQ] = n

,
then 1

, 9,
03..., a

"

are linearly dependent over Q.

=> at ax+ gen ... +9 = 0 for some 90
,

9
,,..;

9
.

tQ not all zero.

= a is algebraic
More than this,

I is algebraic of degree dividing n.

F2Q()2Q -> n=FiQ] = [F : Q(]) (Q(] : Q)
-

: degree ofc over ⑪

: degree of the min , poly.
· (F : Q] = no eg .

R
,

K, ... of a over Q




