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Solutions to HW?2

2. The fifth roots of 2° — 1 = (z — 1)m(z) in C are 1,¢, (2,¢3,¢*. Since 1 is the root of
x — 1, this means that ¢, (?,¢3,¢* must be the roots of m(z); so m(x) = (x — )(z —

¢ =) —¢Y).

1. By #2, m(x) has no real roots, so it has no roots in @Q, so it has no linear factors. If
m(x) factors into quadratic factors in Q[z], then such a factorization is obtainable in
Z[z] and

mz) =z +23+2°+2x4+1= (> +ax £ 1)(2® +br+1)

where a + b = 1. Now both the ‘+’ signs must be positive and
mx) =2+ + 22 +2+1= (2% +azr+1)(2*+ (1-a)z + 1)
=2t + 2% + (24+a—a®)2® + x + 1.

1+vV5

>, a contradiction. So m(z) is

However, this has only irrational solutions a =

irreducible in Q[z].

If you studied Eisenstein’s Criterion in a previous Ring Theory course, this
method also shows that m(x) is irreducible in Q[x].

3. The four roots of m(z) are permuted by o as ¢ — (2 +— ¢t — (3 — (, so

o(a+bC+cC®+de3) =a+bC% +cCt +d¢
= a+b¢* — c(1+¢+C*+¢%) +d¢
= (a—c) + (d—c)¢ + (b—c)¢? — eCP.

4. From o? = ((+ (1?2 =2+ 2+ =1-(—-(¢*=1- a, we see that « is a root of
g(z) =2® + z — 1. Thus a = 3(-1£V/5). Since a ¢ Q, g(z) is irreducible in Qz];
so it is the minimal polynomial of a. Using de Moivre’s formula, o = 2 cos %’T > 0, so
we must have the positive root of g(x), i.e. a = %(—1 + \/5) This shows that « is
real; but this was already evident from the start since o = ¢ + ¢, which is twice the
real part of (.

5. Since a = 1 (—14v/5) € Q[v/5], we have Q[a] C Q[v/5]. But also, V5 = 1+2a € Q[al,
so Q[v/5] € Q[a]. Thus equality holds: Q[a] = Q[v/5].



Also, o(a) = o(CH+CH =+ =-1-(—(*=-1—-a. Soo(V5) = o(1+2a) =
1+2(-1-a) = -1 —-2a = —/5.

6. The Hasse diagrams of £ = Q[¢] and G = Aut E = (¢) = {1, 0,0%,0°} are

E=QI(] G=(o
A //7
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Qlo] =Q[VB] <-=-=->< = > (0?)
2 // \\\ 2
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It is easiest to first enumerate the subgroups of G, since G is just a cyclic group of
order 4. Next, match each subgroup of G with its fixed field in E. For example,
0%2(v/5) = o(0(v/5)) = o(—V/5) = /5 which generates the intermediate subfield
Q[v/5]. The Galois correspondence is indicated by the blue arrows.

7. From #4, a = 2COS2% = %(—1—#\/5), SO cosT2° = cos%’r =35 = i(—1+\/5) 7
0.30902.



