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/SimpleGraph on verticesnodes

Eg. Listall "graphs on 4 vertices:

aa --8 a b
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A graph of ordern is a pair G:(V,E) when V is a setofa vertices and E is a

subset of pairs Sr, w3 where vew, v,w- . E.g. the graph with vertices 1,2,3,4

and edges 51,33,92.33 can be illustrated (the two graphso
are isomorphic
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Of these four graphs, which one is not isomorphic to the others?

Graphs (a), (b) are isomorphic. Graph (c) is not isomorphic to(a) or (b) because graph (a)
has diameter 2:any two vertices are atdistance atmost2 apart. However, graph (it has

diameter3.
(symmetry)

An annorphism of a graph is an isomorphism from the graph toitself.
An isomorphism from graph (a) to graph (d) isthe map with table of values
vertex verta
iu(a) in(d) This is a very special graph having thespecial propertythatfor every
⑤

pathoflength 3 (vertices vo, v.,Va, Vs with vowv,oVenVs, Ytv,

is : v + vs, v, +vs(in (a) and every path wonw,wwzwWs in (d) (WotWe, worms,

witwn) there is a unique isomorphism (a) ->(b) mapping vine vi
Thisisa person graph. Howmany isomorphisms are therefrom (a) to (d)?

5 10x3x2x2 = 120.



In particular, aPetersen graph has 120 automorphisms.
the graph to(a4-cycle) has 8 automorphisms Notan automorphism:

02 1 0r0 00 0+0

122 1293 (n 1 1r-|

2r3 2-2 2v2 2-3
3r>0 3r 1

323 3572

identity The edge on3 is mapped to a

non-edge 0+2

The graph ofhas exactly 2 automorphisms
A graph withonly one automorphism? · (the graph of ordin 1, i.e. having only one verter).
Aless trivial example with more than one vatex:0000+

↓
Every graph as a degree sequence. The degree

of a verteris the number ofits neighbors.
the graph i (above) has degree sequence (11,1,2,2,3,3). 14 (+1 +2+2 +2+3 =12

Iftwo graphs are isomorphic, they must have the same degree sequence.
An isomorphism from T toi mustmap each verter to a vertex ofthe same degree.
Iftwographs have the samedegree sequence, mustthey

be isomorphic?No, e.g. the

graphs (a), (c) on theprevious page are
notisomorphic, butboth have degree sequence (3,3,3,3,3,3,3,9,3,3).

A graph with a vertices and edges has oren. The degree ofvertex v, denoted deglv), is the number of

verticesjoined to. Ifa has vertices labelled 1,2,3,.;n, then the degree sequence ofG is (degli, deg(2), ..., degin(),
permuted intoincreasing order. Agraph G is deregular ifdg ()

=d for every vertexin 6 (or simply~

regular). Note:degsi +deg(z) +... +deg(n) =ze.



Theorem If G is a (finite simple graph with edges, thenExydegiv) =2e where G =(x, 1),
1) thesetofvertices, Ithe set ofedges.
ProofWe count in two different ways the number ofpairs (v,jr,w3) in G (veV, Sr,wi-E),

such
Since every edge 5v,w3 has two vertices v,w, thereare ze,pairs.

forzw On the other hand, since each vertexveX has degil edges, we have

&degir) as thenumber ofsuch pairs. These answers mustagree. I

vt)/ fencing
Imagine we organize a round robic tournamentbetweena competitors. Every competitor

M

competes with each ofthe others exactlyonce. Altogethes there are (27: )2
In general (n)=in choosek"is thenumber ofways to choose a ksubset ofan n.set

(i.e. a subset of sized in a setofa elements). (v) is a binomial ficient

(azb)"-E(n)algath thebinomial theoreme)
Beforecollecting

(a +b)
=(a+b)(a+b)(a+b)(a+b)(a+b) =Gaga -gaab+anaba + gabb +... +bbbbb terms, there are
, = (57ay +(,)a+b +(t)ab +(5)b3+(i)ab" +(57a)5 259rms.
2.

133/
Pascal's Triangle = a5+5a*b +10a*12+10a-b" + 5ab"1b5

14641
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Theorem In a simple graph with us,vertices, there exist two rentices of the

same degree,
#roof Let (d,de...., da) be thedegree sequence of a graph degrees 1,2,2,3,4

of order ns 2. Note thatd,...., dn->90,1,2, ..., n-3If d,..., dn are ·
distinctthenevery element of50,1,2, ..., n-is is thedegree ofsome vertex Note:in di

by the Pigeonhole Principle. This means the degree sequence is 10,1,2,..., n-).
In particular, then is a vertex of degree O, and a verterofdegree n-1, a contradiction?,2, ...,n3-50,1,;;n

- 13.

This proves the result. #

Proofs are logical arguments that argue the truth of our assertion. They are always written in proper

sentences.

singular plural ·
vertexvertices
indexindices

has degree sequence
natrixmatrices

So, it is the
set ofdegrees
ofthe vertices

Pigeon a pigeons come to roostin a holes. Ifnsk, then top
leastpigeous must be

theholeprinciplesupposelastoneoftheholesmile beemptyotherwords....ABana et
cannot be onto. (iii) Assuming with them - isonetoone ifit is onto.



Graph RestructionProblem -

startinebypinonetopoteorazoncomitadofatuqalyonietrmiet
Can you uniquely reconstruct to from its deck?

(multiset)
Consider this set ofseven graphs oforder 6. Find a graph oforder thaving this as its deck.


