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the graph i.v (formed by removing and its edges from it has one fewer vertex, so

early colored using atmost 6 colors. And since has at most 5neighbors
it can be pro
in Tv, there is a color left over which can be used to color verter. This gives a

proper coloring ofi using at most 6 colors (a contradiction...)

We will improve this toshow thatactually 5colors suffice to properly color every
planar graph.
Given a graph 1, the chantic number of I, denoted y(i),

4

dXxi
e

is the smallestnumber ofcolors we can use to properly color the vertices
of 1. A per coding of thevertices of i is a coloring ofthe vertices

such that no edge has both endpointsofthesame color.

The theorem ofAppel and Haken (1974) is that every planar graph o has X(M) = 4.
NotethatX1Kn) =n. Here in is the complete graph of order n.

Agraphthas X(T)=1 if it has vertices but no edges.

graphithasIIandmitegenerateapartiteithas
no

armitsof addanane



RoofIfthe theorem fails then thereis a smallest counterexample 5 witha
danar graph oforders are has chromaticvertices (so T is planar and every 1

number 5 while X(T34). We seek a contradiction. Ihas a vertex

v ofdegree =5. In fact degr =5. (Ifdegv =4
then XSP) = 5, a contradiction.) Let i' be the graph obtained ~verticesfrom 5 by deleting and its five edges,of so X(T' =5. Sayvi has color; (i=1,2,", 5). can be properly

colored using
Consider the vertices Vis )[vertices of 53 having atmostfive

colors.
colors 13only. This lotherwise-graph, is bipartite. Ican assume v, is joined to us in a

in part oftis, reverse colors,so that is gets
color.Then we are free to color using colors⑰ since itsneighbors are color,2,1,4,5).
Otherwise is has a pathfrom v, to us.

13insizebeing"aspectofwasint2 and 4. Contradiction! Is

3



Given a graph i, a spraph of t is formed by taking a subset ofthe edges
of itogether with all their vertices.

a subsetofthevertices ofi together witha redgrayofis
formed by taking

1. eg. :Y is a subgraph of1. (not an indeedsubgraph-
b 5

eg.y is an induced subgraph of5.
·i

An induced subgraph of4 is a subgraph of 5, but not conversely.

bliquesare joined complete subgraph of 5, i.e. a subsetofthe vertices, any

In 5 above, 5,2,64 is a clique (in fact a 3-cique). The cite number of5,
denoted w(TI, is the size of the largest clique in 5. Itis hard tocompute
IX vs. W w(T). 28

Roman Greek
Ten For every graph T, X(r)>w(K). · X(P)

=3

for the
Warning:this not equality! For the Petesen graph P, w(P)=2. PetersengraphProof: The vertices in a clique ofsize will require wis different colors.



Dual to the clique number will we have thecoclique number all) which is themaximum
number ofvertices in 1, no two of which are joined. (This is a(i)= w(II where

F is thecomplementary graph). Coliques are also called independent sets ofvertices.

Eg. (P) =4. (X(P)1 >1 = 2.5 => XIP) > 3.

91,2,33 is a coclique which is not contained in any larger coclique;it is
a maximal collique.

A main codique (i.e. a coclique ofmaximum size) is $1,3,7,83.yeson
at thesicles circuits oflengths). Any setof see -483
This is maximum size becauseI has vertex set 50,3,9,6,13092,7,5,

atleast 5vertices has either 3 on the inner 5-cycle 52,7,5,4,83 or 3 vertices on
the outers cycle 50,3,9,4, 13. In either case thereis an edge in that 5-cycle
joining two vertices we have chosen.

Im XIT)- where IVI= the number of vertices:theordle of 5.

Roof Let k=X(T). Properly color the vertices 1,?", k and let V,be thesubset

ofvertices coloredi,for i=1,2,.. k.
This gives a partition y

=y, 4Vaw... wVn

C YVVj=union of Viandly;ViLiV= disjoint union ofViandry). Each Vi is a

codiqueso (il=CCH so (V1=(+/21+ ... +(x) =a(T) +a(t)+ . .. +x(t)
=bx(r) so

t
=b =a,ne

↳
I
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You can use nautytotest isomorphism between
two graphs.⑪of

ring ener

⑪
using nauty software---

6 =Ant T

6 =((!,3)(4,5)(6,7)(8,9), (0.2)(1,4)(3,5)(6,9) (7,8)Y
161 =4
So has 3 orbits on the vertices:90,23,91,3,4,53,96,7,8,94
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1 Ant,1 =120

5 I = /Th
12
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O The Petusen graph P has a Hamiltonpath

E
(0, 1,2,3,6, 8,5,7,93 (apathtouching each

I vertex exactly once) butno Hamilton circuit

4 Lending at the same vertex where itstarted).
5 8

-

Haringwar.It."b 7 circuit.

3 2 000
108
110 <I

0 10

Agraph having a Hamilton circuit 01 1 Gray
11 I

10 I

00 I

is called manian. 000
Every Hanning graph
He (n>2) has a

Looking for Hamilton paths or circuits is Hamilton circuit.
known to be difficultin general.
testing whether a giving graph i is Hamiltonian is NP-complete.



T

O Theorem:The Petersen graph P is not
-

Hamiltonian, i.e. itdoes not have a Hamilton

E circuit/cycle.
I

RoofSuppose P has a Hamilton circuit. Without

4
5 8

loss ofgenerality this circuit contains thepath
14,0,1,2). (This is because P has 120 automorphisms

mapping any
such path oflengthsto any other.)

b 7 The Hamilton circuit uses two of the edges from vertex

3 2 3, so ituses either 93,44 or 52,33; so without

loss of generality, ituses the edge 92,3%.
we cannotuse the edge 33,43 as this would complete the circuit without passing through
all vertices;so we mustuse theedges 53,43 and 94,53. To continue the circuit from
vertex b, we have two choices:proceed through vertex 8 or verters. Neitherof these
choices leads to a Hamilton circuit. This is a contradiction. It

Enter paths and circuits



the seven bridges ofKonigsberg C
*

Apr
⑧

AnFutenflagtrainrepeatingrebutnot engen arches each stagged
point. ⑯ThisgangsthasanEatertrailinorderhad andtheenterThere

are no vertices of odd degree, we have an Enten circuit.

Theorem (Eulen) A graph has an Fulen trail if itis connected and ithas either 0 or
-

a vertices of odd degree. In thecase every vertexhas even degree, we have an Enter
circuit/cycle.



We sometimes speak oflabelled graphs and unlabelled graphs.
Eg. on thevertex set[1,2,3,43, theyare 2*44 labelled graphs

10 ·4 1) =6 pairs of
vertices.

25 · 3 There are (2) labelledgraphs on a vertices.

Butmany of
them are isomorphic,

+"These are different labelled graphs buttheyare isomorphic.

=* As unlabelled graples they are isomorphic, hence thesame
grap

⑧ D -

· a 8 · is II to:

There are II unlabelled graphs oforder 4i.e. "1 isomaphism types
ofgraphs of order 4, i.e. I graphs of order 4

dism.
up

to isomor



The Petersen graph has girth 5 (the shortestcycle has length 5). Ithas 15edges.
For a graph on 10 vertices, 15edges is the maximum possible for girth5.
For a graph on 10 vertices withouttriangles (i.e. girth-4), what is the maximum

possible number of edges?

Recall:km,n= - km,has an edges, Kmn is bipartite so it has

* no cycles of odd length.
m

↳
K2,has it edges In particular it has no

* ⑰ Tem (Mantel 1907)

triangles.

If i is a graph of ordern with no trianglesK2,8 k5,5 (i.e. its girth is at least 4) then I had

nin edges 25edges at most
I edges.

girth 4
(no triangles) If a is even then 12. I

attains the upper
bound ofedges. Whatif i isodd?

paqvertices,andgratewithangein ↳) =(* if i is even, for km,

" s ifi is odd, for KI



Roof Let i be a graph ofordern withno triangles, T =(V, E). IV is the set

of vertices, I is the setof edges. For every edge (x,y3t E, dix) +dly) =n.

dx- dry)-1 dix-x +x +x +dry- h

is -

2

Add the inequality dixitdy)=n over all edges [x,y3tE to get[(d(x+dly) =ne.

Next, count the number oftriples of vertices (x,y,z) with
xwy-z.Y3E

There are a
choices for you and diy choices for x, diy choices for z,"so dly)" choices

for x and > (giveny). The total number of walks oflength 2 is Idiy.
yty

On the other hand, there are e:IE) edges in T. For theedge (x,y3ZE, how
many walks

of length a contain this edge? d(x) +d(y) choices of walk oflength
The total number of

za 2 in which we include

walks oflength 2 is - z a stepfrom to y
Or Ane

[(d(x) +d(y)) .

d(x) choices for z
"diys" choices for a3x,y3zE Igiven the edge (x,y3)
(given the edge (x,y3)



Therefore

Edix" =E(d(x)+d/y)) < en thisarealter
Extern a =(a,,92,.;an)R"
vo b =(b., b2, ...,b) eR",

If [dix) =ze, whatdoes this tell us
about [dix? 1a.b1= Hall. IbI

YeX
y-Y

Use the Cauchy. Schwarz inequality. where abitabut
are

(dIi+d(n))" =a(dxt... +dr aob:Hall (b) cost

Kost1= 1.
4x,y37E

4 =

n,dly =a <1d(x)+dlyn) &none -

in
a

litso e=

amb:a,+act... an
la.b1 =Hall. In

(9,+...+qn)* =n(a,4... +an



Proof ofCauchy. Schwarz:Fix a,bcR". Consider

f(t) =la-tbl =(artb) · (artb) =ara-tboa-tarb+Ebob =1al"-2t(amb) +Elbll?

ofcourse full so for allt. no.A
The discriminant disco

[2a.b)" - 41allllbP =0
The disc. of at+bt+c

4 (a.b)= 4Kall" 1b11 2 is b2 4aa

Gobl* = Halbl.



Show me a graph 5 oforder 5such thatneither I now I has a triangle
(i.e. both; and Ihave girth - 4). Recall: F is thecomplement of5.

T = F == 5(a5rcycle). Both and I have girth 5.

Show me a graph 5 oforder 6 such that neither I nor I have a triangle
these is no such graph. Why not?

Color the edges of15with 2 colors red, blue. To avoid a monochromatic triangle (all

red or all

stres: theorem If we color theedges of by red andblue,

fromthere is either a red triangle or a blue triangle.
There are five

"
ProofConside a rentex rate edges fromv

so by the
Pigeon holsNow x,y,zform a triangle Principle, at

If any edge of this triangle is blue least three of

then togetherwiththeedges to r, we have
themare the
same color

a blue triangle. Otherwise all edges
I say

ofthe triangle (x, y,z3 are red. It is, 9473



TheRamseylet is be positive integers. There is a number R(r,s) such thatFor all
greed,blue)

nxRirs), every 2-coloring of theedges ofin has either a red reclique or a
blue silique. For us RIs), there exists

a coloring of the edges ofK. with

2 colors (red, blue) having no red relique and no blue siclique.

R(3,3) =6.

R(2,3) =3

·
43 =R(5,5)=48

R(r,st values
aie Ramsey-
numbers

·Extremal graph
theory (



2I -3
22 3

- a· ·I, is a subgraph oft of is not

I 4 subgraph.
2

-4 is an induced subgraph.
Graph Theory -Linear Algebra
nee

Matroid Theory
The adjacency matrix of a graph 4 with vertices 1,2,3,...," is the non matrix
whose (i,j)-entry is thenumber of edges from vertex i to vertex j. Eg.

1234

symmetric (0,13-matrix

o
was adjacency matixis iti

with zero diagonal"
(corresponding to an undirected

h graph with no loops or

i directed grap multiple edges)
with loops and

⑤

multiple edges



1234

5 =it has adjacency matrix it -a themalabelledgrabofthe
adjacency matrix.

A
=

8008]087-staini[ I thelistentlyofArtatthememberofas
IAwalk is allowed to repeatedges or vertices,
unlike in a path or a trail.)

:

Goi)-(i. I the isentry anin thenumberofwalkin

A=I =(0888) A=A -
has adjacency matrix(iii)

Its abraggartgraphthet jenedieA5et
0 Istinility degree seriesI AJ=1)



which graphs arecorregular with diameter 2 and girth 5? Any such graph
1" as order 5,10,50 or

5-cycle · 3250.

Petersen graph

Look atk3=,8z withadjacency matrix Atoy. The number ofwalks oflengthfrom vertex i to vertex;is the

ci,j)-entryof AR.

How many walks oflength to are thesefrom vertex 2 to rentex 3 in Ky? 341

=BeenaI I
Since A is a real symmetric matrix,

itis diagonalizable i.e. there is a basis of RP

consisting ofeigenvectorsofA.
Dre obvious eigenrectory1

=(i):As=1(i):(E)
Since Ks is E-regular. Another eigenvector12 =():Ar-1i,)t)" (i)=-
1s=(:2), Ars: (,,i)(2) =F)= -

s



Itis customary to normalize the eigenvectorsas

n
=(!), a-fl], is:it]

so that [1, 22, 123 is an orthonormal basis of IRP consisting are eigenvectors ofA.

13Orthonormal means 1:2 1j=4Ij I
&

In Is it has eigenet
Ari=dibi 1, =2, dc=1,= -1. Y 10) but no

Ahas diagonal form D =18:"?). C" (***i) basis ofeigenvectors.

!i) eigenbitosA =UDY"i.e. HAR=D where X =(f):(t) 10] (with eigenvalues,
1.1] (with eigenvale

-
A=(ubuf)(mpuT)(xu/s... (MD) =UD"n"=(aeid (x-2)(x+2x+1) interpendicularent=

x-0x-3x-2

diagonalize Check: detA =2 trA =0
orthogonal.

a =1, !!] -> a::] det D =2 tr D =0

The listof eigenvalues 2,-1.- Daresimilardeterminetheandene
is the spermof A (orof()) characteristic polynomial

def (x1-A) =def(x1- D) =(x-2)(x+((x)
=x3- 0x2- 3x-2



Amore graph is a K-regular graph ofdiameter 2 and girth 5. What are the examples?
k>,2

. ireger grapesarethe
newees F

andgates
·a n =k+1 +k(k-x) =ki+1 matching

-

AAA... A :...
Vi vj

k(k-1)

V Ve Va V Wil=k-i ((k-1)!)-ways to choose
IV,I=bi these perfectmatchings.
Now let A be theadjacency matrixofthe Moore graph If you can

do this without

ofdegree, n=hits. A is nxa, 1: In:(.0,)
axa

creating any 3-cycles or cycles
5-Iii] if) As=bj 15:45

then you
have a Moore graph.

AT=A
JA =k5

(5)
=(h5s

A, 5,Iall commute with each other. JA =JA =k5

J-I-A is the adjacency matrix ofthe complementary graph.



A =kI +(5-I-A)

why? The ciijl-entry of Al is the number of walks oflength z from venturi tovertex;.
Case isj:Al has

k in the diagonal entry (i,is.

inf
case inj isaj. Here thehigh-entry of Al is 0. Same on the righthand side.

case inj i.Roj Here the cijl-entry onboth sides is 1.

itj
Since A is a real symmetric non matrix, ithas a eigenvalues 1,be... It
withcorresponding eigenvestors ...... In i.e. AUi=Jivi. Some of the eigenvalues

willberepeated.Oneoftheeigenatales,and genres I,
witheigenrectors-()

say I is an eigenvectordifferent from it"), withcorresponding eigenvalued so Avix1.

So I is perpendicular, to(i) i.e. 54 =0 =18.
A=AAL =A d1 =b As

An =(kI+ (5-I-A)]G &==k- 1 -1 = I

xi =ku - 1 - 61 b =k- 1-<k
Sod,-K and de, ...,aarees



Since we have not remainingeigenvalues by..... In all of which are roots of

x"+1-(k-i =0, some ofthe eigenvalues must be repeated. They are

=(- 1 =14(k-1) = =(-tk-3)

b ==71 +x3)

u
=E(+ - -3)

So thespectrum ofA is I, Since toA =0,↳, dei Medm

k+m) +(n- 1-m(n =0.
This allows us tosolve form.

n=k +1

2k +m(-+ 3) +(n- 1 - m).(-1 -4k-3) =0

ak+-i (2m -n+ 1)-3
=

0
e

2m-k

(em-12)V3 =k1k-2). (A)

If kie we get 6: H+), m= I(-1-5) and the spectrum is 2,dimi
Otherwise k>2 so 4K-3 must be an integer square i.e. m=2

4K-3=d2 where d is an integer, d<0. k:. Substitute into (1) toget
(d"+d+6d2d +9-32m)d =15. -> d =13,5 or 15.

k*1,3,7 or 57.



counting walks in graphs
How many ways can we

walk from land mass:

to land mass;by crossing in bridges?
4

:
This numberwilijs, equals the number ofwalks

of length m in 5. Itis also the cijt-entry ofAl where theadjacency matrix of
is A: 0 2I; :)

Rather than working out Am ineach case, we wanta "formula"for wilij),
We are able to give aclosed formula for

&

Wij (x)
=2 Wilij(x =Wolij) +Wp(j) x + Wij) x+w,(i,j)x+...

which is the grating finition for the sequence wolij, wlijt, Walijs,...


