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the graph i.v (formed by removing and its edges from it has one fewer vertex, so

early colored using atmost 6 colors. And since has at most 5neighbors
it can be pro
in Tv, there is a color left over which can be used to color verter. This gives a

proper coloring ofi using at most 6 colors (a contradiction...)

We will improve this toshow thatactually 5colors suffice to properly color every
planar graph.
Given a graph 1, the chantic number of I, denoted y(i),
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is the smallestnumber ofcolors we can use to properly color the vertices
of 1. A per coding of thevertices of i is a coloring ofthe vertices

such that no edge has both endpointsofthesame color.

The theorem ofAppel and Haken (1974) is that every planar graph o has X(M) = 4.
NotethatX1Kn) =n. Here in is the complete graph of order n.

Agraphthas X(T)=1 if it has vertices but no edges.
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RoofIfthe theorem fails then thereis a smallest counterexample 5 witha
danar graph oforders are has chromaticvertices (so T is planar and every 1

number 5 while X(T34). We seek a contradiction. Ihas a vertex

v ofdegree =5. In fact degr =5. (Ifdegv =4
then XSP) = 5, a contradiction.) Let i' be the graph obtained ~verticesfrom 5 by deleting and its five edges,of so X(T' =5. Sayvi has color; (i=1,2,", 5). can be properly

colored using
Consider the vertices Vis )[vertices of 53 having atmostfive

colors.
colors 13only. This lotherwise-graph, is bipartite. Ican assume v, is joined to us in a

in part oftis, reverse colors,so that is gets
color.Then we are free to color using colors⑰ since itsneighbors are color,2,1,4,5).
Otherwise is has a pathfrom v, to us.

13insizebeing"aspectofwasint2 and 4. Contradiction! Is
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Given a graph i, a spraph of t is formed by taking a subset ofthe edges
of itogether with all their vertices.

a subsetofthevertices ofi together witha redgrayofis
formed by taking

1. eg. :Y is a subgraph of1. (not an indeedsubgraph-
b 5

eg.y is an induced subgraph of5.
·i

An induced subgraph of4 is a subgraph of 5, but not conversely.

bliquesare joined complete subgraph of 5, i.e. a subsetofthe vertices, any

In 5 above, 5,2,64 is a clique (in fact a 3-cique). The cite number of5,
denoted w(TI, is the size of the largest clique in 5. Itis hard tocompute
IX vs. W w(T). 28

Roman Greek
Ten For every graph T, X(r)>w(K). · X(P)

=3

for the
Warning:this not equality! For the Petesen graph P, w(P)=2. PetersengraphProof: The vertices in a clique ofsize will require wis different colors.



Dual to the clique number will we have thecoclique number all) which is themaximum
number ofvertices in 1, no two of which are joined. (This is a(i)= w(II where

F is thecomplementary graph). Coliques are also called independent sets ofvertices.

Eg. (P) =4. (X(P)1 >1 = 2.5 => XIP) > 3.

91,2,33 is a coclique which is not contained in any larger coclique;it is
a maximal collique.

A main codique (i.e. a coclique ofmaximum size) is $1,3,7,83.yeson
at thesicles circuits oflengths). Any setof see -483
This is maximum size becauseI has vertex set 50,3,9,6,13092,7,5,

atleast 5vertices has either 3 on the inner 5-cycle 52,7,5,4,83 or 3 vertices on
the outers cycle 50,3,9,4, 13. In either case thereis an edge in that 5-cycle
joining two vertices we have chosen.

Im XIT)- where IVI= the number of vertices:theordle of 5.

Roof Let k=X(T). Properly color the vertices 1,?", k and let V,be thesubset

ofvertices coloredi,for i=1,2,.. k.
This gives a partition y

=y, 4Vaw... wVn

C YVVj=union of Viandly;ViLiV= disjoint union ofViandry). Each Vi is a

codiqueso (il=CCH so (V1=(+/21+ ... +(x) =a(T) +a(t)+ . .. +x(t)
=bx(r) so

t
=b =a,ne

↳
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6 =Ant T

6 =((!,3)(4,5)(6,7)(8,9), (0.2)(1,4)(3,5)(6,9) (7,8)Y
161 =4




