
Combinatorics
Book 3



Fourth method:Decompose F(x)=#x using partial fractions.

Factor the denominator 1 - x-x =(1 -xx)(1- Bx) Note:the factors 1-xx,

1-Bxreveal
the reprocal

roots a, . (The roots
are t, B. (therootsarethesame

asa rareof it-Inee
2

a == 1.618 (the golden ration 2,a+B =1 reciprocalrotin
B
= = - 0.618

x- B
=55

xB =
- 1 +I- 1

=

0

Always use ain the algebraic simplification. 1 +2-4
2
=0

a
2
=x+1

F(x) =Fx apx)"+Ex:AEkx+ B.E.Bx)" B2 = +1

-A an Ax" (exponential growth rate (



Use partialactionsand A.muchthatare x
=

x+1

12=B+1

1 +x =A(1 - 3x) +B(1 - xx) Evaluate atx=I, thenatt
1 +I =A(1 - fx)

n +1 =B(1 - 3)
a
=

x +1
=A(x- B) =5A =7 A: B =

-f
27 interchangee

conjugation

9:Ax+BB" =x---- ()
55- -5

~5

As n-so, -0 since 1911 so an As" where A =I
Amotics If fiul, gin)--no as news,

iti - 1. This is differentfrom we proximately equals.
* is aptotic tog)

e.g.toanora
Sviton - n =(v102-n om -on,5asses.



+En2 ns as a- 0 Since Fur11- 1 as was

yet (n+72) -n =7n2 -> is as it

In our case the convergence is stranger:not only is an Ax" but movestr

92-Aa"->0. We can actually evaluate on by taking theclosest integer
to As".

&=itn + n2++ ...

1- x

Anexampleofpartial fraction decomposition:
1 +2x-3x2exx=six)(ix)"* ix"ix

=A1x +B tilx+ 2Ekil:EA-((2i))
n=0 An

isite+ since itsex
1-1)= 1

How fastdoes an grow?The reciprocal roots of14x+4x44x" are-1, -2i,
2i.

11 zi) =2.

N! Ea. - c2". From Maple it seem amis
look

again:
En Str ismadein

~t2", ifn=3 mod4.



FixE Fxtis: -I (1-x+Y-x+x4-x=...)
Solve for A,B,2

+ (=x +E):71-4x+16x4-b4x4+ ...)
#=1+n +x

+a +44+... -San
where anF** +G(4)* if a is ever

II (-4)* if n is odd.

Alternatively, (differentconstants A,B,C)

F(x) =x+tix Fix:Iotio"(something like this...
lan) grows exponentially"(cost. 2") look atMAPLEsession)

but ant 22". This happens because thedenominator of F(x) has two reciprocal
roofs of the same largest absolute value
Another example in counting walks in a graph where this issue arises:

I

- A :(98] We = w(1,17= number of walks oflength from
vertex 1 toitself.

2345G...
-20408... W(x) =( I- xA]

=

(109]-x,3]]=(s ]"
[i]act," ]

= Faxl=(w)I



W(x) =w,,(x) =4x =1+4x +16x4 +64x4 +25648+...

if his odd
wr =w(,1) =2 On in) n is even.

Ereciprocal having thesame absolute value?Denominator1-4x =(1+2x)(1-2x) has two roots 12

Remarks:Fax" is preferred over i since we want to use thegeometric

series 1 =1tn+n+n+...
1 - 4

Exponential growth f(n)-ca" [2, a, b constants)
k

polynomial growthfin) - an eg. 4n+ 7n2+11n+59 -4n3

Other counting problems leading to a sequence where generating functions
are used to express the solution:

Let an be the number of permutations of (n) =31,2, ...,n3 (i.e. the number of

ways
I can list a students in order). Then an=n!. Itsgenerating

function is

- ↑(x) =n!x" =1+x+2x+4x+24x4 +120x5+720x +5040x4+...

G(x) =E(n)"x" =1 +x+4x236x+576x4+...



(2) is the number of b-subsets ofan a-set

i.e. thenumber of bitstrings oflength having he is (and not zeroes).
Ifqp= (2) where n is fixed then thegenerating function for the

Sequence 90, a.,9y..
is

Ax) =E9n**:(2)x* = (n +x)"

eg. Ap(x) =(4) +(Y) x +(2)x2 +... =1 +4x +6x +4x +x4 =(1 +X)4 Binomial

The Binomial theorem (1 +x)*=I(m)x" holds for all real values ofm.
Theorem

n
=

0

Ifi is a non-negative integen then (n):ins? is a nonnegative integen
(positive for n=0,2, . . . , mi zero formsmy in which case (1+X)" is a polynomial
in x of degreem. Thisis a special case ofthe Binomial Series,
the Binomial coefficients are found by hand from Pascal's triangle
·" (4) =entry in rown of Pascal's TriangleI X

2 I

I ·s = I

eg. (I):entry
2 in row 4

I 4 6 4 I

↓ 5 10 10 5 I
↓

I start counting at0,1,2, ...)
I ↳ 15 20 15 6 I

....



The recursive formula for generating Pascal's Triangle is (n)= (ii)+ ()

1i) ("'s
I

X E

(2)

Three proofs ofPascal's formula (n)= (ii) + (*"):
Conatorial boot (counting proof): Consider then-set(n)= 91,2, ..., n3.

Any subsetBC (n) isofone of the following twotypes:

cis nt B. In this case B:\n3UB' where B'<[n-1], 1B' =k-s.

There are (i) ways
to choose B in this case.

(ii) nkB. In this case BC (n-1). There are ("p) choices for B in this case.

The sum in cases (i) and (ii) must give (R). I

Generatingon Roof: Compare coefficientsof x on
both sides of

(1 +x)" =(1 +x)(1 +x)
1 +ax +(2)x2... +(Y)x+ .. +x =(1 +x)(A +(mix+...(i)x+("n'(x*+... +x)

which gives (4) =(ii)
+ ("n). It



Proof !) +('s:quacks? t Fell
-n! =n. (n-1)! -nik isanarecas

=

(n-11k+(n-B! (a-k)

-![br! burkarb!()e
An(x) =(1 +x) =()x"
2" =x1 +1)" =5(1) =(o) + (i) + (2)+...+ (n):the sun of the entries in

rown ofPascal's triangle.
A combinatorial explanationfor this result is

2" =number ofsubsets of(n)= lumber of insubsets of(n)) =(i)

Cr2" =number ofbitstrings oflength, which can be rewritten as (i) where (ii)

is the number ofbitstrings of length having exactly;1's.)



HW3 #2 is similar to the example on thehandout on Fibonaccinumbers

print's
print- This directed graph is an example ofa nondeterministic

"'daa A=(ib] its anator with two states I, R.
-

print o
How manywalks are there starting at vertex!? Wr=wilt,1) +Wn(1,2)

Printout 0101000 represents the walk (1,2, 1,2, 1, 1, 1) oflength I
The walks oflength in starting atvertex I are in one-to-one correspondence with

Anitstringsof length n.

More generallymany counting problems (where recursion plays a role) are equivalent
towalksin graphs,
Reall:Binomial Theorem (x+y=(47x"yh where (i) (binomial coefficient

in choosek") equals the number of subsets ofan unset. (i) = Sant!ifkego,n3
(n> o integent 0 otherwise

Multinomial Theorem(x,+x+...+ xr =E (i,, in...., in)x,x...
is,..., in

Si,in,..,in): in! Ifinvino, itairen;0 otherwise

Multinomial Coefficient



eg.(x+y +z)i
=

3)",4)x"yjzk =

x+y+z +3xy +3xy +3xz +3xz+3y2 +3yz2
"jiko +6XYz

(2,0,0) =o!*54, -1:(0,0) = (0,,37 (Trinomial expansion (

12,0) ==, =3
=(0,,)=... check.Seeit?e

(1)
= !=5 =6

How
many

words can be formed by planting the letters of MISSISSIPPI?

(words are strings ofletters where the order is important)

!2: (4,4,2) =34,650.

How many
words can be formed by permuting the bitsin 01110010010?

(ix) =s:=(-) : (i) =462

say Man'saremade in adifferent colors tomany
differentway e

an
=number ofways

to have a handful ofa MAMs?
#S



If MDM's come in thecolors red, blue, green, orange, yellow, brown, then there are
i it "a "" "Br

IE) ways
to draw a handful often Mam's e.g.

"Y"is a divider

R RXXG DO 00 OXYXBr Br

-******or presents
thecolor distributethe

2 red
o blue
I green
4 orange
↓ yellow
2 brown
-

10 MGM's
The possible color distributions for a handful
of10 MGM's are in one-to-one correspondence with the number ofwords

oflength 15over a binary alphabet X. So the number ofhandfuls
of10 Man's which come in b colors is (').
If Mam's come in acolors and we select a MGM's from this batch,

the number ofpossible color distributions is (n+") = (***).



①Suppose I wantto hand out a books (all different) to a students. How

many ways
can Ido this?

↳ =h choices

d (n
+6 -

1)M

②Howmanyways asahandanalldentical silverdollars
tobe studiesare

0

& ⑮ -N ↑
2-00

00

E 001/00000/0/00
Answer:(I) =()

Note:Problem Iis counting functions (n)
-> [k].

In Problem, what if we require each student toget at least one ofthe
silver dollars?Instead of 10+), the answer is (***"): (4).



Suppose I want to hand out a different books toa students, in such

a waytripthateachstudentgets
at mostone book. Howmany way the

P(n,k) =n(n- 1) (n-z)... (n-k+i) This equals zero if kyn.

no, ofcholes End and 4th book
ofstudent to book

give book, to

P(n,k) =0 if k <n

P(n,k) =n! if k=n

P(n,k) is also denoted
n,p) or

various other notations

I"descending factorial"or "falling Faction" (

P(n,k) is the number ofone-to-one maps (k] -> (n)
(injections)

Question:Howmany subjections [k]->(m]?(functions thatare onto,
can we hand out he different books to a students if we

ishowmanywet to getatleastone book.



Binomial Theorem (It x)"=E(m) x
Whatif i is not an integer?

(4) =-k)!" mic]...
(m-ktiSmith-)=A

k!(nyk) (afk-1(nik-Z
P(m,k) =m(m-1/m-2) ... (m-k+1) is defined for all b- 30,1,2,3,4,..3

and many real
number.

P(m, 0) =1

P(m,i) =m
P (m, z]

=m(m- 1)
y
*, PE, PE, I

P(.4)

eg. Vix
=(1 +x)" =50(v) x=1 +Ex+fez),it

=A +jy - 5x +iyx+...



Suppose I want togive out a silverdollars to 3 students x, y, z. Howmany-

identical
ways can Ido this? This is the same as counting bitstrings of length with

having 2 ones and zeroes
e.g.

xyz4 710111000 represents one way to
distribute 7silversollarstox,y,2

X y z

(29) =185
p(9,2) =36 ways todistribute I identical silver dollars to3 students.

2.1 c-2!

Expand,y)(E):(1+x+x+x+...) (1+ y +y+ y+ ...)(1 +z +z+2+...)
degree degreez

degreean
=

1 +x+y+z xy+xzg+greetxyztyz+xytt.
the term yz

i ik ofdegree itjth represents how we can give coins tox, j cinato
y, k coins toz.

The number of ways to distribute
a coins to is students isthenumber of terms of

degreen in our expansion. to isolate terms ofdegreen in theexpansion,
do thefollowing:replace x,y, by tx, y, tz.

,ty)+z) =1 4+(x+y+z) +t(x4y4zxxy+xz+yz) +t(x +y+-.. +xyzt...

the coefficient of thin this series gives all the ways to distribute
a coins tothree

students x,y,z.
the number ofways todistributea coins to 3 students, replace x,y, by 1.
I

3 =1 +3t +6t2 +10t+...
(1-t)



Forthis we can use the Binomial theorem.

Howmany ways can we distribute a identical silver dollars tobe students?

call

them,studentisexitxxx?t..7=[x,"*"xii,..., i,o

In order to collect terms of each degree uso, replaces....., , by txe, ..., tyn:

Itx= It
istime... is
x... Yik

inin30

Now replaces...... a by1.Bitt=) It"
A number ofmonomials x."...i
ofdegree is fist ...+i = n

-number of solutions of
is+izt...+is =n
(i.. . .

., in 30)

=number ofways togive
i coins to ys,
iz...Yz,

"

is.....



()(t=E...(b-rf) (-1)hin =(1 - t)* =
=(H(-t))

-fitz.ktr)fit-Sr)r=E(athtt
me

(k+-)
Thus the number ofways to give k identical
coins to be students is ju+k)=("*).
Number ofways

todistribute a identical coins to 3 studentsis thecoefficient of

+7 in

=1+3t+65+10t
+1544 +21++28+ +36t*+ ... 129) =36

The sequence of
coefficientsis (2) =1,3,6,10,15,21,28,36, ... is the triangular numbers

↳
=It2+3+...+ h

In a citydowntown, all streets run north-southand east-west, forming a grid.
How many ways

can you travel from one intersection to another intersection that

is a blocks north and a blocks east if we require a path of shortest distance (in

blocks)?



YENNENEEN thereare (a)shortestpaths inthegrid
towalk

moreengine s
This gives a sequence 3, 2, 6,20,70,...

I I

I 21

over the binary 133 I

alphabet [EN3 1464 I

15 10 10 5

·b 15 20156 I

17413535217 I

182856 7056288 I

whatis the generating function forthis problem?
&(2n) x=1 +2x +6x +20x3 +70x4+...
n =0

This is a warmup
toour nextproblem. In both cases we can use the

Binomial Theorem.



AN)= 30(2)x" =5.c.x =ari.2s?...2x
- (n)2"x= )...()(4xn!

-Si (4x"=(H (4x)*==i+2x +Gx+cox+7ox...

This time count shortest paths (distance zn) in a citygrid where we must walk a blocks

north and a blocks east without going above themain diagonal"y =x":

- Cn =number of solutions

-it Ili2
4

FENN ENEN 14

- In is the nthCatalan number.

EEENNN EENENN EENNEN ENEENN ENEMEN C. is the number of Dyck paths

I I i I I I of lengthIn defined above.

I i After observing Co =1,- -

IENNNN FENENN EEENNENN
EENTENEN-- I I I-

we need a recurrence formula for Gi
↑ I it for my I,I -
I

*ENENNEN EENNENEN ENEEENNN ENEENENN ENEENNEN ENENEENN ENENENEN



contexts.

theCatalanmembers ariseinfertices ofa convey ego to
form a subdivision

into n-2 triangles?In

" *anda
2
=
1
C

**
7norethe

/
(p =14

consides a product of factors U.U...Un which is tobe evaluated by multiplying 2
ata time. Howmany ways can theproduct be parenthesized toachieve the answer

n =1:(a) C =1
way Cnes

n=e:(ab) C: 1 way

n =3:(ab)c,a(b2) Cr =2 ways

n
=4: (ab) (cd), ((ab)cId, (acbc))d, a(lbad), alblCd)) C,:5 ways



Recurrence formula for Cr, nx1 (number of Dyck paths (
e Me (n,n)

Let k =51,2,..; n' be thefirst values for which

I *In theDyck path returns to the line y=x

(k,ki i.e, k=31,2, ..., n] is the smallestnumber for which (4,k) is in

The number of choices for the portion ofthe Ryck path from (k,k) to

.d,beigein
the Dyck path.

(n,n) is Cark:

The number of choices for the portion of the path
from 10,0) to(k,k) is not exactly in since that

eaths that possibly hit theline y
=xwould include i

before 1k,b). the firstportion of the Dyck path
consistsof:one block east, then a Dyck path from
(3,0) to (k,k-1), then one block north. They are

Ca-, such Dyck paths in this (k-ix(k-) square.
So (n=E, Galarie
2, =CoC =
1.1 =1

C =Co2, +[,C0 =11 +1.)
=2

( =(o(z +4,2,+20
=1.2 +1.1 +2.1 =5

24 =(02z +2,[2 +(22, + (320 =5.1 +2 +1.2 +1.5 =14



The generating function for In is

((x) =G +2,x +2x+(z4 +(yy4+-.. =1+x+2x4+5x3 +kx4+...

satisfie,: (C+, x +Gx+(,x+ ...)(.+4x + 2x+(x+(ax+ ...)
->(( +(o2, +2,0)x +(2(2 +(,2, +(((x+(((z +4(z+224 +G(0)xt...

Comqre:
(Sanx") (5b.x)=E (nbmx"

convolution ofthe two sequences an, bu

(f7g)(x) =f7(x-+)gHidt is theconvolution ofE.g


