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/SimpleGraph on verticesnodes

Eg. Listall "graphs on 4 vertices:

aa --8 a b
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A graph of ordern is a pair G:(V,E) when V is a setofa vertices and E is a

subset of pairs Sr, w3 where vew, v,w- . E.g. the graph with vertices 1,2,3,4

and edges 51,33,92.33 can be illustrated (the two graphso
are isomorphic
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Of these four graphs, which one is not isomorphic to the others?

Graphs (a), (b) are isomorphic. Graph (c) is not isomorphic to(a) or (b) because graph (a)
has diameter 2:any two vertices are atdistance atmost2 apart. However, graph (it has

diameter3.
(symmetry)

An annorphism of a graph is an isomorphism from the graph toitself.
An isomorphism from graph (a) to graph (d) isthe map with table of values
vertex verta
iu(a) in(d) This is a very special graph having thespecial propertythatfor every
⑤

pathoflength 3 (vertices vo, v.,Va, Vs with vowv,oVenVs, Ytv,

is : v + vs, v, +vs(in (a) and every path wonw,wwzwWs in (d) (WotWe, worms,

witwn) there is a unique isomorphism (a) ->(b) mapping vine vi
Thisisa person graph. Howmany isomorphisms are therefrom (a) to (d)?

5 10x3x2x2 = 120.



In particular, aPetersen graph has 120 automorphisms.
the graph to(a4-cycle) has 8 automorphisms Notan automorphism:

02 1 0r0 00 0+0

122 1293 (n 1 1r-|

2r3 2-2 2v2 2-3
3r>0 3r 1

323 3572

identity The edge on3 is mapped to a

non-edge 0+2

The graph ofhas exactly 2 automorphisms
A graph withonly one automorphism? · (the graph of ordin 1, i.e. having only one verter).
Aless trivial example with more than one vatex:0000+

↓
Every graph as a degree sequence. The degree

of a verteris the number ofits neighbors.
the graph i (above) has degree sequence (11,1,2,2,3,3). 14 (+1 +2+2 +2+3 =12

Iftwo graphs are isomorphic, they must have the same degree sequence.
An isomorphism from T toi mustmap each verter to a vertex ofthe same degree.
Iftwographs have the samedegree sequence, mustthey

be isomorphic?No, e.g. the

graphs (a), (c) on theprevious page are
notisomorphic, butboth have degree sequence (3,3,3,3,3,3,3,9,3,3).

A graph with a vertices and edges has oren. The degree ofvertex v, denoted deglv), is the number of

verticesjoined to. Ifa has vertices labelled 1,2,3,.;n, then the degree sequence ofG is (degli, deg(2), ..., degin(),
permuted intoincreasing order. Agraph G is deregular ifdg ()

=d for every vertexin 6 (or simply~

regular). Note:degsi +deg(z) +... +deg(n) =ze.



Theorem If G is a (finite simple graph with edges, thenExydegiv) =2e where G =(x, 1),
1) thesetofvertices, Ithe set ofedges.
ProofWe count in two different ways the number ofpairs (v,jr,w3) in G (veV, Sr,wi-E),

such
Since every edge 5v,w3 has two vertices v,w, thereare ze,pairs.

forzw On the other hand, since each vertexveX has degil edges, we have

&degir) as thenumber ofsuch pairs. These answers mustagree. I

vt)/ fencing
Imagine we organize a round robic tournamentbetweena competitors. Every competitor

M

competes with each ofthe others exactlyonce. Altogethes there are (27: )2
In general (n)=in choosek"is thenumber ofways to choose a ksubset ofan n.set

(i.e. a subset of sized in a setofa elements). (v) is a binomial ficient

(azb)"-E(n)algath thebinomial theoreme)
Beforecollecting

(a +b)
=(a+b)(a+b)(a+b)(a+b)(a+b) =Gaga -gaab+anaba + gabb +... +bbbbb terms, there are
, = (57ay +(,)a+b +(t)ab +(5)b3+(i)ab" +(57a)5 259rms.
2.

133/
Pascal's Triangle = a5+5a*b +10a*12+10a-b" + 5ab"1b5

14641
15 10 10 5I



Theorem In a simple graph with us,vertices, there exist two rentices of the

same degree,
#roof Let (d,de...., da) be thedegree sequence of a graph degrees 1,2,2,3,4

of order ns 2. Note thatd,...., dn->90,1,2, ..., n-3If d,..., dn are ·
distinctthenevery element of50,1,2, ..., n-is is thedegree ofsome vertex Note:in di

by the Pigeonhole Principle. This means the degree sequence is 10,1,2,..., n-).
In particular, then is a vertex of degree O, and a verterofdegree n-1, a contradiction?,2, ...,n3-50,1,;;n

- 13.

This proves the result. #

Proofs are logical arguments that argue the truth of our assertion. They are always written in proper

sentences.

singular plural ·
vertexvertices
indexindices

has degree sequence
natrixmatrices

So, it is the
set ofdegrees
ofthe vertices

Pigeon a pigeons come to roostin a holes. Ifnsk, then top
leastpigeous must be

theholeprinciplesupposelastoneoftheholesmile beemptyotherwords....ABana et
cannot be onto. (iii) Assuming with them - isonetoone ifit is onto.



Graph RestructionProblem actually multiset-

starfiregneities
aretosotoraamcottradoftimoniaterm:ee

Can you uniquely reconstruct to from its deck?

(multiset)
Consider this set ofseven graphs oforder 6. Find a graph oforder thaving this as its deck.

Answer. Note:From thedeck ofanygraph T, we can reconstruct (deduce) the

degree sequence ofT.

-

Given two graphs ofordern, how hard is itto check whetherthey are isomorphic?
Assuming T. T' are given, each with a vertices, label the vertices ofeach graph 1,2,3,..., 2. The number

ofbijections from thevertices of5 tothe vertices ofTis n!=,xex3x... .. In factorial).

(eg. 1,2, 21 = 2,31=6,4:=24,..., 101: 3628800,... ). Check each ofthe bjections to see ifit is an
isomorphism. This takes atmost n! (2).



We have an algorithm for testing graph isomorphism but it requires (in theworst case) n! (a)

steps where n is the order of the graphs.
n.-> as faster than any polymonial in i.e. ifflu) is a polynomial in a (eg. (n) :as.at+1)

where K is constant... In) is a polynomial ofdegreek in n.)

i.e. in for any positive polynomial function fsa).

In fact,n- fasten them any exponential function (>1) eg.

time =in. i.55..78.........) =
aC

The best algorithms known for testing for graph isomorphism require far fewer thann! (i) steps
leven in theworstcase). These algorithms have runningtime that is intermediate between polynomial and

exponential.

ofain
the

versecase, ittakesone steps to constatedegreesequence
ofa graph, a polymonialintoone

CP = graph (a))
IfTis any graph, theneitherPET or theseareexactlyisomorphisms DeF.

Iff: N) -> U) is an isomorphism themfor every automorphism 0:V(P) ->V(p), we have an isomorphism
vertices vertices
of P of T

v(x) gv(p) v(t)
-

to f



Given two graphs T,5', theremay be no isomorphism from5to 5. Butifthere is an isomorphism
f:T-T, thenthenumber ofisomorphisms i-M isequal to the number ofautomorplaisms of5.

Ant (11 :Sautomorphisms ofT Sisomorphisms 1- 53. Anti is a group:
Given B-AnT, TTETfor: T-T is an isomorphism,

1:-5 identity
-

(x) =xforevery
vertex xof F

to
1 -AntF

The map -
foris onetoone, Given

anyisomorphism g:T-T, there 108 :8 :801

exists & Ant such that g=700. Why? For all OCAntT;

↑- +Ep pootot:polorntr,
-
fog:1-Tis an isomorphism

for every ofArt T

theexists ofAnt
i.e. O =Fog -Aut such that Popic: pp.

and 700=70(fog) =ofjog
:

.

n:grows faster than afor any (>1;
n'grows shower themn":

exponential)

-limit......
n! - join as nea i.e. in the1.
1 asymptotic



cabe:
1.1=o-test How

many automorphisms does Ihave?

the cube has 48 symmetries (24rototational and24 other

Hamming cake graph He has as its vertises all bitstrings oflength n. Abit is a 0 or a 1 in the

binary alphabet30.13. Two bitstrings are adjacent if they differ in exactly one position. He is

010" a regular graph degree with invertices.

· sonal

800 o.o.ene

ordetx. He has diactence and IAAmee

In He, switch 2nd and coordinates.

d(00, 1, 1011):d(0110. (110)
=

1

The n!permutations of the coordinates ofthestrings give n!

automorphisms ofH
Also these are "possible bitflip operations (flip a single coordinate 01, or do this for

a subset of the coordinates).

Eg. Flip the 2 and 3d bits:

·10 -> =0,0,d(001, 10117:d(0101,1101) =1
0101

0411

eg. (AutHz) =2:31: D+6=48 as above.



Some infinite graphs:...-00... 2- regular, connected

How has as its vertises the bitstrings,0009929,e, 9i290,13 2..
100000....

&!
10000...0000000...

Howis not connected.

Randoninfinitegrahade
diameter 2.

-E



A walk in a graph T is a sequence
ofvertices (v,V,Va,..., vr) such thatvi is adjacent
toVit, for i= 0,1,2, ..., r1. This walk has length r. onthe
A path is a walk without repeating vertices.
Atrail is a walk which possibly repeats vertices

butdoes not repeatedges.
Acircuit is a sequence of vertices (vo,v,Ve,". Vr) such that virvix, for i= 0,1,2, ..., v-1
where vo,5,...., . are distinctexcept vo =vr.

The late graph I is the graph oforders in which& length 7comp
xy for every pair ofdistinct

vertices xy.

is etc.Ko

Note:In has (27:atedges.
The complete bipartite graph Kmin is thegraph of order men and mn edges having

&

vertexsetNW X, CAUBis the union oftwo sets, AVB:5x:x+ A or x- 33
Vo AWB is thedisjoint union where AR B =0i.e. A,B are disjoit)
8" Given x,yz VoUV, we have xwy iff one of xy is in No and the other is in V

Here 101 =m, N.Izn.



A partite graph has vertexsetVoNV, and every edge has one endpoint in No, the other

endpoint in V.

Eg.gotic is bipartite withpartition 91,3,530929in oft
4 491,3,5,7955246,83

Theorem A graph is bipartite ifit has no circuitsofodd length.
Or 51,3,5,83052,4,6,73

A var rph is a graph which can be drawn in the plane is without crossing

edges.
eg. 1y= =

is planar. · via thecircle- chard method.

This method works well when

eg. 15
=

.*** is not planar. thegraphhasastonicityanda

once.

Theorem Kyis notplaner. Hamilton

Proof(one way) We must startwitha nimuitoflengths&
and find a way to

add theremaining
5edges withoutcrossings.

*

BythePigeonhole Principle, we mustadd at least 3 edges inside thecircle or at least

3 edges outside the circle.Withoutloss ofgenerality, three (or more) edges are tobe

added inside thecircle. But itis easy to see that any
three such chords musthave a

point ofcrossing.So Kiis notplanar, It



Stereographic Projection- #a RV9V3<s-
N:north pole (sphere)

Teaven Kais is not planar
Proof Use the circle-chood method with the 3.: E: ===- ·I

Hamilton circuit(1,2,3,4,5,6,160 ·2 K3,3
We must add the missing 3 has no familfor

edges. Withoutloss ofgaerality, &

Dr

02 ciruit so we can't

we add atleasttwo edges inside
E

4 use
the circle, chord

thecircle. Buttheonly possible method;but itis

two of these chords planar.
edges are [1,43, 32,53, 33,63 but away #intersect. So Ke,3 is notplanner.

Every planar graph has a dual graph which is also plenar. This example Ihas
n=7 vertices, e=10 edges,
=5regions.

By Inker's formula9.D1.CSS ..harptovice(we'll prove so,hen - 2 +1 =7- 10 +5 =2.

regions



In drawing maps, the question arose:can we color political regions with4 colors

so thatno
twoadjacent regions share the same color?

Theorem(Heawood) Every
M

E* It maybeperverlycolored
and

I

planar Sigmund Fred
Theorem (Euler's Formula) Leti be a finits connected, graph withavertices, ex, edges,
-

and a regions. (We will typically assume there are no loops or multiple edges although
this is not strictlyrequired.) Then n-evr=2. This says

the sphere has Fulen

characteristic z, a theorem in topology.) In other words, v = e -n+2.

rootby induction. LetI be constructed by a sequence ofsteps starting with a single

edge Iand byaddingone edgeatatimewereachThe
was see

Let's say Tohas novertices, e, edges, i regions.
eg.p p- # has n,2 vertices, e=1 edge, v=1 region,

Ta and n-e,tr,= 2.11 = 2.
So Euler's Formula holds

- for T, .

-

#is =1



Extending totoTin, possibly we are adding one new renterconnected to Tby thenewor

-yTi,
niy=1i +1 so hit - eit

+ri =(ni+1)- (ei+1) +ri =ni-ei+ri =2
2+1

=

2i+1

Vi
,

=Vi

T
or

-
Another to case to conside is where hit, has the same vertices as Ti, but we are adding
a new edge between two vertices that are already there.

ni+1
=1.

5 D3 i en =ei+, For Ty, ni.eit, triy=1.- (ei+1)+(n +1)

Vi+ iri+1
=ni
- 2i +r =2.

or

To Byinduction, Euler's Formula holds for all in, ...,e;

in particular, theformula holds for Te =T. It

For graphs thatare not connected, n-e+r =i +number of connected components.

-7- - n - e+ r =11 - 11 +4 =4 =1number of connected components.



Regions of the map give vertices of our graph.
The question is rephrased as follows;#STA.
FasmapiReplace corresponds toa planegrapes.

Given a planar graph, what is the
minimum number of colors

required toproperly
color thevertices ofthe graph?

↓Apropercoloringoftenvertiesof
a graph is

one to see


