
Combinatorics
Book 3



Fourth method:Decompose F(x)=#x using partial fractions.

Factor the denominator 1 - x-x =(1 -xx)(1- Bx) Note:the factors 1-xx,

1-Bxreveal
the reprocal

roots a, . (The roots
are t, B. (therootsarethesame

asa rareof it-Inee
2

a == 1.618 (the golden ration 2,a+B =1 reciprocalrotin
B
= = - 0.618

x- B
=55

xB =
- 1 +I- 1

=

0

Always use ain the algebraic simplification. 1 +2-4
2
=0

a
2
=x+1

F(x) =Fx apx)"+Ex:AEkx+ B.E.Bx)" B2 = +1

-A an Ax" (exponential growth rate (



Use partialactionsand A.muchthatare x
=

x+1

12=B+1

1 +x =A(1 - 3x) +B(1 - xx) Evaluate atx=I, thenatt
1 +I =A(1 - fx)

n +1 =B(1 - 3)
a
=

x +1
=A(x- B) =5A =7 A: B =

-f
27 interchangee

conjugation

9:Ax+BB" =x---- ()
55- -5

~5

As n-so, -0 since 1911 so an As" where A =I
Amotics If fiul, gin)--no as news,

iti - 1. This is differentfrom we proximately equals.
* is aptotic tog)

e.g.toanora
Sviton - n =(v102-n om -on,5asses.



+En2 ns as a- 0 Since Fur11- 1 as was

yet (n+72) -n =7n2 -> is as it

In our case the convergence is stranger:not only is an Ax" but movestr

92-Aa"->0. We can actually evaluate on by taking theclosest integer
to As".

&=itn + n2++ ...

1- x

Anexampleofpartial fraction decomposition:
1 +2x-3x2exx=six)(ix)"* ix"ix

=A1x +B tilx+ 2Ekil:EA-((2i))
n=0 An

isite+ since itsex
1-1)= 1

How fastdoes an grow?The reciprocal roots of14x+4x44x" are-1, -2i,
2i.

11 zi) =2.

N! Ea. - c2". From Maple it seem amis
look

again:
En Str ismadein

~t2", ifn=3 mod4.



FixE Fxtis: -I (1-x+Y-x+x4-x=...)
Solve for A,B,2

+ (=x +E):71-4x+16x4-b4x4+ ...)
#=1+n +x

+a +44+... -San
where anF** +G(4)* if a is ever

II (-4)* if n is odd.

Alternatively, (differentconstants A,B,C)

F(x) =x+tix Fix:Iotio"(something like this...
lan) grows exponentially"(cost. 2") look atMAPLEsession)

but ant 22". This happens because thedenominator of F(x) has two reciprocal
roofs of the same largest absolute value
Another example in counting walks in a graph where this issue arises:

I

- A :(98] We = w(1,17= number of walks oflength from
vertex 1 toitself.

2345G...
-20408... W(x) =( I- xA]

=

(109]-x,3]]=(s ]"
[i]act," ]

= Faxl=(w)I



W(x) =w,,(x) =4x =1+4x +16x4 +64x4 +25648+...

if his odd
wr =w(,1) =2 On in) n is even.

Ereciprocal having thesame absolute value?Denominator1-4x =(1+2x)(1-2x) has two roots 12

Remarks:Fax" is preferred over i since we want to use thegeometric

series 1 =1tn+n+n+...
1 - 4

Exponential growth f(n)-ca" [2, a, b constants)
k

polynomial growthfin) - an eg. 4n+ 7n2+11n+59 -4n3

Other counting problems leading to a sequence where generating functions
are used to express the solution:

Let an be the number of permutations of (n) =31,2, ...,n3 (i.e. the number of

ways
I can list a students in order). Then an=n!. Itsgenerating

function is

- ↑(x) =n!x" =1+x+2x+4x+24x4 +120x5+720x +5040x4+...

G(x) =E(n)"x" =1 +x+4x236x+576x4+...



(2) is the number of b-subsets ofan a-set

i.e. thenumber of bitstrings oflength having he is (and not zeroes).
Ifqp= (2) where n is fixed then thegenerating function for the

Sequence 90, a.,9y..
is

Ax) =E9n**:(2)x* = (n +x)"

eg. Ap(x) =(4) +(Y) x +(2)x2 +... =1 +4x +6x +4x +x4 =(1 +X)4 Binomial

The Binomial theorem (1 +x)*=I(m)x" holds for all real values ofm.
Theorem

n
=

0

Ifi is a non-negative integen then (n):ins? is a nonnegative integen
(positive for n=0,2, . . . , mi zero formsmy in which case (1+X)" is a polynomial
in x of degreem. Thisis a special case ofthe Binomial Series,
the Binomial coefficients are found by hand from Pascal's triangle
·" (4) =entry in rown of Pascal's TriangleI X

2 I

I ·s = I

eg. (I):entry
2 in row 4

I 4 6 4 I

↓ 5 10 10 5 I
↓

I start counting at0,1,2, ...)
I ↳ 15 20 15 6 I

....



The recursive formula for generating Pascal's Triangle is (n)= (ii)+ ()

1i) ("'s
I

X E

(2)

Three proofs ofPascal's formula (n)= (ii) + (*"):
Conatorial boot (counting proof): Consider then-set(n)= 91,2, ..., n3.

Any subsetBC (n) isofone of the following twotypes:

cis nt B. In this case B:\n3UB' where B'<[n-1], 1B' =k-s.

There are (i) ways
to choose B in this case.

(ii) nkB. In this case BC (n-1). There are ("p) choices for B in this case.

The sum in cases (i) and (ii) must give (R). I

Generatingon Roof: Compare coefficientsof x on
both sides of

(1 +x)" =(1 +x)(1 +x)
1 +ax +(2)x2... +(Y)x+ .. +x =(1 +x)(A +(mix+...(i)x+("n'(x*+... +x)

which gives (4) =(ii)
+ ("n). It



Proof !) +('s:quacks? t Fell
-n! =n. (n-1)! -nik isanarecas

=

(n-11k+(n-B! (a-k)

-![br! burkarb!()e
An(x) =(1 +x) =()x"
2" =x1 +1)" =5(1) =(o) + (i) + (2)+...+ (n):the sun of the entries in

rown ofPascal's triangle.
A combinatorial explanationfor this result is

2" =number ofsubsets of(n)= lumber of insubsets of(n)) =(i)

Cr2" =number ofbitstrings oflength, which can be rewritten as (i) where (ii)

is the number ofbitstrings of length having exactly;1's.)



HW3 #2 is similar to the example on thehandout on Fibonaccinumbers

print's
print- This directed graph is an example ofa nondeterministic

"'daa A=(ib] its anator with two states I, R.
-

print o
How manywalks are there starting at vertex!? Wr=wilt,1) +Wn(1,2)

Printout 0101000 represents the walk (1,2, 1,2, 1, 1, 1) oflength I
The walks oflength in starting atvertex I are in one-to-one correspondence with

Anitstringsof length n.

More generallymany counting problems (where recursion plays a role) are equivalent
towalksin graphs,
Reall:Binomial Theorem (x+y=(47x"yh where (i) (binomial coefficient

in choosek") equals the number of subsets ofan unset. (i) = Sant!ifkego,n3
(n> o integent 0 otherwise

Multinomial Theorem(x,+x+...+ xr =E (i,, in...., in)x,x...
is,..., in

Si,in,..,in): in! Ifinvino, itairen;0 otherwise

Multinomial Coefficient



eg.(x+y +z)i
=

3)",4)x"yjzk =

x+y+z +3xy +3xy +3xz +3xz+3y2 +3yz2
"jiko +6XYz

(2,0,0) =o!*54, -1:(0,0) = (0,,37 (Trinomial expansion (

12,0) ==, =3
=(0,,)=... check.Seeit?e

(1)
= !=5 =6

How
many

words can be formed by planting the letters of MISSISSIPPI?

(words are strings ofletters where the order is important)

!2: (4,4,2) =34,650.

How many
words can be formed by permuting the bitsin 01110010010?

(ix) =s:=(-) : (i) =462

say Man'saremade in adifferent colors tomany
differentway e

an
=number ofways

to have a handful ofa MAMs?
#S



If MDM's come in thecolors red, blue, green, orange, yellow, brown, then there are
i it "a "" "Br

IE) ways
to draw a handful often Mam's e.g.

"Y"is a divider

R RXXG DO 00 OXYXBr Br

-******or presents
thecolor distributethe

2 red
o blue
I green
4 orange
↓ yellow
2 brown
-

10 MGM's
The possible color distributions for a handful
of10 MGM's are in one-to-one correspondence with the number ofwords

oflength 15over a binary alphabet X. So the number ofhandfuls
of10 Man's which come in b colors is (').
If Mam's come in acolors and we select a MGM's from this batch,

the number ofpossible color distributions is (n+") = (***).



①Suppose I wantto hand out a books (all different) to a students. How

many ways
can Ido this?

↳ =h choices

d (n
+6 -

1)M

②Howmanyways asahandanalldentical silverdollars
tobe studiesare

0

& ⑮ -N ↑
2-00

00

E 001/00000/0/00
Answer:(I) =()

Note:Problem Iis counting functions (n)
-> [k].

In Problem, what if we require each student toget at least one ofthe
silver dollars?Instead of 10+), the answer is (***"): (4).



Suppose I want to hand out a different books toa students, in such

a waytripthateachstudentgets
at mostone book. Howmany way the

P(n,k) =n(n- 1) (n-z)... (n-k+i) This equals zero if kyn.

no, ofcholes End and 4th book
ofstudent to book

give book, to

P(n,k) =0 if k <n

P(n,k) =n! if k=n

P(n,k) is also denoted
n,p) or

various other notations

I"descending factorial"or "falling Faction" (

P(n,k) is the number ofone-to-one maps (k] -> (n)
(injections)

Question:Howmany subjections [k]->(m]?(functions thatare onto,
can we hand out he different books to a students if we

ishowmanywet to getatleastone book.



Binomial Theorem (It x)"=E(m) x
Whatif i is not an integer?

(4) =-k)!" mic]...
(m-ktiSmith-)=A

k!(nyk) (afk-1(nik-Z
P(m,k) =m(m-1/m-2) ... (m-k+1) is defined for all b- 30,1,2,3,4,..3

and many real
number.

P(m, 0) =1

P(m,i) =m
P (m, z]

=m(m- 1)


