
Solutions to Sample Exam

1. (a) We have σ P H iff p6 7q “ σp6 7qσ´1 “ pσp6q, σp7qq iff σ P S5xp6 7qy “ tα, αp6 7q :

α P S5u so |H| “ 2|S5| “ 240. (Alternatively, since p6 7q has
`

7
2

˘

“ 21 conjugates

in G, |H| “ |G|
21 “

5040
21 “ 240.)

(b) From the description of H above we see that H – S5 ˆ xp6 7qy – S5 ˆ C2 where

C2 is a cyclic group of order 2. The isomorphism H Ñ S5 ˆ xp6 7qy is given by

α ÞÑ
`

α, pq
˘

; αp6 7q ÞÑ
`

α, p6 7q
˘

.

2. Note that T´1
θ “ Tθ, RαRβ “ Rα`β and R´1

θ “ R´θ. For all θ, we have TθT0 “ R2θ

as is seen either by considering the action of both sides on a pair of vectors (such as

the unit vector on the positive x-axis, and a unit vector on the axis of Tθ) or using

matrices:

TθT0 “

ˆ

cos 2θ sin 2θ
sin 2θ ´ cos 2θ

˙ˆ

1 0
0 ´1

˙

“

ˆ

cos 2θ ´ sin 2θ
sin 2θ cos 2θ

˙

“ R2θ .

In particular, Rθ “ Tθ{2T0 which gives (a). Also, solving for Tθ gives

Tθ “ R2θT0 “ T0R´2θ .

Using these identities,

RθTαR
´1
θ “RθpR2αT0qR´θ “Rθ`2αT0R´θ “T0R´θ´2αR´θ “T0R´2θ´2α“Tα`θ .

So to solve (b), take θ “ β ´ α.

All these solutions can be checked directly using 2ˆ 2 matrix representations for

isometries. Alternatively, if we identify D with the disk |z| ď 1 in the complex plane,

then

T0pzq “ z; Rθpzq “ eiθz; Tθpzq “ e2iθz

so
Tθ{2pT0pzqq “ eiθz “ eiθz “ Rθpzq;

RθpTαpR´θpzqqq “ eiθe2iαe´iθz “ e2ipα`θqz “ Tα`θpzq.

3. For all A,B P G we have

θpABq “ detpABqAB “ detpAqdetpBqAB “
`

detpAqA
˘`

detpBqB
˘

“ θpAqθpBq
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so θ : G Ñ G is a homomorphism. An inverse for θ is the map ψ : G Ñ G given by

ψpAq “ pdetAq´1{3A. To verify this, note that if δ “ det
`

a
c
b
d

˘

then

ψ
`

θ
``

a
c
b
d

˘˘˘

“ ψ
``

δa
δc

δb
δd

˘˘

“ pδ3q´1{3
`

δa
δc

δb
δd

˘

“
`

a
c
b
d

˘

so ψ ˝θ is the identity map GÑ G; similarly, θ ˝ψ : GÑ G is the identity map. Thus

θ is an automorphism of G. (It is crucial that these matrices have real entries, since

we used the fact that cube roots of real numbers are well defined.)

4. (a) Yes, H XK Ĳ H. Suppose k P H XK and h P H; then hkh´1 P H by closure

of H, and hkh´1 P K since K Ĳ G; so hkh´1 P H XK.

(b,c) No, H X K need not be normal in K or in G; for example consider G “ S4,

H “ S3, K “ A4, H XK “ A3 “ xp123qy. Conjugates of p123q in A4, or in G,

give other three-cycles such as p12qp34q¨p123q¨p12qp34q “ p142q R xp123qy.

5. (a) Yes, G has a subgroup

$

&

%

¨

˝

a b 0
c d 0
0 0 1

˛

‚ : a, b, c, d P R, ad´ bc ‰ 0

,

.

-

– GL2pRq

where the isomorphism is given by

¨

˝

a b 0
c d 0
0 0 1

˛

‚ ÞÑ

ˆ

a b
c d

˙

.

(b) Yes; for example xR2π{5y where the rotation by angle θ about the z-axis is given

by

Rθ “

¨

˝

cos θ ´ sin θ 0
sin θ cos θ 0

0 0 1

˛

‚.

(c) Yes; for example consider the group of all rotations Rθ about the z-axis, as found

in (b). Alternatively, consider all matrices of the form

¨

˝

1 b 0
0 1 0
0 0 1

˛

‚, b P R.

6. The stabilizer of u “
“

3
0

‰

is Gu “
 “

1
0
b
d

‰

: a, c P F5, a ‰ 0
(

, the same as the

stabilizer of
“

1
0

‰

. Note that |Gu| “ 20.
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7. (a) G “ A6 has
`

6
4

˘

3! “ 90 elements of order 4; these are the elements having the

same cycle structure as σ “ p1 2 3 4qp5 6q. In fact, CGpσq “ xσy is cyclic of order

4 and the number of conjugates of σ is rG : CGpσqs “
360
4 “ 90.

(b) G “ A6 has
`

6
5

˘

4! “ 144 elements of order 5. These are partitioned into two

conjugacy classes of size 72, represented by σ “ p1 2 3 4 5q and σ1 “ p1 2 3 5 4q.

(Any permutation in S6 conjugating σ to σ1 is necessarily an odd permutation.)

In fact, CGpσq “ xσy is cyclic of order 5 and the number of conjugates of σ is

rG : CGpσqs “
360
5 “ 72.

8. (a) T (b) T (c) T (d) T (e) F (f) T (g) T (h) F (i) T (j) F

Comments in #8:

(a) This is the statement of Cayley’s Representation Theorem.

(b) Consider a nontrivial element g P G has order n ą 1, and let p be a prime divisor

of n; then |gn{p| “ p.

(c) Conjugation by y maps pxyq6 ÞÑ pyxq6. Since this is an inner automorphism, |pxyq6| “

|pyxq6|. Alternatively, note that pxyxyxyxyxqy “ 1 iff ypxyxyxyxyxq “ 1.

(d) This standard result was proved in class, as follows. If θ is one-to-one and θpgq “

1 “ θp1q, then g “ 1, so ker θ “ t1u. Conversely if ker θ “ t1u and θpxq “ θpyq, then

θpxy´1q “ θpxqθpyq´1 “ 1 so xy´1 P ker θ “ t1u, whence xy´1 “ 1, i.e. x “ y.

(e) For example a Klein 4-group K “ t1, a, b, cu has AutK – S3 permuting a, b, c in all

3! “ 6 possible ways, and S3 is nonabelian. More generally if V is the additive group

of a vector space of dimension ě 2, then AutV contains invertible linear transforma-

tions which in general do not commute. (This is a well known property of invertible

matrices.)

(f) Use the fact that the subgroups Gx and Gy are conjugate. Or use |Gx| “
|G|
|X| “ |Gy|.

(g) Consider xp12qyxp13qy “ tpq, p12q, p13q, p132qu in S3.

(h) Consider g to be the nonidentity element in a group of order 2; or an element of

order 2 in a Klein 4-group; or a generator of a cyclic group of order 4; or any odd

permutation in Sn.

(i) There exist integers r, s such that rk ` sn “ 1. Then θrpθkpxqq “ xrk “ x1´sn “

pxnq´sx “ 1x “ x so θr ˝ θk “ θk ˝ θr is the identity map G Ñ G. (Note: θk is not

usually a homomorphism, unless G is abelian.)

(j) In class we gave an example of two nonisomorphic groups of order 27, both having 26

elements of order 3.
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