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A grong is a set G with a binary operation + which has an identify element : the

operation is associative ; and every element
has an inverse .

Eg .

B = set of real numbers under addition t? Its identity element is 0
.

0 + X = Y

(x +y) + z = x+ (y + z)

x + (- x) =

0 = f - x) + x 3 for all x
. y ,

z t

(R
,
+) is a group .

(R
,

x7 creat numbers under multiplication is almost but not quite a group .

10 does not have an

inverse)
.

I is the identity ,

R
*

=
Sall nonzero real numbers 3 = 3atR : at 03 is a group

under multiplication .

19 = a

(ab)z = a(bc)
a .

= aa = 1 a= for all a
,

b
,

c = RY
.

(R"
,

x) is a group .

R with the operation & y
= x+ y+ 7 .

This is a group ( ,
1)

.

For all x, y ,
= R

,

(**y) += = (x+

y
+4) + z + 7 = x + y

+ z + 1 = x+ (y + z+7) + 7 = x*(y+z)

so /R
,
A) is associative .

Note that 7 R is an identity element since

and **** I For all xeR
.

So-FER is an identify element for '

(-x-1* X = (- x- x) + x+ 7 =
-7

x+(-x- 14) = x + fx- 14) + 7 = -73 for all XeR
,

So x-1 is an inverse element for x
.



(+y) + z = x* (y+ z)
-

7 =
3 (x*y)*z = (x+y +7) + z+ 7

-

=)(x+y+ 7) + z + 7 = x+ (y + z +z) + 7 -> 7- 5 = 5- 5 => x+ y
+z + 14

-- 2 = - 2 =>

x+ (y + z +7)+ 7
2=> x+y

+ z + k = x+ y
+ z + 14 E (2) =(2) =a* (y+ z)-

->
4

so (R,

1) is associative
.

-

= 4

(a
,

+) ⑫ = Grational numbers 3 - = Q
is a group ,

(*** is a group . 1
- !

-
72 - Q

# ④
** = Q - 503 : (all nonzero

2 Irational numbers ?
(I

,
It is not a group

N = 9143: ... E
& = Y integers 3

= S-..., -3
,

-2
,

~1
,

0
,

1
,

2
,

3
,

4, ...
(2 , +) is a group . II

(2 ,
+ ) = (4

,
+) = (R

, +) = (K
, +) : but (Rx) is not a subgroup (R ,

+) (although R
*

(R)
I

X

↑ M In R
, 2x3=6 but in (R

,
1)

,

2+3 = 5 subset

subgroup subgroup



61
,
(R) = S invertible exa matrices with real entries 3 is theal Heardgoa

6), /RT = <12) : 9 b,
>

,
de R

,

ad-bc+03 ,

I = 10"]

GL
.
(R) is a multiplicative group

with identity 1 = Ies]
GLn/R) is not commutative for nx,2

.

-

GL
,

(1) is commutative .

(6
,
A) is Aban if x* y= yAx

for all x
,y- G

.

Labelian)

62
:
(R) is abelian for nis

;
nonabelian for nx

, 2
.

(1, ]15) : (5) whereas (ii)1i) = Ess) .

61
,
/R) = RR" (these are isomorphic groups

i
.e . essentially the same group .

Since R is abelian
,

so

is 62
,
(1) . (

Function composition is associative : (fog)oh = fo (goh]
h I

x -- Y
-

z- W If x =X then LixzY
,
gch(x) -E ,

DEN.

-w (fogoh) (x)

goh fog fog + got
Because matrix multiplication is expressing the composition of linear transformations

,

it is associative

but not necessarily commutative ·



If X is
any set ,

the bijections X X (i.e .

A one to one and artol form a group
under

composition .

I is the ammetric uphis

G= Sym X = Ebjections X-X 3 = 9 permutations of X 3
.

G
a bijection

(Notation : (n]= 91 ,
2

,
3

,

. .

., 43
.

) : (neither
eg .

X : (37 = 91
,
2

,
33

. one-to-one
There are exactly? =G bjections (3) -> /3)

. In Fitn**** is "The umber nor ontol

⑦
of permutations of (n)

.

i
-x) 1531 = 6

.

S
,

is a nonabelian
group of order 6

.

I I I S
,

is the smallest nonabelian
group .

3 3 3

2 o 0 2 ③

a2 ↑
.

,k
e W I

In Se
, C = s-2 O & ⑧

I ⑧

· G83
'I go ·

3

I

Er
2) (12) (123) (23) (132) (13) cycle notation for Sym/3] =S

, x
":

= [11
,

(12)
,

(13)
,

(23)
,

(123)
, (132)}

n q(n) & cas a (ni
-s
,

257F

↓- 4 5,9
Eg .

2
=

set as a - B = (2)()(3)(b)(5, 9) = (184)(27)(59)

(7
, 2)= (2

, 7)I sa 14
,

1
,
8) = (1

,
8

,
4) =

18,
4

,
1)

(3) = 1)

x = (1
,
7

,
3

, 4)(2,
5)(6

,
8

,9) - Smi & 1 1 I-

&B= Go = 11
,
9

,
2

,

3
,
4

,
7

,
5

,
6

, 8) = (1734) (25)(6897(1847/277159)
Bx = Box= (1296485733 = (184)(27)(59)/1734)(25)(689)



If a
,

are permutations then aptpa
in general but they have the same cycle structure

.

the oder of a group G is 161
,

the number of elements in the
group .

(finite or infinites

IS
,

1 = n !

162
,
(13) = -

Sn is nonabelian for nx3 .

S = S1I , (12)} is abelian .

In Sn
, disjoint cycles always commute

,

e
. g .

in Sa
,
(137)(24) = (26) (137)

5
I two permutations commute ,

must they have disjoint cycles?"I Yo se↑1- 43 number of edges
x = (125)(246) Note : The two brcycles in a

12x4 = 48

B = (12)(34)(56) intersect with the three zicycles in . - number of symetries
fixing each edge

number of vertices

-
= (135) (244)(12; (34)(56)

= (145236) ↓
8 x 6 = 48

&a = (12)(34)(56)(135)(244) = (145236)
number of symmetries

M

So acts on (n7 = 51 ,
2

, .., 33 (the n points that we are permuting] Fixing ech vertex

Do not confuse Sn with (n)
.

THIS IS NOT THAT ISul = n !, ((nS1 =

n
.

how many
each tofach

pically, groups atOn es generically called pointsSee ↓ symmetries map

6x8 = 48 each of the
I of things .

member of faces
other faces

A cube has 48 symmetries forming a group 6 of
order 48 . 161-48 .

24 of these are direct symmetries preserving orientation : these are rotations
.

24 of these are virtual symmetries which cannot be obtained by physical motion .



In a group
& with identitye ,

an element goo has oen in if -e
but no smalles power of equals e . gAgA...9

If G is the symmetry growy of a cube
, every reflection

has ardes 2
. neI U -

Also a 1800 rotation about any
axis has ordenz

.

A 1200 rotation of the rube about an axis joining two opposite (antipodal) vertices has order 3
.

the cube has axes of symmetry joining centers of opposite faces ,
and a 900 rotation around such an

axis has order 4
.

In any group ,
the identity has order 1

.

S
,

has I element of order t
,

i
.e .

1)

3 elements of orderz
,

i
.
e

. (12)
,

(13)
,
(23)

2 elements of orders i.n
. (132)

,
(123)

I

15) : I

the order of an icycle .
If a = 11

,
2

,
3, . . .,

a) then x = 11 but
*
=CI for k = 1

,
2

,
; n-1

.

S has elements of order 1
,

i
. e .

() I
(2)

i
.
e

.

(12)
, . . .,

(13)(4)
,

... (six z-cycles (ij) ;

three permutations (ij) (h1> having
I

- - -- 2
, the same cycle structure as (137(4)

8
- -

- -

·
3

, i . e .

(123)
.... Leight 3-cycles lijk) , the same

: " (123))-

6 -
- - - 4

I
Six 4-cycles e

.g . (1234)
-

(S41 = 24 (2) = (wn)
()

-wbaof
ni

of e. -Wisete9C=: 4. Setstate dement.
9

.
91

,
2

,
3
, 43)

has six subsets of size? : 91
,
23

,
91

,

33
,

99
,
4, 22,9

,



55 = Epermutations of [5]=51
,
2
,

3
,
4

, 533 is a group of order 155)= 5 ! = 120
·

(12) (13) = (132)
How many

elements of each order does 55 have ?
I element of order !

: 2)
-

25 elements of order 2 : (ij) E) = 10 cycles of length 2

-

cij)(ke) 5x3 = 15 elements which are a productof two disjoint z cycles
or : 10 x 2

+ 2
= 15

how
hang how many
i

since (ij3 (k1 = (k 1 (ij)choices C

zade ijs joint fre j
A zrcycle cijs (i.e . cycle of length)

is a -

20 elements of orders
: 3-cycles (ijk) (5) x 2

= 10 x 2= 20
transposition

-

30 elements of order 4
:

4-cycles (ijk1) e
.g .

(1234)
,

(1342)
,
(2534)

,

...

-

24 elements of order 5 : 5-cycles [15* (i) + 3 ! = 5 x 6 = 30-

↳ elements of order 4 : (ij k) (1m)
how many ways

to choose i
,jik,

d (123)(45)tS, (1234)(56) -> Se
- has order 6 has order 4

120 = 155)
1

2

If easi committenas,preproduct
of disinteg

then its order -
* E sta

des
is

(123) (45678) has order 15

In R
*

= <monzero real numbers? under multiplication , (23)(4567893 ..... 6

I has order I ;
1,

if a= 1 ;-1 : "

2 : ( + + + = 1) If a R*, ord (a) = 2
,

if 9= -1 ;
every other elementI R

* E
* otherwise

. 1(123)(45678)) = 15

has infinite order
.

we also white the order of a z6 as (a1 e
.g . ord((123)(45478))= 15



The symmetry

I"
grouofabe" of sa de 48 i

.e
.
181--

It

so
6 : 51)

, !-876) , (1854)(2763) ,

(18)(27) (36) (45)
, (173)(4867, ... 3

-I " en
e........Y8 T identity 90° rotation about

90% rotation reflection in

I= the vertical axis about green
horizontal plane

I of symmetry axis of symmetry of symmetry

90f

(1854)(2763)(1234)(5876) =(173)(2)44867(5) = (17331486) is a 120° rotation about the axis

joining the pair of

antipodal vertices 2
,
5

If G is any group and g,,gat G then <g,92, ..., gn)= Bubgroup of G generated by 9, ..., In
i
.
e .

the smallest

subgroup of G containing g....., n

The litter S has a rotational symmetry about its centre (rotate 180 about-- .

The symmetry group in this case is

91
, R3 where i is the 180" rotation

,
R = 1

.

Both symmetries of S presence orientation . SFS

I , * 1
,
+i L + N

W has symmetry group of ordenz 31
,53 where T is a reflection in the vertical axis of symmetry ,

I

Reflections reverse orientation ; rotations preserve orientation . :



Y has symmetry group of order 2

Y has symmetry group of order !·

it
has symmetry group of orders b

. (3 rotational symmetries ,

3 reflective symmetrics) .

For any object X (IR" I

either all symmetries of X preserve orientation or exactly half of the symmetries

preserve orientation (so the other half reverse orientation) .

reflection about vertical axis of symmetryI ~I
1 -

axis Y
Rthe symmetry group of Y is 91

,
R

,

T
,
TR TR3 = <T

, Ry RT= TR so the groupS I

M e
Y= is nonabelian

.W
(counter-clockwise 1200

rotation about center)
E

the figuere EI as a symmetry group of order 4 3I
,

R
,
T

, RT] where I= identity ,
R=

1800

rotation about the center
, t : reflection in horizontal axis of symmetry ,

RT=TR = reflection in the vertical axis

of symmetry ,
This group

is abian
.

↑
-

O has the same symmetry group
as III labelian of order 4)

.

↑Thas infinitely many symmetries .

The symmetry group is infinite monabelian .

zy0 ...

↑T * T'T
- e

40 rotation 400 rotation
clockwise - dockwisecounter
Let320 can terdaknise) about center the

-



try of X is a bijection x -X (permutation of the points of X) which preserves distances andA Symme-
rically XIR or XIangles i

.e
.

The shape of X
.

Here tyl IRY
.

eg .

if X=RR2 then the symmetries (isometries) of X-12 includes nitelytransformations (rotations
,

reflections
,
translations

,
etc

. ) .

If X is a circle then has infinitely many symmetries
ex tries

.If X is the pattern I actly 2 symme
..... - -O then X .... 4 ... i I ag

The letter R has trivial symmetry group (only the identity).

.... has
symmetry group of

order 2
.

Note : The symmetry group of X is a subgroup of Symx= 3 all permutations of x 3
.

Eg. the pattern ... SSSSS ... in RR" is different from its mirror images so all its symmetrics are

orientation- preserving (in particular it has no reflective symmetries) .

some symmetrics of the pattern :

Ran

*

...
For every point at the center of some s

,
rotate 180 aboutthatpoint . distance horizontally! S S S · B trans-· SS Also have translational symmetries found by cating

-

ger
-R(0) = 0 Also

,
half turns about any point midway between the cembe of fas adjacents

RCAS
·

RR(A)

RR'F R'R
· / 80...S :S .G ...g .SSS ...

↑ ↑R' is a

RR(A) # R'R(A) So RR' F RA so the

R is a

half turn half from In fact RR is a translation symmetry group is nonabelian .

about this about this the distance between the
center center two units to

the left where a
'unit' is

centers of two adjacent Si
.

And RR is the translation

two units to the right. (RR)"= RR'



- 1x3x3 block
-I - I has 16 symmetries .I-- I I

-- I Compare : A square
has only 8 symmetries .

-↳-I 3

A regular octagonal prism has symmetry group of
order 32.

.

This group
is nonabelian

.

" (16 rotational symmetries
and 16 other symuntries which reverse orientation) ·

A regular urgon (n>3)
has a symmetry group of order In (n rotational symmetries and a

reflective symmetries) . Dihedral groups

-



In R"
,

the multiplicative group of nonzero real numbers
,

(3) = E ...,,, 3
,
9

,
27

,
81

,
243

,

... 3 = 53 : ke23
<2

,
3x = 32s : b

, 1743 so - <2
,
37

,
54 (2

,37
,
214(2.3Y (non-cyclic but it is abolical

<- 14
= 51

, -13
[17 = 91 3

with identity I

them Let 6 be a

grory d
let g- G then <x = 394 : kex3 has order ligy)= 181 .> and

(The order of each element is the order of the subgroup that it generates . )

A subgroup that is generated by a single element (i.e .

a sub

-
- Ly groups group

that are generated by a statementtheform easy
for someget alesghikes

aydis
diz ↳i

.
e . S

we have gigs = gitj = gig" :

In the subgroup (3x< R
*

has two generators 3
. I

Since <37 : <Y ·

↑ 3Y I "

R is not finitely generated :
these is no finite list of elements a.,...,94tR" such that

Ca
....., 94= R*

.

For every
finite list an ...., 9ptRY,

the subgroup <a....., 94 < IR" is a persgroup,

gray which is a proper
subset)

.
HIG means I is a subgroup of 6; HX C means H is

Si. e .
a su

a proper subgroup of G.

theTheorem (about orders(

First suppose g-G has infinite order i
.
e . g** 1 For k= 1

,
2
,

3..... We must show that kg31= no
where <93: 7gM: key

We will prove
that all the powers I

m
,
-R with ke1

,
then without loss of h geneity ar distinct in thengin not then gitration

So kg)) = 00 in this case .



Next suppose 19) =

n is finite i
.e

.

n is a positive intege and g4t) for k=1
,
2
,

3
, ..., not but g = 1

.

he same argementWe will show that (9) = 91
, 9 , 92 girl where these elements are distinct . ↑

2

as above shows that 1
, 9 , 9 ,..., 9 are distinct (otherwise g

R
= gl with < b <1 <n-1 and Hau

glok=, where At -31,
2

, . . ., n- i
, vary

to the assumption Ig1=n .
It remains to show that gitgigggicoul I

for every kE2 .

For this we use the Division Algorithm :
k

= gntr
where q,rt2 ,

re90
, 12

, ... n-13 .

then 9
k

= git = (94?g = 12g = g -> (1
, 9,g, . ..,g3 .

I





The
group

of this puzzle is a subgroup of Si .

Note : (S,= 19 ! = 121645100408832000

a = 21
,
2

,

3
,

. .

., 9) , B
= 19

,
10,,..., 19 Classic 15 puzzle

6 = x
, BY

= products of powtes of < and
6 <Sa

,
161 = =1S, = 60822550204416000

G consists of all even permentations of 1
,
2

,
3,..; 19

.

For nx, 2
, exactly half of the permutations of 12 , ... n are even

and the other half are odd
. eith ·

eith : eith

even . odd= add just a ofG = A
,q a the odd odd= even integers)



which permutations are even ? and which are add ?
Fix nx2 and consider the polynomial A(x ,.., xn) = M(xj-xi)

<icj=n

For n
= 3 : A (X

,
Xa

,

43) = (X2- x)(x- - x
, )(X5 -xe)

For every a -> S3
,

GA = = 1 e
.g .

(12)A = (x,-xe)(Xs Xe)(X - x1) =
- (2- x)(Xy- xi)(X-

- x)
=

- A
(132)A = (132)(X=- x)(xy - x

, )(xy -xe) = (X,y 3)(y2- xz)(2-

x
, )

= (Xz- xi)(yy- x, )(xy- xz)
= As

In general for nx2
,

a t Sa
,

a ACX
, ..., xu) = (a)

I I

If <-> Sn then <A= (sgna) A

BA = (sqr) A

(3)A = sqn1)A = x(BA) = x(2)A) = (sgmp)9D
= (sgr) /squaY A

I

(sqnz)(squ) = syn (9) . In Sa
,

112)
,
(13)

,
(25) are odd

a is

sand
if squar ?"

,

C1
,
(1233

,
(132) are even

In Se
,

use
,

the subset of all even permutations is a salgroup
An<Sn ,

1A- 1 = # called the alternating group of degree- -

So is the symmetric group of degree n
.



transpositions (ij) are odd permutations .

(123456789) = (19)(18)(17)(16)(15)(1*) (13) (12)

A k-cycle is a product of k-1 transpositions .

If k is even
,

this is odd ; and vice versa
.

-

A cycle of old bugth is an ever permutationa·
&

IIf x is a product of an even number
of transpositions , then is an even

permutation
.

.. - -
↑


