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Theorem Let A+ GL
,
(R)

·

Then the following are equivalent :

(i) trA = 0
,

deta =-

(ii) A has order 2 but At-I.

-s A is conjugate to 102](11)

We have proved (i) => (ii)
. And (iii)t (i) is easy · Assume A = M/oj]M" for some MEGL

_
i).

Then trA= tr(MCoF]M) = ↓ (Mimloi)) = to [02) = 0.

to AB= NBA - A is mxn
,

4 is nxm (short proof : see linear algebra. Both equal to aijb)
det A=detM det[] det =-1

Y

(det M)
MM" = I

det (M)def) = det1 = 1

"deto
We must prove cij - (111

so the minimal poly?" I Ahas order then At AFA
is a rooof a

If m(x) = 1 then m(A)= 1 = 0 No !
I has order t

,
not order 2)

If m(x) = X- 1 then m(A) = A-1 = 0 then A = 1 (No !

If m(x) = X+ 1 then m(A) : A + #= 0 so A= -I (No ! by assumption),

so m(x) = x
= 1 divides (() So f(x)=X= 1

. =T trA=0,
detA=-1 ,

=> (i) holds
&

So II are eigenvalues of A
.

Let u,v be eigenvectors corresponding to 1
,
-1 i

.e .
Ann

,
Av=-r.

Let M = [u/v] (2x2 matrix having was colums)

AM = (Au(A-] = (n(-] = (n10)() = M/-] => A= M/o]]MY i
.
e . is holds. I



There are two conjugacy classes of elements of order 2 inFIGL(R) :

· EvI=t233 is in a class by itself since -1- E(G)

· All matrices conjugate to %2) i.e .
all matrices with trace O and determinant - 1.

This includes (o] ,
aeR

Consider the dihedral group
G of order 8 (the symmetry group of a square) (

so (f) = 8 .

Let's pick generators x, y for G where x is an element of order 4 and of
is a reflection lorder 2).

G : [1 .
x

,
x2

,
x3

, y , xy ,xy , X y3 , yx
= x3y i.e . yxy'= you = x= X,

xixi = X
itj

&

it ↑xixty = x Y 3
I

If
you

more y post x" xiyxy = xi(yxy(yxy)
... (yxy) = xi(x))= xx5= xi-j

! -i 11 &

:
. xi = xi it invertsxir X

(yxy)Xy y

xiy - xSy = xig

Presentation for G : 6 :

if
:

, yx= jyY

generators relations x2y = xy
i=0, J

((g) yx2 = xy
= xy in

~

the-191 centralizer of go G : b, &

5 G
,

161 = S

y . x= x y
[xY (xy = 4

E is <Xy (x)1 = 4 ((y) = Sxef : xg=gx] 2(6) = <x 2y = 9t
,

x23
.

X

[ 6, IG) = S ((y) = 9t,, y ,
x3

<xiyx (x,y)) = 4 ((x) = Ex
,

x
* ] is a Klein four-group9 Egy 1<x3yx1 = 4 0(1) = 513

xy) ((x 2, xy)1 = 4 8 (x2) = 3x2]34g 2, xyy 1255
, xy31 = 4 G(xy) = +

,
x

, xy , x 3y3
is a Klein fourgroup

If Olgi is the conjugacy class ofget them 1819)/K(g)) = 161 . eg.

















FractionalITransformations (or Linear Fractional Transformations

A map RUE03->RV503 lactually a permutation of the form 1 : x- where ad-bc +0
.

GLI)= &(b) : ad-be + 07 for actual invertible 2x2 real matrices.

(a)(3)(x) : 17)= x)

= ladbO atbcp+ dS

compare with multiplication of actual (x2 invertible matrices :

(9b)(4B) = (a+bU aB )

We denote by PCL(R) the group
of all fractional linear transformations RV903 -> RUSD3 i

.e.

PGLIR) = [[ ] : ab
,cdeR ,

ad-be + 03
This is a homomorphic image of GL2(R) under the homomorphism $ : GLIR) -> PGL

,

IR),

(5) [*] .

This
map is a homomorphism : P((( 3) = ↑ ((+bU a s)

= (a ==
This homorphism is to PGLIR) by definition but it's not outo because $(766)) ==

Since (ab](x)=











G = GL
,
(F) where F is a field

G acts on F2
, permuting vectors

ge, =e
, says (oThe

stabilizerof F
, jtoa

E has two orbits : 9l]Y , FE)3.
Staby (0) = G [PermX]

#rem If G acts onX Yie
. 6 permutes X i.e. G=SymX] and xzX lany point)

ther (Stab(x)) . (((x)) = 16).

I

roof Let H= Stab(x) and O(x) = 3x1 ,
42

,
..., Xn3[X .

Then there exist g.,: "gptG
such that gilx)=X: (by definition).

" (Note : g, , gn are not uniquely determined.
Then G =

g ,
H gett wo gettw ... gatt (ArB denotes disjoint union i

.e . AWB with

>AlB =0)no overlayWhy ? If g G then g(x) E ((x) So-

g(x)=Xi for some it 91
,

2, ..., kY and gilx)=X: so gig() = gii) = x so gigH = Stab(x)
so gigH = H i.

e

.

9
egH = gitt .

Now k = 10(x)) = CG : H] and
In fact git = 5g+6 : g(x) = Xi 3. 161 = 1H/(G : H] = (Stab(x) / 10(x)) ·



Application to graph theory : computing the number of automorphisms of a graph.

Eg .

T= has four automorphisms .

Its automorphism group is a Klein four-group
C G =<(13)(46)

,

(143(25(6)x = 913 ,
(13)(46)

,
(14)(25)1367

,

G has two orbits on vertices : 31
,

3
,
4

,
63

,
92

,
53. (6)(257(3433

IEg. P= L has automorphisms including 101234)(56789)/00& 5 I ↓

I 9 I /-.. 5 105)(8477(2639)6 &
aI -I

&

& -1/ I87 7
- = D

&·
~

o

go

d &

(05)(1748)(2936)↳ 2 S
-.31/ P is the Intersen gahI ·

10&
9- 6

How many automorphisms does I have ?

AutP = 3 automorphisms of P3 <So actually Symbo,
1
,

2, ..., 93

Theorem 1AutP)=120 .

Is Aut4 =Sy ?

Proof First enumerate orbits of G=AutP on the vertex at 50
,

1
,
2, ..., 93

There is only one orbit by considering the dihedral subgroup of order 10 and

10st(18477(2639) .

So G is transitive on vertices 161=10/60l
.

where

Go = Stab (0)·


