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andLagrange's Theorem

If H is a subgroup of G /multiplicative ,
at least generically) then a cost of H in G is a

-
subset of the form gH=Egh : he H3 Nole gHCG ,

not a subgroup in general.

Eg. take H = [22)y in G = S
..

List all costs of H i. 6
.
There are exactly three cosets of H in G :

1) H = ()9()
,

11273 = 91)
, (12)3

H
,

(13) H
,

(23) H ·

3 G is partitioned into three cosets
,

each of size 2.

(127H = (12)(( , (1233 = 31) ,
1123]

(13) H = ( 133913
,

(12)3 = 3(13)
,
(12333

&
(12) (132) (23)

(23) H = (23)9()
,
(12)3 = 5(23), (132)3

161 = 16 :H 3 IHI

(123)H = (13)9()
, (2)3 = 9(123), 11333) 1) (137 (123)

6 = 342

(132) H = (132)91) , (12) 3 = [(132) , (23)3 ( Recall :

A partition of G is a collection of subsets that covers all

of 6 without any overlap.

Theorem the cosets of a subgroup H G partition the elements of G
.

Prout If ge G
,

then gH is a coset containg g (since etH) · Suppose two cosets alt and bH overlap
- t
i
.
e . ge

at1bH so g : sh
.
=bhu for some h

,
htt

,
so alt=ghitt= S 'C If hel the

(a=gh) and b =ghi) and bH=ghit= gHt ·
I h= hihin hilt

so HEhiH.
Theorem All cosets of H in G have cardinality1gH) = 1H)

· Conversely
,
hiHCH

Proof A bijection H->gH is given by hmgh .

An inverse map gH ->H
-

is given byx > gx

As a corollary ,
we obtain Lagrange's Theorem : 181=(noof costs of It in 6) x7 oteach

costi
~

the index of H in G
i

.
e. (6) = 16 :HJ /H1 (devoted 16 :+])















FractionalITransformations (or Linear Fractional Transformations

A map RUE03->RV503 lactually a permutation of the form 1 : x- where ad-bc +0
.

GLI)= &(b) : ad-be + 07 for actual invertible 2x2 real matrices.

(a)(3)(x) : 17)= x)

= ladbO atbcp+ dS

compare with multiplication of actual (x2 invertible matrices :

(9b)(4B) = (a+bU aB )

We denote by PCL(R) the group
of all fractional linear transformations RV903 -> RUSD3 i

.e.

PGLIR) = [[ ] : ab
,cdeR ,

ad-be + 03
This is a homomorphic image of GL2(R) under the homomorphism $ : GLIR) -> PGL

,

IR),

(5) [*] .

This
map is a homomorphism : P((( 3) = ↑ ((+bU a s)

= (a ==
This homorphism is to PGLIR) by definition but it's not outo because $(766)) ==

Since (ab](x)=







Orbits and Stabilizers for Group Actions

order group
of

8.Eg.Gsymmetrygroupat lively diedaexist
gz G such that g(x) = y).

-&-InaturatesmallaaL2

I

(0(3)) = 6

The stabilizer of x isStab(x) = G = Eg+ 6 : gl)=x3 = G
.

(a subgroup)

eg.
in the dihedral group above , Stab (2) = G = & all elements of & Fixing 23 = (1) ,

(1333

Stabg(+) = <1)
, 12433 = Staby (3) :

= <(24) = <(13)

The obbit of x is O(x) = Eg() : g+63 .

In this case there is only one orbit

O(1) = 91
,

2
,

3
, 43 = 0(2) = 0(3) = 0(4)

Theorem If & permutesX= (n) = 31
,
2, ..., n3 then for every x+X , (Stabykill0(x))= 161.

In our dihedral group of order 8 :

I Stab (x)) = 2
,

(0(x)) = 4
,

161= 8






