
Math 3500
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Book 2



Similar to HW#2 : How
many

elements of each order does In have ?

I element of order I : 2) = identity I

- (2) = 6

9 elements of order 2 : (12)
,
(13)
,
(14)
,
(23)

,

(24)
,

(34). transpositions
-(2)==3

(12)(34)
,

(13)(24)
,
(143/23)-

3)elementotordereA 32
-

24 = 4 ! = (S4/ (Sn) = n! = 1x 2x3x ... xn

InIn the number of nicycles is (n-1) !

The binomial coefficient (2) (in choosek") is the number of ways to
cloose a subset of sizek from a set of size n. By the way, (d)=-b) !
(2) = kth entry in th now of Pascal's Triangle
(4) = number of 2-subsets in 14) = 31

,
2
,
3
, 43

Binomial Theorem (x+y)"=a
-6

Pascal's Triangle
n =0 IMrn=1 I I
n=2 121

n= 3 1331 O

n = 4 14641 ==+n= 5 15 10 10 5 I

n=6 1 6 15 20 15 6 1

n = 7 I 72135352171



A transposition is a zcycle (ij)Su ,
itj in (n) = $1, 2, .... n 3.

Products of disjoint transpositions e
.g . (13)(25)168)

- So

are elements of order 2.

How many elements of order I are there in Sy ?

Transpositions : (12)
,
(B)

,
(14)
,
....(67) i.e . (ij) where itj in (7) = 31 , 2, ..., 73

(2) = 21 transpositions
Products of two disjoint transpositions e

.g . (267(34) = 13471267

Number of these is( = 10-

Products of three disjoint transpositions eg . (1st (27) (36) = (15) (36)(7) = (27)t
Number of theseis

Number of 3-cycles in Speg , 1274) : 2157 = 2x35 = 70

J 280+ 70
Number of products of two disjoint 3cycles : eg . (274(356) = (356)(274) = 350

-

dements% 70· 1572 = 10 . 4 = 280
of order 3

Elements of order 12 in Sy eg .

(142(3756) in Sy
70 : 3 ! = 70. 6 = 420 elements of order 12 in Sy



Revisiting the dihedral group of order8/ symmetry group of a square)
G = EI

,
R
,

R2
,
R3
,
D
,
D , V

, H3
viewed as a group of permutations of

the four vertices

H m (12)(34)
I m 17I R+> (1234)

V -> (14) (23)

Dr (13)
R
&

-> (13)(24)
D2(24)

B > (1432)

G E subgroup of Sp : (1)
,

(1234)
,
(13)(24)

,
(1432

,

(123(34)
,

(14)(3)
,
(13)

, (24)3
RV = (1234)(1423) = (24) = D

&
= < (1234)

,
(13) Y

This is an example of a permutation group of degree 4 ,
i
.

e . a subgroup of
A permutation group of degree n is a subgroup of the symmetric group Sn

.

heorem) Every finite group is isomorphicTheorem (Cayley's Reprepresentation
to a permutation group.

In fact
,
if 161= 1 then G is isomorphic to a

subgroup of Su .
(But we can usually do better

. Eg .

the dihedral group of

orders is isomorphic to a subgroup of Ss .
But Sy is even better . )

The two most important general classes of examples of groups
are (i) permutationgroups (i.e . subgroups of S.) and

(ii) Ifneargroups (i
.

e . subgroups of GL
. (F) = Sinvertible nxumatrices

over a field F3)
·

eg.
F= R

,
K

,

Q,= 50, 1 , 2 , ..., p- (integers mody



The dihedralgroup of order t is also a subgroup of GL) = 51) : a,b,-Th,
loi] 100](g] = (5]

ad-bato?.

i [i] 15](] = 13] (the rector (j)
rotated 900

counter-clockwise
R
2:to (i) about the origin)

R= Gio]

: 1) I R R2R3 H

G = symmetry group of square Soi) ,
1i]

,
10-i)

,
Gio]

,

10.],

D: 25
[69]

,

167 , (i)
V D D

subgroup of GL(R)

'E [[i] 1963)
i lo :] commutes with

every
element of

(not so immediately obvious from the other
ways of representing G) .



Similar to HW2 #4 .
5 : # = 90, 1: p-13 integers mod p .

eg . p = 3, F = # = 90, 1
,23

E = 2

--




