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transpositions (ij) are odd permutations .

(123456789) = (19)(18)(17)(16)(15)(1*) (13) (12)

A k-cycle is a product of k-1 transpositions .

If k is even
,

this is odd ; and vice versa
.

-

A cycle
·

...

of old bugth is an ever permutationi
&

a
If a is a product of an even number

of transpositions , then is an every permultion
.

& - - ....

permutations in 55 : Even Odd

() I zij 10 195) =

120
·kl) 30

(ijk) 20 cig
20

zijklm) 24 zijk( (lm) -
A
,

=

3 erenplantatio e

[68] (ij)(k)
15 60 (As) = 60
60

z (yz) even permutation of the coordinate axis in RR" is an-> AnMy orientation - preserving transformation -

y+!
***=

10:] -s An odd permutation of the coordinate axis in IR" is

an orientation- reversing transformation .188!Iz If T : R"-> R" is a linear transformation then

det T 9
=

I it I not in entization
<O .... reverses -



A permutation xt Se can be expressed as a product of transpositions .

If I is a product of an even number of transpositions ,

then a is even
.

In S:
......

odd .... -
--- odd

.

-(213)(23)(23)(23) 4x2) (23) = (12 3) says
(123) is an even plantation .

n no
.
of

S
,

= <(i!] ,
/ 4)] = dihedral group of order by groupotisomorphism

I symmetry group
of

I

an equilateral triangle) - I

3 I

Groups of orde 2

4 2

S = 50, 13 mod 2
= (-1) under multiplication 5 I

under addition 6 2

7 I

Tin"in I t
* has a cycliz

8 5

! I symmetry group of order 4

O

# has an abelian symmetry group
Dicof orde 4 which is not

Cayley tables of groups
of order 2

(the Klein Four-group)
cy

all "look the same"

there Any two

groups
of prime orderP are isomorphic : they are cyclic of order p .



t O 1 W (123) (132) w =

+is
Eg .

0
,

1de additiona
e

I

is isomorphic to As= <(12374 = [13
,

(123)
, (13233

-% I 2 (123) (132)

↑
and ,

~, under multiplication e

=es
We

I
13 (123) in

we2

GEH) ifWe say two

groups
6

,
H are aphic

0there exists a bijection bo : G-3H such that ((xy) = G(x) (y)
G I [operation
- operationI to in in It

x) xy f(xy)
An isomorphism of : 41pp- As is a bijection satisfying p(x+y) = G(x) ·bly)
An isomorphism 4 : R-> (0

, %) p(x +y) = q(x) (y) is defined

by
t

me

ution under
tion

&* = e .e
.

multiplica
Isubgroup of R=

(0
,
0U(0

,
x1)

R # R*

In = 0 : (0
,
)-R

Since R Creals under addition)
has only one element of finite order

whereas IR" has two elements of
finite order : 11

.



A ab C 6(0) = c

* <b G

2 bat is isomorphic to I ga Ate or
db

b a
C

2

I b a
b 6(2)=q

c
a aacb

212

groupEvery.
of ordal is iconah. i

to strivial
group 909)

If accbc then multiply both sides by on the right

E to get (ac) = bbc)<

a(c) = b(x)
al

= bl

i Every group of order 3
a =

b

e↳
a

is cyclic Cisomorphic to &1
,
under addition) ·



a b c

i
e ab C

die -

e eab C
Ra

e I ab C Cy grow

85
e C b

four group
% S

b C e
of order 4

C e a C e 9

C c b a e

non-identity
- a

b

Two cases : either alle elements of Ghauer order 2
/

or G has an elment not of order 2
.

Theorem
:
There are exactly two groups

of order 4 up to isomorphism : the Klein four-group and
-

the cyclic group of order 4 .

of order 5

(a) = e
,

a
,
a a ,

as
ab is not a group

!

13

a

d e
It is a quasigion /Mdig

e

I & See an identify e
,

it is loop
in fact since it his

(its Cayley table is a Latin

2 is a left inverse each row/colum ismonidentity
of for b (cb = e) but not square :

-

aTheorem If every element groupG a permutation of e
,
a

,

b
,

c
,
d)

.
-

has order 2
,
then G is abelian .

a right inverse for b

Proof (Note
(bc= a) .

This loop is not associative

-

-: x = 1 = identity for every xt G
.
)

eg . (aid= dd = 2

Let x
.yz6 .

then (y)
*

=

xyxy= e so <(ad) = 2 b = e

yx
= x) xyy) = x ey

= xy .

I
xyI
xieye &

In suchgroups,
i' for all xe6

.



SheShThe
In every group G

,
for x

,y=6 we have (y)" = yx:
with identity

Roof (y'x((xy)= "1y = 1 and (xy) (y'x") = 1
.

is
y

Warning : (y)" I xy in general .

34! "

e a b c

i
write the rown of the Cayley table as permutations of e

,
a

,
b

,

c
:

e 2 a b a
Ra S

ecb
four group [11

,

(12) (34)
,

(13)(24)
,

(14) (23)
.

is a Mein four group

B e
as a subgroup of Sya o a

c b ea

e ab C

e ab C Cydie
Gives [11

,
11234)

,

(13)(24)
,
(1432)} as a subgroup

% S b C e-
b

of orderGroup

tem (Cayley Representation Theorem)
of Sy

e 9

C a

Every finite group
Gis isomorphiz to a subgroup of Su

wher n = 161
.

By the way , every finite grow
stic tication also isomorphic to

a group of
matrices under



Theorem
IfGas

a finitegrany
of ordern

,

them every element get to has order dividing n.

Eg . Sy has elements of order 1
,
2

,
3

,
4

.

These orders of elements divide 19
4=24 .

S5 has elements of order 1
,

2
,

3
,
4

,
5

,
6 (divisors of 155) = 120) -

↳of th the general cass this follows from a later theorem
, Lagrange's Theore a

the theorem in the special case that G is abolian . (We have already
proved the result for cyclic groups .)

CConsider the product of all Ie group
elements i = gigings

-.

g-
where 6: 99, , 92 , ..., g23 , girl

-
:

Since G is abolion
,

# is well defined ; it doesn't depend on what order we listtheNote
elements g.....,gnt G

. Pick as G
.

(So a= 991, .., gr3 . ) The elements ag, aga, -"gu
are again

all the elements ofG so fig
...

n

(ag)(age) (ag>) ... (agu) = i = agg:. ga= a" I
so a =1 and k= (a) must divide n . iT

a ag, aga age.-agn
-

Lange'shearea If G is any finite group
of ordern

,
and HIG (ie .

I is a subgroup of 6)

This generalizes the previous statement : if get then by Lagrange's Theorem , 1994 1181
.

Ig(
eg .
(Ap1 = = 154) = 12

, Ap = 31)
,
(123)

,
(124)

,
(132)

,
(134)

,
(1427

,

(143, (234)
,

(243)
,
(12)(34)

,
(13)(24)

, (14R3)3 .

Thesoundygra en ofgeregulateHertha had man!aa ordea nation)
is isaoplicta As

The rotational symmetry regular



Ap = 3))
,
(123)

,
(124)

,
(132)

,
(134)

,
(1427

,

(143, (234)
,

(243)
,
(12)(34)

,
(13)(24)

, (14)R333 .

subgroups of Ap have orde 1
,

2
,
3

,
4 .

Elements of Ap have order 1
,
2

,
3

.

Divisors of 1Ap1=12 are 1
,
2

,
3

,
4
,

6
,

12
.

<(243)
,
(12)(34)X = 41)

,
(243)

,

(12)(34)
,

(234) ,
(142)

,
(124)

,

... 3 = Ap .

(243)(12)(34) = (142)

[13
,
(12) (34)

,
(13)(24)

, (143(3)3 is the Mein four-group ,
a subgroup of Ap

.

Question : How many subgroups of I are there containing 4 ? (Note: I is an additive group . 7

& = E . . .,
-3

,
-2

,
-1

,
0
,

1
,

2
,

3
,

4
,

5,
-

- 3
Answe

:

There are thre subgroups of I
containing 4, namely I, 21 ,

44
.

21 = 3 . .

.,
-6

,

-4
,

-2
,

0
,
2
,

4
,

b
,

8, ...
os : one finite subgroup [034R = E . .

.,
-8

,
-4

,
0
,

4
,

8
,

12
,

... 3
I has infinitely subgrou
and all the other su is are infinite .

-47 =
3 .

.

.,
-8

,
-4

,
0
,

4
,
8

,
12
.... 3 bgrou

groups
of & containing 4There are infinite sub

fairingbut not infinitely many subgroups of I com

4 .

Note
:

For every che group G ,

all subgroups of G are cyclic ; they are generated by powers

of the generator



Eg. G = <g) where (g) = - i
.
e

.
161 = 1993)

=

191 = 00 .

=S . .

., g, 92, 9 ', 1
, 9 , 939 ,

. . . 3 with no repeats .

<999"s
& is the -

gigs= git
.identity i gs 545

How many subgroups of G = <gY contain gl ? Three :

(g), 19, <94X .

6 = S ...,, 9, 9, , 9 , 9, 9, 9".... 3
(9"9") < -

(3 = < . .

., ",
"

,g,

1
,9, 94,9 , ... 3

<92Y < <99,9
194) = S. . .,g

8

,
94 ,

1,
94

, 98 ,g ,
... 3 Since g = (93%/g0)"

- I 6 : R- G is an isomorphism So <3 = <94,
g"

e

mul dicative additive
til -(i) = gi

cyclic group
cyclic group

Theorem E) G is a group
of even order

,

then G has an element of ordenz li
.e .

at least

onedement of order 2)
.

Note : G is not necessarily abelian .

Proof Pair up each group
element with its inverse giving pairs Eg , 93 for gEG .

- INot that g-g iff g
has order 1 or 2

. (g : g"ESg=> Ig(divides 2) .
So G is partitioned

into subsets Eg , g"3 having size ! Or 2
.
If G has no elements of order z them we have

-ed a set G of even cardinality into one subset [13 of size
,
and a

collection of pairspartition
39 , g"3 of size?

,
a contradiction

. It



what we actually showed is that in a group
of even order

,

the number of elements of order 2

is odd . (In a group of odd
order

,

there are no elements of orderz although we haven't

proved this yet except in the abelian case .7

Eg .

Direct Products : Given groups G
,
H (say ,

multiplicative) we form the destruct of

6 and H as GxH = 9 (g ,
h) : g-G , hEH3 (the cartesio product of the sets G and #3

which becomes a group under cootwise militation
i
.
e

.

(g ,
h) (g

: h) = Egg' , hh)
and coordinatewise inverses i.

.
.. (g . h)" = (g , h)

and the coordinatewise identify 1=GxH is 1

=F
2 , 4) -

ar extraces -

Eg . 212x= 90
,
13 under addition mod 2 I

⑧

412x * 4/24 = 3 Kx, y) : x
,yex/223 = 910

,

01
,

10
,

1)
,

"
,
0)
,

1
, 173

(x
, y) + (x' , y') = (x+x

, y
+y') .

The identity 0 = 10
,
0) ·

This is the Klein four-group Since it has 3 elements of order 2
.

Note : Many
books write In in place of /24

or Zz GxH = HXG

If 161 = m and IHl=n them 16xH) = m . o : GxH -> HxG

If G and H are abelian them So is GxH .

dig . h) = Ch
,g) isomorphism .

In fact
,

the converse holds : 6 and H are both abelian
,

if GxH is abian
.



GxH has a subgroup 6x91,3= 9 (g , 11) : 9t 63
= G

An isomorphism GxS143 -> G is given by (9 ,
11) - 9 .

Likewise
,
GxH has a subgroup 3103xH = H

(9(1) (h)
= (g ,

h) = (10
,

h) (9 ,

%
,1)

6 x E1, SaxH
S Pl
G H

Eg .
R

*

=70
,
0)V(0,

-) = Y
ex

nemultiplicative group additive additive
group

An isomorphism $ :
R" -> 1Bx 4xx is 4(a) =

Gilulal ,
of if a so

It's easy to see that o is one-to-one and onto
.

Chulal , 1)
If a <0

We show that o(ab) = p(a)+p(b) for all a
,
b = R" .

We argue in four cases .

If abso then

p(ab) = (Inlab) , 07 since abso

= (lulal +(ulb1 ,
0) = (n(al , 0) + (hulb 1

,
0) = -(a) + d(b)

If a
,

b > 0 then abso so
If a soyb them abso so

Plab) = (dnlabl
, 1) = (lu1a1 , 0) +((ulb1 , 1) = 0(a) + &(b) p(ab) = (lulab) , 0) = Chulal

,
1) + (lulb)

,
1)

Similarly if a<ocb
.

= -(a) + 0(b)



Every cyclic group is abolian .

Not every abolian group is cyclic but every abelian group
is a direct product of

I
i
.e .

2 x 2

eg.

the Klin four-group is a direct product of two groups
of orders clicgrous

he

There are five groups
of order 8 up to isomorphism :

2/87 (cyclic) three

/24 / = E(a ,b)
: a= &124 , be 21443 : 3 of abeliangroups

4/2x x R12x /z= 31a ,
b

,c
: a

,

b, 2/2x} under addition

dihedral group
of order 8 I symmetry group of square ,

Dy (sometimes Do

quaternion group of order 8
,

Q or Q8

① = E !, - ,

i
,

- i
, j, -j , k

,

-k3 ij = k
, ji=-k ,
iEEG= -1

nee =-i↑ order 4 jk = i
, ky

order? ki =j , ik =
j

For
any

field F e.g . R
,
K

, &7 GnCF) = Sinvertible nxn matrices over F} i.e . having entries in F
.

Also F= #s = 50
, 123 works with addition

, mod3
.

2+2=1=2x2 e

I = 2

In #q= /0,
1
,

2
, .., 63

,
I = 3

.

# = 30
,

1
,

2
,

... pri is a field whenever p is prime .

GL
,
(#z) = Einvertible 2x2 matrices over #

,3 is a group of order 48
.

GL
,
(R) = 3 invertible 2x2 matrices over RB: 31: !] :

a
,

b
,
i

,
d R

, ad-bct 03
Gh (F)= S invertible nxa matrices outh 73 = general linear group of degreen over I

also denoted GL(n
,
#) in the textbook



SLn/F] is the seal r

or SL(n
,
E) Sc_()grouofdegreeahe ZoningSing termFant

If F= #p
= 90

,
1

,

2
,.., p-is mod p (field of prime order p) then we can count elements in G (p)

have detA= 1
,or SLn(*p) - /For 2x2 matrix over Its

,

matrices have leth = 0
, matrices

.. detA=2) .24
162(7,31 = 48

.

-

the numbe ofachatiseata SD E =

" witte Mang, hent a invertible ?
--9- 1

=8

There are 8 choices for the first colum (i) + (8) :

- - 9-3 = 6

Having chosen the first colum (i) , there are A choices for the second column (d]
which are not a scalar multiple of the first column .

So (G2
,
(s)) = 8x6 = 48

.

In fact ,
for A-GL (F)

,
F = As

,

there are 24 choices with determinant 1
,

and 24 choices with

determinant -1 = 2
:

no .
of choices of third column

182
, (3) = (p-1374"-p) (qu4) ... <p"-p"")
no .

of choices
A I wo

.
of choices

↑
no .

of choices of

of firstde of second column
last solmen

162(↑p)) = (p= 1) (p= p)
For A + GL(#p) ,

detA - 91,
2

,

. .

., p-13 and there equally many matrices with each possible nonzero

deter- minant
.
in 91, 2

, ..., p-i so

ISLn (p) /= t IGLn pl .

We'll explain later .



thingeveryFou any group
6

,
the center of 6 is I(G) = hall elements in G which commute with

in G 3
zentrum not

zahlen
= = + 6 : zx = xz for all x-

23
X

Eg .

if G is the symmetry group
of a square (a dihedral group

of order 8) then 1E(6)1 = 2

and E16] consists of the identity and the half-turn (1800 rotation about the center) .

3- 2

#2) we represent 2 using permutations on the vertices 1
,
2

,
3
,
4 then I4

-

6 = 3()
,
(1234)

,

(137R4)
,
(1432)

,

(12)(34)
,

(14) (23)
,

(13)
, (24)3

then Z(G) = < (13)(24) = (1)
,

(13) /24)3 .

Alternatively ,

G can be represented as a subgroup of GL1R) :

6= 910 % 3
,
193 ,
I'] ,
13

,
(63

, 19] ,
(ib]

,
1: ]3

z(G) = < 113) = 910 %)
,
Ii]Y

In general ,
ICC) = G (a subgroup of G

.

I(G) = G iff E is abelian
.

For many groups ,
2(G) = 3

identity eg .

2/S
,) = 3113 ·

e= identity of G

Theorem If G is a group and ==G
,

then E16)= G (the center of G is a subgroup of 2) .
-

Proof Since
eg : g = ge for every g-6,

exz/6)
.

If z
,
z- 112) then

-

(2) g = z(g) = z(gz) = (zg)z = (gz)= = g(zz)
So zz't I (G)

.

Also if z-z(6) then for every get we have Eg : gz So Eg : Elgzz" : Eg)E= gE
So I' ZIG)

.

I



Let SIG
.

The Rabizer of Sin G is C
,
1S7 : the set all all elements of s commuting with every

element of S
,

i
.e . (als) : 99t6 : gs-sg for all stS3 .

eg . (6(2) = G
, (f(G) = z(z)

·

If z = 2167 them ((z)
= G

.

In S4
,

s
,

(112)) = 9(1
,

134)
,

(2)
, (12)134)}

In general, (w(S) = G (the centralizer of a subset of G is always a rubgroup of G) ·

The proof of this is virtually identical to the proof above
; just quantify over ges rather themgeG

.

If 6 = GL
, (F) = invertible nxn matrices over F

,
then E(G) = 96 .

1 : 170 in #3
& I = In = nxx identity matrix .

!=" = /23 (2]tz (6(a)
j

Let Eij(a)="--g. ..."
,
] for itj .

(This is the elementary matrix obtained from
the identify matrix by adding an " in the (inj) position . (

If A : (aij : Kij, =n] -z(GL, 4 F)) then ·(1) = Ej)1)A so aj= s . So A is diagonal .

continue using other elementary matrices to show A***.
G = G(n)F) is generated by elementary

matrices so At 236) if A commuteswithall elementary matrices .

2(6) might be trivial e
.g .

z(S
,
) = 5173

.



Another construction of subgroups :

Suppose G =S . So G permutes (n7 = 91,
2

, . . ., 43 .

The stalizer of a point x< (n) is Stabf(x) = 99t6 : g(x)
=

x 3 --

L G
.

Eg . Y
2

The symmetry group
of a regular pentagon is a group

& which is dihedral of order 18

I4
I / (sometimes devoted C

,
or Po)

.

· s

6 = 9))
,
(12345)

,

(13524)
,
(14253)

,
(15432)

,
(12315 ,

(13)(45), (14)(23)
,
(15) (24)

,
(25)(34)35

-
-

5rotations 5 reflections
61 S5 planting (5) = 91

,
2

,

3
,
4

,
53

,

the fire vertices
. ()(x) = x

staby (3)
= 3 1)

,
115)(24) 3

.

If g .
h = Stabyl) then

(gh)(x) = g(h(x)) = g(x) = x

If g- Stabf(x) then g(x) = x so

x = g"(g(x)) = jxx) so gt Stab
,
(X)

.



Elements of order t in a group are called involutions
-

If G is abelian then the product of
any two involutions in G has orda= 2

.

If la1 : (b = a them

lab = abab = b = 1 . 1 = 1 So lab) = /ow2
.

If ab=1 them b = a ; otherwise abol
,

(ab)) so als is an

involution so [1
,
9

,
b

,
abl is a klein four-subgroup of G

. Any two distinct
involutions in G generate a

-

an aboiangroupklein four subgroup.
"Ca

,
by (12) (13) = (132) in Sa :

How many involutions can a finite abelian
group

& have ?
d

If 8 has

h
involutions then every

involution lies in exactly Klein four-subgroup
How many Klein four-subgroups

doe I have altogether ?

. Count subgroups of the form (a
,by = 31 ,

9
,

b
, ab3, where abet are distinct involutions

.

↳ choices for a

k- choices for b

b is the number of Klein four-subgroups in G
-

-
,

5131) If k = 7 then we have I involutions
,

7 Klein four-subgrou
8

⑧ every
involution is in 3 Klein four-groups, every

Klein How-group has 3 involutions
.

③ O

I-) a D
(- !-1

, 1)
P 1-1, -) In a direct product of three groups

of order two e
.g .

(Yx(-1) x <-1)

(
,

1
,-18 (1, 1

, 1)

·

(1
,-11) =

9(x , y ,
z) : x

, y ,
z - <-Y) [ 1) = 51 , -13

Certainly k= / or 3 mod 6



In general if a,b are distinct involutions in a group 6 them what can they generate?
-

S
.

La
,
by = S1

,
a

,
b

,

ab
,

ba
,

aba
,

bab
,

abab
,

baba
,

... 3 with possible duplicate
s

axes el
group of an infinite string ...+TTT ... is generated by two reflections ab in vertical

the symmetry
as shown d

ab is a translation (shift) one step to the right
ba is a translation one step to the left .

Lab) = E ... ,
baba

,
ba

,
1

,
ab

,
abab

,
ababab

.... 3 is an infinite cyclic group ,
a subgroup of <a,b)

Ca
,by itself is an infinite dihedral group .

the grets group of a square in a dindal grou (4.
B generated by two reflection. NiR

,
R'Y: 5 I

,
R

,

R
,
RR'

,
R'R

,

RB'R
,

RRR'
,
RRER'
RR'


