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A grong is a set G with a binary operation + which has an identify element : the

operation is associative ; and every element
has an inverse .

Eg .

B = set of real numbers under addition t? Its identity element is 0
.

0 + X = Y

(x +y) + z = x+ (y + z)

x + (- x) =

0 = f - x) + x 3 for all x
. y ,

z t

(R
,
+) is a group .

(R
,

x7 creat numbers under multiplication is almost but not quite a group .

10 does not have an

inverse)
.

I is the identity ,

R
*

=
Sall nonzero real numbers 3 = 3atR : at 03 is a group

under multiplication .

19 = a

(ab)z = a(bc)
a .

= aa = 1 a= for all a
,

b
,

c = RY
.

(R"
,

x) is a group .

R with the operation & y
= x+ y+ 7 .

This is a group ( ,
1)

.

For all x, y ,
= R

,

(**y) += = (x+

y
+4) + z + 7 = x + y

+ z + 1 = x+ (y + z+7) + 7 = x*(y+z)

so /R
,
A) is associative .

Note that 7 R is an identity element since

and **** I For all xeR
.

So-FER is an identify element for '

(-x-1* X = (- x- x) + x+ 7 =
-7

x+(-x- 14) = x + fx- 14) + 7 = -73 for all XeR
,

So x-1 is an inverse element for x
.



(+y) + z = x* (y+ z)
-

7 =
3 (x*y)*z = (x+y +7) + z+ 7

-

=)(x+y+ 7) + z + 7 = x+ (y + z +z) + 7 -> 7- 5 = 5- 5 => x+ y
+z + 14

-- 2 = - 2 =>

x+ (y + z +7)+ 7
2=> x+y

+ z + k = x+ y
+ z + 14 E (2) =(2) =a* (y+ z)-

->
4

so (R,

1) is associative
.

-

= 4

(a
,

+) ⑫ = Grational numbers 3 - = Q
is a group ,

(*** is a group . 1
- !

-
72 - Q

# ④
** = Q - 503 : (all nonzero

2 Irational numbers ?
(I

,
It is not a group

N = 9143: ... E
& = Y integers 3

= S-..., -3
,

-2
,

~1
,

0
,

1
,

2
,

3
,

4, ...
(2 , +) is a group . II

(2 ,
+ ) = (4

,
+) = (R

, +) = (K
, +) : but (Rx) is not a subgroup (R ,

+) (although R
*

(R)
I

X

↑ M In R
, 2x3=6 but in (R

,
1)

,

2+3 = 5 subset

subgroup subgroup



61
,
(R) = S invertible exa matrices with real entries 3 is theal Heardgoa

6), /RT = <12) : 9 b,
>

,
de R

,

ad-bc+03 ,

I = 10"]

GL
.
(R) is a multiplicative group

with identity 1 = Ies]
GLn/R) is not commutative for nx,2

.

-

GL
,

(1) is commutative .

(6
,
A) is Aban if x* y= yAx

for all x
,y- G

.

Labelian)

62
:
(R) is abelian for nis

;
nonabelian for nx

, 2
.

(1, ]15) : (5) whereas (ii)1i) = Ess) .

61
,
/R) = RR" (these are isomorphic groups

i
.e . essentially the same group .

Since R is abelian
,

so

is 62
,
(1) . (

Function composition is associative : (fog)oh = fo (goh]
h I

x -- Y
-

z- W If x =X then LixzY
,
gch(x) -E ,

DEN.

-w (fogoh) (x)

goh fog fog + got
Because matrix multiplication is expressing the composition of linear transformations

,

it is associative

but not necessarily commutative ·



If X is
any set ,

the bijections X X (i.e .

A one to one and artol form a group
under

composition .

I is the ammetric uphis

G= Sym X = Ebjections X-X 3 = 9 permutations of X 3
.

G
a bijection

(Notation : (n]= 91 ,
2

,
3

,

. .

., 43
.

) : (neither
eg .

X : (37 = 91
,
2

,
33

. one-to-one
There are exactly? =G bjections (3) -> /3)

. In Fitn**** is "The umber nor ontol

⑦
of permutations of (n)

.

i
-x) 1531 = 6

.

S
,

is a nonabelian
group of order 6

.

I I I S
,

is the smallest nonabelian
group .

3 3 3

2 o 0 2 ③

a2 ↑
.

,k
e W I

In Se
, C = s-2 O & ⑧

I ⑧

· G83
'I go ·

3

I

Er
2) (12) (123) (23) (132) (13) cycle notation for Sym/3] =S

, x
":

= [11
,

(12)
,

(13)
,

(23)
,

(123)
, (132)}

n q(n) & cas a (ni
-s
,

257F

↓- 4 5,9
Eg .

2
=

set as a - B = (2)()(3)(b)(5, 9) = (184)(27)(59)

(7
, 2)= (2

, 7)I sa 14
,

1
,
8) = (1

,
8

,
4) =

18,
4

,
1)

(3) = 1)

x = (1
,
7

,
3

, 4)(2,
5)(6

,
8

,9) - Smi & 1 1 I-

&B= Go = 11
,
9

,
2

,

3
,
4

,
7

,
5

,
6

, 8) = (1734) (25)(6897(1847/277159)
Bx = Box= (1296485733 = (184)(27)(59)/1734)(25)(689)



If a
,

are permutations then aptpa
in general but they have the same cycle structure

.

the oder of a group G is 161
,

the number of elements in the
group .

(finite or infinites

IS
,

1 = n !

162
,
(13) = -

Sn is nonabelian for nx3 .

S = S1I , (12)} is abelian .

In Sn
, disjoint cycles always commute

,

e
. g .

in Sa
,
(137)(24) = (26) (137)

5
I two permutations commute ,

must they have disjoint cycles?"I Yo se↑1- 43 number of edges
x = (125)(246) Note : The two brcycles in a

12x4 = 48

B = (12)(34)(56) intersect with the three zicycles in . - number of symetries
fixing each edge

number of vertices

-
= (135) (244)(12; (34)(56)

= (145236) ↓
8 x 6 = 48

&a = (12)(34)(56)(135)(244) = (145236)
number of symmetries

M

So acts on (n7 = 51 ,
2

, .., 33 (the n points that we are permuting] Fixing ech vertex

Do not confuse Sn with (n)
.

THIS IS NOT THAT ISul = n !, ((nS1 =

n
.

how many
each tofach

pically, groups atOn es generically called pointsSee ↓ symmetries map

6x8 = 48 each of the
I of things .

member of faces
other faces

A cube has 48 symmetries forming a group 6 of
order 48 . 161-48 .

24 of these are direct symmetries preserving orientation : these are rotations
.

24 of these are virtual symmetries which cannot be obtained by physical motion .



In a group
& with identitye ,

an element goo has oen in if -e
but no smalles power of equals e . gAgA...9

If G is the symmetry growy of a cube
, every reflection

has ardes 2
. neI U -

Also a 1800 rotation about any
axis has ordenz

.

A 1200 rotation of the rube about an axis joining two opposite (antipodal) vertices has order 3
.

the cube has axes of symmetry joining centers of opposite faces ,
and a 900 rotation around such an

axis has order 4
.

In any group ,
the identity has order 1

.

S
,

has I element of order t
,

i
.e .

1)

3 elements of orderz
,

i
.
e

. (12)
,

(13)
,
(23)

2 elements of orders i.n
. (132)

,
(123)

I

15) : I

the order of an icycle .
If a = 11

,
2

,
3, . . .,

a) then x = 11 but
*
=CI for k = 1

,
2

,
; n-1

.

S has elements of order 1
,

i
. e .

() I
(2)

i
.
e

.

(12)
, . . .,

(13)(4)
,

... (six z-cycles (ij) ;

three permutations (ij) (h1> having
I

- - -- 2
, the same cycle structure as (137(4)

8
- -

- -

·
3

, i . e .

(123)
.... Leight 3-cycles lijk) , the same

: " (123))-

6 -
- - - 4

I
Six 4-cycles e

.g . (1234)
-

(S41 = 24 (2) = (wn)
()

-wbaof
ni

of e. -Wisete9C=: 4. Setstate dement.
9

.
91

,
2

,
3
, 43)

has six subsets of size? : 91
,
23

,
91

,

33
,

99
,
4, 22,9

,



55 = Epermutations of [5]=51
,
2
,

3
,
4

, 533 is a group of order 155)= 5 ! = 120
·

(12) (13) = (132)
How many

elements of each order does 55 have ?
I element of order !

: 2)
-

25 elements of order 2 : (ij) E) = 10 cycles of length 2

-

cij)(ke) 5x3 = 15 elements which are a productof two disjoint z cycles
or : 10 x 2

+ 2
= 15

how
hang how many
i

since (ij3 (k1 = (k 1 (ij)choices C

zade ijs joint fre j
A zrcycle cijs (i.e . cycle of length)

is a -

20 elements of orders
: 3-cycles (ijk) (5) x 2

= 10 x 2= 20
transposition

-

30 elements of order 4
:

4-cycles (ijk1) e
.g .

(1234)
,

(1342)
,
(2534)

,

...

-

24 elements of order 5 : 5-cycles [15* (i) + 3 ! = 5 x 6 = 30-

↳ elements of order 4 : (ij k) (1m)
how many ways

to choose i
,jik,

d (123)(45)tS, (1234)(56) -> Se
- has order 6 has order 4

120 = 155)
1

2

If < &S
,

is written as a product of oint cycles ,

then its order -
* E stadis

is the least common multiple of the lengths of its cycles .

(123) (45678) has order 15

(23)(4567893 ..... 6


