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Symmetry group of a square :

G = EI
,
R

, R&R?H ,
Y

,
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,D'3

R = counter-clockwise rotation about cute by 900
R : 180

: rotation about center

P = 270' counterclockwise rotation = 90
· clockwise rotation
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D : reflection* H =- E-EH
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Y : I
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of sSymmetrygroD
,
D

,
H

,Y Group elements are transformations/functions/mapsmappings/arrows
(not the images/squares on which the group

elements act) .

Virtual symmetries reverse orientation; (eg . reflections)
direct symmetries preserve orientation . Leg. rotations >
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Symmetry group composition : RD = Y HY = R2 Note: Hand V commute (i.e. HV = VH)
of square f= SIRRYR?

,

D
,
D

,
H

,Y 3 (right-to-left) DR = H YH = R but Rand D do not communte (RDFDR)
nonabelian because its elements do not all

We say that G is
-

is abelian iff all itscommute with each other. (A group elements cominte with
each other.
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DH = R
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The multiplication table of G : of order 8.
-

G is 181 = numbergroup
of elements in G.

H G has five elements
of order 2 :

D
,

D'
,
H

,
V

,
R ;

two elements of

R R R2 P3 D D order 4 : R, pi

Ra p R Y H order 1 : I
.

↑· DRE= DR .R= HR =D
I#3 R3 F R D Dfi
2

T

one element of

I 3

B
H D Y R R D'R = Dr .R

= VR= D

Y D

H H D CRY = EF
,
R

,
R3

,RY

The (i)-entry (i.e, row i,

- 12De
In the multiplication table ,

each group element appears exactly once in each row and column.

) = strew sitw-> sow
Associativity holds !

folgoh) = (fog)ok

f(g(h(x)))



Eg. St ,
w

,

w], three cabe roofs of unity in K:

Tomega + W solutions of X=1
,

xe K.

I s w C = Sa +bi : aber

I

·

en & = & rational numbers
Thwh
co W w - 15 : a

,

b+2
,

ber3
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2 = S ...
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,
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91
,

00
,
03 is a group of order 3

having two elements of order 3 : w
,

we

and one element of order ! :
1

.

Anygroup ofoudles iscylin : itne aa -i
If G : 51

, g , h3 is a groupAydicgrouis
a gro,,, se then g:h so G= [1

, g , 923.
G : Eigig" ,

I
, g , gag,, ... 3 2

= 9g : k + 23
↳e

icgorto,
,

ai.e. Consists of all powers of g
+ G

.

Note : The order
<g) = groupgenerated

bis ofany gora
9 gg
2

ghgt = ghit for all b,1-2 is Kgyl = (g)
j = 1



Eg.y
= Eintegers mod 33 = 50

,
1

, 23 2421 in this with identitygroup element O
C

- 1 = 2

- O = 0 ↑%.i
- 2 = 1

I1120
1-2 = 2

co W w

2 2201 u w I w

These twogroups
of orders are essentially the same as seem by their Cayley table

(addition table and multiplication table respectively> &

More precisely ,
the groups

22/2, +) is isomorphic to KwY
,
x) i

.e. (4/21 +) E Kwy ,* ).

This means there is abjection p : 4132- Lox satisfying blij = Pipps) for
all

i
,je 1/32 ↑ multiplication in I

addition or in <wy.

#inis a in 2/32



↑

Some infinite groups : is a group.
- 0 Ota = a(R,+ Identityelement

Inverses : inverse of at is -a since at fa) = o

Associativity : (a +b) + c = a + (b + c)

monidentity element(BythewaThisgroupthe identityhas order
i eg
or all abe

(R ,
x) is not a group .

Here the identity element is It H since 19 = a.

In general att does not have an inverse.

If a to them a= t is the inverse of a since ta = 1 = identity.

But O- R has
no multiplicative inverse : To = 1 has no solution in R.

The associative law holds for multiplication in 1 : lab)c = albal for all ab, sip

Fixing the previous example : one idea Multiplication inR
is often written

= EatR : ato3 = fall nonzero realumbash =[te using 'x' or .

'

CY

↓f
"Times" symbol

or e.g.

IR
,

x) is a multiplicative group
2x3 = 6

2 . 3 = 6

identity : 1 ab = axb = aob
inverses : at is the inverse of a+ RY

Idot

associativity : (ab)c = albs] for all ab ,
+R

. juxtaposition times
Symbol

(By the way ,

this group
is abelian and infinite)

I has order I (as in any group) .
-I has order z

Any at R" other them #I has infinite order.

(10,00)
, x) isagrouty Corder 1)

.

All other elements leave infinite order.



(R+) and (10
,
03

,
x) are isomorphic groups. Y = lux

-
⑪

#exp
ab =?

lua a

hb = - b

Tarlub-zhardub = eh lub
= a

he is a group isomorphism from 110
,
01

,

x) to (R
,

X).

The inverse function , expla)-e" , is a group isomorphism from (R
,
x) to (10

,

0
,

+ ).

A
group

is a set G together with a binary operation - on G such that

(i) there is an element ext such that exx = xxe = X for every xEG ;
(i.e. e is an identity element for '

*) ;

(ii) for every x+f there is an elementto such that x*y
= e =

y* x

(ie . Y is an inverse element for x) ;
-

(iii) for all x
,y .
z+G

,
(x*y) xz = x* (y+ z) (i .e .

It' is associative).

Note : a binary operation' on
G is a function GX6-6 ,

(x ,g)
y



Eg . exponentiation is a binary operation on 10, 00) = Epositive real numbers3.

19 ,
67m a

Is this a group operation ?
If et 10

,
07 is an identity element for this operation then

e= a and a =

a

for all at 10, 07 .
Then 2 = 2 so e= 1

.

But then 1= a i.e. = 2 .
This does

↑

not hold. So exponentiation is a binary operation on 10,5) which has no identity
element.
So (10 ,

0)
, exponentiation) is not a group.

T :

arb = a

Moreover
, exponentiation is not associative

.

Check : does

(x -y) = = x
+

(yz) ? No !
?

? (2-27"z = 21(2)
eg . (r348

416 24= 16
- -

Exponentiation is not a binary operation on R.

(-1) = ? i?i ?

0" =? undefined !

Subtraction is a binary operation on R : (9
,
b>2- a -b.

If etR is a binary operation for subtraction them a-e = a = e-a for all attt.

No value ecR satisfies both of these conditions.
2- e = 2

,
e-2 = z

is subtraction associative ? Does (x-y)-z = X- ly-z) for all x
,y,
zER ?

Try (3-4)- 7
= -1 - z =-S

3 - (4-7) = 3 - ( -3) = 63 Not equal.
Subtraction is nonassociative.



Eg. let
n21 (a positive integer) and let G : Suxn invertible nxn matrices with real

entries? = GL(M) (general linear group of uxu real matrices) .

Note : an nxu matrix A is in G if det A + 0. GL
,
(R) = I "

I = (50] is the identity element.

eg .

n= 2 : the group 6
: GLIR) = [ &] : ab, ,+R

,
ad-bato3 Identity I= (i)

,
l &"=a)

eg. At lotA = (i :)
A = AA= (i] :] : :] = -I

A" = &A = - A = [i +,]
A = AA2 = -A= Gio]
A = AA3 = (1)(-1) = 1 = 109] So A has order 6.

to;j= Co3] ii)
18193 = 163] g g

Goij" = 10) clear 10i](y) = [
*

g

+

3)
to1] has infinite order : there is no positive integer for which 10 "]" = I.

MostelementsGhave infiniteor
a

-

-

For every positive integern . there exist elements) in G of order n. How do we construct

them ?



dihedral group of order
12.

symmetries

tair
also actured at this paint

#
gives an element of G = GL

,
(4) of order 6.

I'll choose a basis [v, v3 For as shown :

rou (this is not the standard basis)
Writing vectors in R as colum

vectors of coefficients/yo) But
with respect to our basis.

RV = -n+ V = v- y

* Rau +b) = Re + bR = able
R : (5] [b] = (ii)

-

So this
=

- bu + (a+b)v matrix

represents R
what if we choose the standard basis e = 10]

,
e= (i) ? and it has

order 6 .

Now letRo be the counter-clockwise rotation about the origin by angle P.

Ro 2, =

22

·] ,R R=
Ro is represented by(sosina is an element of Gl

,
(1)

of order 6.
For 0 : 60=, cos= , Sin

In fact Rot SLIR) = St) : a
,

b
,
s

,
deR

,

adbe = 1. .

This is a subgroup of FL1) :

Just like 10
,9) [R" = 1-0

,07 V10,
00)

· SLIR) = GL
,
(1)

.



↑ a ba I a ba I a ba ba
a ba A ba

a ba
b c 1 c b

Ca c 1 a c 19

: ora or,
a, bal·gar

19

& of order 4 :

of order4 groupGroun of order4
Let G be a multiplicative group of order 4 6 : (a) = S1

,

9
,
ar

, a3
with elements 1

,
9

,
b

,
c
where I is the identity " "

<b) : 91,6
,

62
, 633j

↑

Rewrite 1 - A
"

a -b

This group has I elementforder I , ba

(the Klein fourgroup)
3 elements ---- 2

-C

I a ba
↑ b 9 C

a ba(ab) c = xc = 1 S a C

C

a (bci = aa = 1

(b)b = cb = a

3
· i'd s
-b 1a

a(bb) = al = a There are essentially
two groups of order4 :

The cyclic group of order ↑ has , element of order A ; a cyclic group oforder4I 2 ;

2 elements--4. and the Klein fourgroup.



Suppose G is a multiplicative group.
Every element get generates a cyclic subgroup (g) = Call powers of g?

- Egh : k +23 = 3 . .

.. 3, gg, , g , g2 , g, ... 3.
If <g) = G then G is cyclic
If g has finite order then 1g) = Kg)) = n

.

This requires some thought to fully
understand. If glin then g , gh, ..., g" are nonidentity elements in G whereas= 1.

gigt = ghtt
, (gky = gle for all1-X .

g3 = (gg) (ggg) = 95 9

g2g5 =

why don't we write for AtGLIR) ? We do writes for 5tR".

In R,t
Does (ABS = A" ? No ; (ABS" = BA

In any multiplicative group , (gh)"- hig .
Why ? (gh) igh) =1

(hig"((gh) = Ligh : With:h - 1.

(gh)(hig) =
1
.



If G is
any group with operation + and identity e, them G has a

unique identity e. why ? If e-G is also an identity Fan
e*y = X+ 2 = Y

e*X = X* e = x for all xG .

Then e-exe' = e
.




