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transpositions (ij) are odd permutations .

(123456789) = (19)(18)(17)(16)(15)(1*) (13) (12)

A k-cycle is a product of k-1 transpositions .

If k is even
,

this is odd ; and vice versa
.
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A cycle
·
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of old bugth is an ever permutationi
&

a
If a is a product of an even number

of transpositions , then is an every permultion
.
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permutations in 55 : Even Odd
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[68] (ij)(k)
15 60 (As) = 60
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z (yz) even permutation of the coordinate axis in RR" is an-> AnMy orientation - preserving transformation -

y+!
***=

10:] -s An odd permutation of the coordinate axis in IR" is

an orientation- reversing transformation .188!Iz If T : R"-> R" is a linear transformation then

det T 9
=

I it I not in entization
<O .... reverses -



A permutation xt Se can be expressed as a product of transpositions .

If I is a product of an even number of transpositions ,

then a is even
.

In S:
......

odd .... -
--- odd

.

-(213)(23)(23)(23) 4x2) (23) = (12 3) says
(123) is an even plantation .

n no
.
of

S
,

= <(i!] ,
/ 4)] = dihedral group of order by groupotisomorphism

I symmetry group
of

I

an equilateral triangle) - I
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Groups of orde 2

4 2

S = 50, 13 mod 2
= (-1) under multiplication 5 I

under addition 6 2

7 I

Tin"in I t
* has a cycliz

8 5

! I symmetry group of order 4

O

# has an abelian symmetry group
Dicof orde 4 which is not

Cayley tables of groups
of order 2

(the Klein Four-group)
cy

all "look the same"

there Any two

groups
of prime orderP are isomorphic : they are cyclic of order p .



is isomorphic to As= <(12374 = [13
,

(123)
, (13233

t O 1 W (123) (132) w =

+is

-% I 2 (123) (132)

↑
and ,

~, under multiplication e

=es

Eg .

0
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1de additiona
e

I We
I

13 (123) in

we2

GEH) ifWe say two

groups
6

,
H are aphic

0there exists a bijection bo : G-3H such that ((xy) = G(x) (y)
G I [operation
- operationI to in in It

x) xy f(xy)
An isomorphism of : 41pp- As is a bijection satisfying p(x+y) = G(x) ·bly)
An isomorphism 4 : R-> (0

, %) p(x +y) = q(x) (y) is defined

by
t

me

ution under
tion

&* = e .e
.

multiplica
Isubgroup of R=

(0
,
0U(0

,
x1)

R # R*

In = 0 : (0
,
)-R

Since R Creals under addition)
has only one element of finite order

whereas IR" has two elements of
finite order : 11

.



A ab C 6(0) = c

* <b G

2 bat is isomorphic to I ga Ate or
db

b a
C
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I b a
b 6(2)=q

c
a aacb
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groupEvery.
of ordal is iconah. i

to strivial
group 909)

If accbc then multiply both sides by on the right

E to get (ac) = bbc)<

a(c) = b(x)
al

= bl

i Every group of order 3
a =

b

e↳
a

is cyclic Cisomorphic to &1
,
under addition) ·



a b c

i
e ab C

die -

e eab C
Ra

e I ab C Cy grow

85
e C b

four group
% S

b C e
of order 4

C e a C e 9

C c b a e

non-identity
- a

b

Two cases : either alle elements of Ghauer order 2
/

or G has an elment not of order 2
.

Theorem
:
There are exactly two groups

of order 4 up to isomorphism : the Klein four-group and
-

the cyclic group of order 4 .

of order 5

(a) = e
,

a
,
a a ,

as
ab is not a group

!

13

a

d e
It is a quasigion /Mdig

e

I & See an identify e
,

it is loop
in fact since it his

(its Cayley table is a Latin

2 is a left inverse each row/colum ismonidentity
of for b (cb = e) but not square :

-

aTheorem If every element groupG a permutation of e
,
a

,

b
,

c
,
d)

.
-

has order 2
,
then G is abelian .

a right inverse for b

Proof (Note
(bc= a) .

This loop is not associative

-

-: x = 1 = identity for every xt G
.
)

eg . (aid= dd = 2

Let x
.yz6 .

then (y)
*

=

xyxy= e so <(ad) = 2 b = e

yx
= x) xyy) = x ey

= xy .

I
xyI
xieye &

In suchgroups,
i' for all xe6

.



SheShThe
In every group G

,
for x

,y=6 we have (y)" = yx:
with identity

Roof (y'x((xy)= "1y = 1 and (xy) (y'x") = 1
.

is
y

Warning : (y)" I xy in general .

34! "

e a b c

i
write the rown of the Cayley table as permutations of e

,
a

,
b

,

c
:

e 2 a b a
Ra S

ecb
four group [11

,

(12) (34)
,

(13)(24)
,

(14) (23)
.

is a Mein four group

B e
as a subgroup of Sya o a

c b ea

e ab C

e ab C Cydie
Gives [11

,
11234)

,

(13)(24)
,
(1432)} as a subgroup

C e

% S b
e 9-

b

of orderGroup

tem (Cayley Representation Theorem)
of Sy

C a

Every finite group
Gis isomorphiz to a subgroup of Su

wher n = 161
.

By the way , every finite grow
stic tication also isomorphic to

a group of
matrices under



Theorem
IfGas

a finitegrany
of ordern

,

them every element get to has order dividing n.

Eg . Sy has elements of order 1
,
2

,
3

,
4

.

These orders of elements divide 19
4=24 .

S5 has elements of order 1
,

2
,

3
,
4

,
5

,
6 (divisors of 155) = 120) -

↳of th the general cass this follows from a later theorem
, Lagrange's Theore a

the theorem in the special case that G is abolian . (We have already
proved the result for cyclic groups .)

CConsider the product of all Ie group
elements i = gigings

-.

g-
where 6: 99, , 92 , ..., g23 , girl

-
:

Since G is abolion
,

# is well defined ; it doesn't depend on what order we listtheNote
elements g.....,gnt G

. Pick as G
.

(So a= 991, .., gr3 . ) The elements ag, aga, -"gu
are again

all the elements ofG so fig
...

n

(ag)(age) (ag>) ... (agu) = i = agg:. ga= a" I
so a =1 and k= (a) must divide n . iT

a ag, aga age.-agn
-

Lange'shearea If G is any finite group
of ordern

,
and HIG (ie .

I is a subgroup of 6)

This generalizes the previous statement : if get then by Lagrange's Theorem , 1994 1181
.

Ig(
eg .
(Ap1 = = 154) = 12

, Ap = 31)
,
(123)

,
(124)

,
(132)

,
(134)

,
(1427

,

(143, (234)
,

(243)
,
(12)(34)

,
(13)(24)

, (14R3)3 .

Thesoundygra en ofgeregulateHertha had man!aa ordea nation)
is isaoplicta As

The rotational symmetry regular



Ap = 3))
,
(123)

,
(124)

,
(132)

,
(134)

,
(1427

,

(143, (234)
,

(243)
,
(12)(34)

,
(13)(24)

, (14)R333 .

subgroups of Ap have orde 1
,

2
,
3

,
4 .

Elements of Ap have order 1
,
2

,
3

.

Divisors of 1Ap1=12 are 1
,
2

,
3

,
4
,

6
,

12
.

<(243)
,
(12)(34)X = 41)

,
(243)

,

(12)(34)
,

(234) ,
(142)

,
(124)

,

... 3 = Ap .

(243)(12)(34) = (142)

[13
,
(12) (34)

,
(13)(24)

, (143(3)3 is the Mein four-group ,
a subgroup of Ap

.


