
Algebra I

Group Theory
Book 1



A grony is a set6 with a binary operation *which has an identify element:the

operation is associative; and every element
has an inverse.

Eg. B:setofreal numbers under addition't? Its identityelementis 0.

0 +X =x

(x +y) +z =x+(y+z)

x+(- x) =0 =f-x) +x 3 for all x, y,z t

(R,+) is a group.

(R,x7 great numbers under multiplication is almost but not quite a group. 10 does nothave an

inverse). I is the identity,
R* =Eall nonzero real numbers 3 =3atR: at 03 is a group

under multiplication.
19 =a

(ab)z =a(bc)
a.=aa =1 a= for all a, b, c = RY.

(R", x) is a group.

R withthe operation xy
=x+ y+ 7.

This is a group (I, 4). For all x,y,z tR,

(**y) *z =(x+y+y) +z
+7 =x+y

+z +1 =x+(y +z+7) +7 =xx(y+z)

so IR, A) is associative. Note that7 ER isan identify element since

and ******* for
all xeR. So-FER is an identify elementfor t

(-x-1* x =(- x- x) +x+7 =

-7

x+(-x- 14) =x +7x-14) +7 =

-73 for all XeIR, So x-1 is an inverse element for x.



x+y) +z =x*(y*z)
-

7 =3 (x+y)*z =(x+y+7) +z+7
-

=)(x+y+7)
+z+7 =x+(y +z +z) +7 -& 7- 5 =5

- 5 =>x+y
+z +14

-- 2 = - 2 =>

x+(y +z +7)+7
2=>)x+y+z

+k =x+y +z +14 E (2) =(2) =a*(y*z)-

->
4

so (R, 1) is associative.
-

=4

(a,+) Q : grational numbers i - -Q
is a group,
(*** is a group. 1

x1.72 - Q

# ④
** =Q-503: (all nonzero 2 trational numbers?

(I, it is nota
group

N:9143, ....E
R=I integers 3

=S-...,-3, -2,-1,0,1,2,3,4,...
(2,t) is a group. II

(2, +) =(4,+) = (R,+) =(K,t);but (x) is not a subgroup (R,1) (although R* (R)
I

X

↑ M In R, 2x3=6 but in (R,1), 2+3 =5 subset

subgroup subgroup



61, (R):S invertible oxa matrices with real entries 3 is therealheardatthe
6) (RT =[12): 9b,c,deR, ad-bc+03, I =10"]

GL. (R) is a multiplicative group
withidentity1=Ies]

GLn(R) is not commutative for ns2.
-

G2, (R) is commutative.

(6, A) is aban if x*y= yAx
for all x,y- G.

Labelian)

62. (R) is abelian for nis;
nonabelian for nx,2. (1,7]15):(5) whereas (ii)1) =Ess).

61,/R) = RR" (these are isomorphic groups i.e. essentially the same group. Since R" is abolian, so

is G2, (R). (
Function composition is associative:(fog)oh=fo (goh]

h I
x -> Y- z- W If x=X then LixzY, gch(x) -E, DEN.
-w (fogoh) (x)

goh fog fog +got
Because matrixmultiplication is expressing the composition oflinear transformations, itis associative

but not necessarily commutative.



If X is
any set,

the bijections XX (i.e. A one-to-one and actol form a group
under

composition. I is themetric uphis

6=SymX= Ebjections x-> X 3 = 9 permutations of X 3.

gabjection
atthe

ther

eg.
X:737 =91,2,33. (Notation:(n] =91,2,3, . . ., n3.) Intoe

There are exactly?-6 bjections (3) -> 13]. In"Ften*al" is"Theuber

⑦
ofpermutations of(n).
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2) (12) (123) (23) (132) (13) cycle notation for Sym/3]=S,


