
Analysis I  (Math 3205)  
Fall 2020

Book 1



Intermediate Value Theorem
-
-

If f : la
,
b ] → IR is continuous with flat so < fcb)

,
then

there exists a E (a
, b) Such that fcc ) -- o

.

How does anyone prove this ?
what is gone experience with reading hosting proofs ?

*

The theorem does not hold over Q .

G
,

is,)

•

eg .

fix ) = F- L ,
f : { rationals between

O and 2 } → Q is continuous
,

Ho, so a fee, but there is no
solution of fu) = o in Ql .

Q is not complete i IR is complete .
The complete statement of the Iateraediate ValueTheorem : for all f. laid→ R

,

if f is continuous and flat co a fab ) , then there exists
a c- la

, b) such that
f-G)= 0 .



' '

for all
"

,

"

for every
"

,
" for each " : Universal quantifiers

"

there is
"

,

"

there exists
"

: existential quantifiers .

For all x there exists y such that xcy .

true in R)

There exists g such that for all x, × a g .

( False in R)
Lte Y - - - : - - -.rf

Definition of a Limit ..i÷.- ten.
We say jigmaffx) =L if the following a- s a ats

Note : It doesn't mattercondition holds :
here what flat is or even

For all e - o ,
there exists S > o such that whether or not it 's defined

Ifan - Llc E whenever Os Ix-aKS .

- -

f-Cx) is within E of L
x is within S
of a

ie . for all so, there Exists 8>o such that for all ×
, if Os Ix-alas

,
then I feel - L Ice .



Let 's prove that lying, (5×+1)
= 11 .

Rough version : fcx) = 5×+1 . If we need fix) to be within E of 11
,
how close does x Kare to be

to 2 ? lffx) - 111 L E ⇐ Its a fix) s Ht E

←→ H- E c 5TH s Ht E

Es lo-e s x C lots

2 Is a X s 2T Is
⇒ (x- 21 - Is

Proof
(Actually) : Let e> o .

Then whenever 0<1×-21 a ¥ we have z- Isa x - Z tf. so

H - E - 5×+1 a Ht E ie . I fcx) - 11 Is E .

Another proof : Suppose jliagy.fm -

- 4 and fig, glad
= 5

. Prove that fig, ( fast gfx))
-

- 9
.

Rough version : Given e so we must find 8 >o snob that lffxttgix)- g ) e e whenever
o - Ix - 7- Is 8 . Since lin fix ) = 4

,
we can find S > o suck that Ifan - 41 a Ex→7

whenever 04×-71 es
.

Also since lying. glx) = 5 , we can find Sr
' such that

Igcx) - 7) c e whenever or Ix - tf c S
'

.

4 - E - fu) s 4 t E whenever 7- S s x - 7- t S



4- E - fu) s 4tE whenever 7- S c x - 7- t S ie .

Ix- 71 - S

5-E cgcx) s 5tE whenever t- S 's x - 7- t S
'

i.e . Ix- 71 - s'

f-2e - fix) tgcx) a 9+2 e whenever 04×-7 Is min 98,8 ' }
-

Hix) * gcx) - 91 a 2e whenever o - Ix - 71 a min 18,8' } .

Actual (final ) proof :

Let e > o .
There exists 8 such that Ifan- 41 a E whenever or Ix - 7-KS .

Also there

exists 8's o such that Iglxl - 51 - I whenever o- Ix- 7-Is 8
'

.
Then

(fix) +gan - 91 E thx)- 4ft Ight) - 51 - { + I = s
whenever o - Ix - 7- Is mines . S ' } . D

Note : the triangle inequality says latb Is lat t 161 for all a,b .

Ifcxltg -al = I fix) - 4 tglx)-51
HH)-4tgcx)-51 E Ifk ) -4ft fgcx)- 51 Hcxltgfxl -91 < E
thx) tgcxl -9k It't I



7-2=5 ⇐ 7-2=157
⇐ 7=17+2

N t I = A ←→ - A = I

t 2=00 ←→ oo - * = z } ⇒ I ±2 .

fish, fix) - no weary for all M there exist N such that
fix) > M whenever x > N .

IN , ) = { at IR : a > N } .

(N, a) = fae R : a > NB .

0.9999999 .
. ,

= I

13=0.333333. . .

.



Eg . glx) = f x' sink ,
if x# O 's For x.to

,
- Is sin'T, E l

10 ,
ifx=o

. so - X's x'sink Ex
-

-

why is g continuous at o? \ gun /
wet

him get =o because - x's gcx ) Ext o
X→ o

where lion (→4=0 = (im x
-

so we can use the Squeeze Theorem .

x →o 770

Since I
-

ngogcx)=o= glo) , g is continuous
at O

.

Is
g
differentiable at o ? dingo 9*th-fk ? slope of secant

line between

geo, = him
.

911¥ cat
, ga-HD and Cath

, glathsl
= him h #
h>o

= lim hsin ÷ = o g'says Iim glathf.gl#
hero Kuo

by the Squeeze theorem since - Ihle hsin 's s Ihl whenever hto
- IE sin 'T El

where Lingo tht = 0 = thing C-tht ) -

- Ihle hsin's 's Ihl



glx) = f x
'

sink ,
if x# o ;

10 ,
ifx=o

. chain rule and

gq, = S 2x sin
- cost ,

if Ho ; [
themptohldnct rule

[ 0 ,
if ×= 0 .

If x to , glass = x
' @Stx ) (- Ia) t 2x sint = 2x sin'x - cost, .

Note : g is differentiable lie . everywhere on its domain which is IR ) .

It is not possible to evaluate g'cos using the chain rule, product rule , rules
for derivatives of power functions and trig functions, etc.

fig
.

gtx) does not exist . So g
"

is not continuous at O .

g is differentiable but not cotinuordfflyerentiable .

Example of a tinctin which is differentiable but not twice differentiable :
gun as above ; also win = xlxl = fx

'

,
if xxo ; T

hi , it x so .
"⇒ = ""

check : w 'sx) = 21×1
w
'

W'
'

lol does not exist . w is continuously differentiable but not#
twice differentiable .



Hierarchy of Smoothness : C
"

= CYR) is the set of functions IR→ R
which are continuously a times differentiable

.
.

4 what is an example of a function that is
¥⇒ twice differentiable but not continuously twice

BE¥÷T:*:EIa"termite imitations
.

(x ( lnlxl - i) , if xto

S
f =) o ,

if *o

Kim . fix) -
- Ling

.

xflnlxl - i ) = 0

limo. tha -- fig, thnx
- ' I = h× = I

+ ¥×.
= Hyo+ C- x) = o



f- is now continuous ; is it differentiable ?

f-'cos = lim Hh-h = hChM- = him. ( lnlhl - i)h→o
= -A

so this function is not differentiable .

Vix) = sin¥
,

is C ie . V E CFR) (this function is infinitely
differentiable or all of R)

x'an = cos if ) = -1¥, as
If we continue taking higher and higher order derivatives , every V

"
G)

has terms of the form POGnoffia.fi . sin (¥
,
)

T
or cos

R(x) = sin tx
,
if xto

;)O
,

if x=o .

If xto ,
R'Cx) = 3x'siatxt x? (cosf)ft) = 3×2sin't - x cost .



R' co) = liar RIMINI = lim "sit = line h's in 'T = o

h→o ↳0 h→o

pyx, = {
3×2 sink - xcostx ,

if x#O ;
(see Tuesday 's class)

O
,

ifx=o
.

R'
'

Cx) =6xsintxt3x.costx.tt#-costx-xsihtxfIz)=6xsintx-4costx-'zsintx
, if x # o .

R' Ihs - R' lo)R'
'

G) = him
-4

= align,
3"hoso

↳ o h

= Limo ( 3h ninth - cost ) does not exist .

So R is not twice differentiable .



Tay Stx) = x' txt ¥
Slxth) - Stx)

Stx) = lim T
470

If x >0
,
Sfx)=x3, 54×7=3×2 ,

S
"

(x)=6x .

If x -o
,
SHH -X'

,
54×7=-3×2

,
54×7=-6x .

Hht - o
Sio) = line-he = line hlhl = o -

h→o h-90

Note that 51×1=3×1×1 for all x .

So S
'
is continuous ie .

S is

continuously differentiable ( SEE '

GR ) ) .

Sch ) - Sto) 3h tht - O
S
'

Co) = liar a-
= lim
h-

= lying
,

314=0
(→o h-90

Note : S
"

Ix) = 61×1 for all x



B
' 'm is defined for all x but not

Try Bix) = { "osiatx i

,

if continuous at 0 . since B''Ix)
does not exist.

For xto
,
B'Cx ) = 4x's in# t x9(cost )f¥) = 4×3 sin 't - x

-

cost,

B"hD= Rx's int t 4×3cost f- ta) - 2x cost, - x' f- sink ) f-¥)

- Bch , -Bq,
= (RR - 1) sin ¥ - Gx cost,

B
'

co) = ( im
4- = Iim h" s in Tn - ° his sin 'T = o

h- o 4-
= lion

hero h →o
Note : lying

.

B'Cx) = figo (4×3 sin - x
'

cost) = O = Bho) so B
'

is continuous

ie . B E C
'

GR) ie . B is
B''(o> = liar B continuously differentiable

h→o

= lion 4h3ink-hhcos = thing. (4h
- sink - host ) = o

h→ o
.

find
''m -

- fins
.

( Chui-mint - boost) does not exist !



\ µ Crude (Oth order approximation) :

e
"

= I for x - o .

-
Tangent line approximation : If;tm¥⇒

/ ex x ltx for xx o .# Quadratic approximation Kadfdfhatiod :

Taylor polynomial Tak) = i txt + It
. . . +¥? T l txt for X ro

is the
" best

"

polynomial approximation of degree n
to the function ex

For a general function f- t C
,

the Taylor polynomial of degree n is

Tnlx) -- flo) t f
'

6)x t f"loz t . . . +
f"ln xn

n! = 1×2×3 × . .
. x n .



Eg . ffx) -

- ¥, flo) -- o
f to> = y

f-
'

Cx) =
I = 1-

z

( itzxy
(HH) f

"

to> = - 4

f-
"

(x) = 1¥10 I - 2/1+2×3.2 f-
"'

107=24
-= -42

( lt2x5 ( itzx)3 etc .

f
"'

=
1¥30 - f-4) -34+2×5.2 24
-=-

( lt2x)° ( it2×34

The Taylor series for f centered at o is
TH) - ⇐of"'n ×

"

= ftp.ftoyxtfIH.it f"×3t . . .
= O t x - 4zx' t Z¥x3t . . .

= X - 2x't 4×3 - 8×4 * 16×5 - 32×6 t . . .

Note : # = ltxtxtx't- x" t . - (geometric series)



# = I txt x'txt x" t . - lgeometric series) This converges for lxkl .

⇒ = I -2×+4×2- 8×3+16×4 - 32×5 t . . .
(converges for I-2×1 L l ie- Ix K '

z )

¥× = x - 2x't 45- 8×4t 16×5-32×6+ . . .
( converges for KH)

By the way . where does this series converge ? ( Review fan Cail I)
Ratio Test .

Another example : x'sin x -
- x' (x - Io t Iso - ft,of . . . )

Eg . Ext f e
- ""

.

if Io
,

" - I't - Foto t .
. .
for ad .

O
,
if X-o . o¢#T=Ex)



⇐+ f e
- ""

.

if Hoi dah
,
f-⇒ = dah, f- E) = 2×-3

0
,
if x-o .

If xto
,

E'ex) = e-
""

(2×-3) = 2×-3 e-
""
= ze

z x
? ze

-"7×3 - e-
"73£ ×

'

E'
'

Cx) =#I
= ( 4 - 6×2) e-

'G '

Ts
E'"Cx) = x6. ( C- Kx) e-

"
t
'

t 14-6×2) ( 2e
- ""
1×3))

- (4-6×2)e-
'

1×76×5
---

×
R

= xH(42f4-6x)5 e
- ka

=
x'thx) - (4-6×7.2 - (4-6×27.6×2
F- e-

""



E'" ' Ix ) = fnf e- 4×2 when XFO
,
for some fuk) E IR Cx] .

We have seen this by computer for n -- o, I , 2,3 .

How do we know the derivatives of E all have this form ?

Proof For each n>o we have a statement about E
"'m having a given form .

Since Efx) = e-
'↳ ? the Oth derivative E"

'

Ix) = Efx) has the required form
with fo Ix) -- I .

Now assuming E
"'
G) = e-

""
= the

"? then

Ent ') ,×, =

x3h. ( fn'm e-
""
t fix) . 2E'1×4×3 ) - fu G)e-

"? znjsn- i
F-

6h

x

= xsfn
'

Ix ) t (2 -3nF ) fuk)

×z
e-
""

,
for xto

Note : fat , (x) = If:(x) t k- 3u×') fu (x) E IR Ix ] .



Next find E'
"

co) for n -- o, 1,2, 3,
' . .

.
also by induction .

E'" lol = Elo) =O by definition .

Now assuming El
"
(01=0 for some n 70

, we must conclude also
Elnt
"
(o ) =D .

E'n' ch) - Emig Emch)E'" " lo) = him 4-
= him -

hero hero h

-
- his
. "h÷.ie. "" - fencing

.

Substituting u
-

- th → as as h → O
, u= hi

'

,
hi j '

,
h
't ! a-

?

=
u
- h

E' " "Yo) = f. yo, Iim
e-
u tho )

• → •
Fk 'n him , UI where k -3¥ > o .

kck -Duk-zluiz.de = lim kI! = linn-eye
.
. - =o ⇒ E'""co) -- tuco) . o

u>a
4→A

= O .



E'"Cx) = { £!¥ e- "*
,
if x to -,

( O
,
if x=o .

So the Taylor polynomial of EG
) of order n centered at o is

Tn Cx) = Elo) t E'co) x t
'
x
'

t x
'

t .
. . EWn ×

a

= 0 .

"

÷÷÷÷÷¥÷¥:*.
does not converge to Efx ) .

ECx) is not analytic at x=o .

( It is analytic everywhere else . )



Review .

. Decimals t = 3.1415926 .

.
.

= 3×100+1×15't 4×75't 1×10-3 t 5954+9×10-5
1009=1723.232323 . .

.
t . . .

9=17.232323 - .
.

997¥
a = 17¥ E Q and this fraction is reduced .

Note : a = 1×0
'

+7×100+2×10 't 3×10-2+2 x. 10-3+3×15
"
t . . .

= 17¥ .

Base 5 9=13,201201201 . . .
= 1×5 't 3×50 t 2×5 't 0×52+1×5't

-
i E't

( 12591=53 a = 13207 -201201201 .
. .

Base 5 1370,11,
- -decimal g = 13.201201201 - i . 13133 = 1×54+3×53
-

t 1×573×5 '

a = 4043 In decimal,
124 625-1375+2.5+15 -1-3=1043

t 3×50



Cantor Set Denote by C the Cantor set ; and C, is
- - the left half of the Cantor set .

lo , if It .
'

both C = C.Wc, scaling C , by a factor 3

length gives C- C.WC, Hoo
fo , 5)u Ez , I] and b. us copies of C,) .

AM nooo ma ma length
. . . . a

1%510,43 u Faith v Es . Huff . D
C , Cz lo ,#VII. it] u . . . vGI , i]

After infinitely many such steps , whats left is the Cantor set . C -

- C
, nice

This set is totally disconnected ( we'll define this later) .

The Cantor set is actually all the points of fo, D having a ternary expansion
with only 0,2 as its ternary digits .

Ay number can he expressed internary using only 0, 1,2 as digits .

Decimals foot'oI
.
o Tanaytoo,

2=34 -⇒ he = dhs ⇒ D= him, I 0.631Length of Cantor set C is Linga Esko .
Yet ICI = IRI (uncountable)



Dimension

y# Scaling by factor 3 in
every direction

has dimensions results in 9 copies

scaling our rectangle by
of the original region .

a factor k in evey direct'm results in k
'

copies
of the original rectangle .

same for desks -

Same for a triangular region .

¥::.in#...i..i. ¥
badatffdddffitiqifsifigggignm.int be #¥_



For self - similar objects ( scaling by a factor of k gives kd copies of the original)
we call d the Fadddimension of the object .

For the rectangular and triangular regions (previous slide), d --2 .

I¥¥
,
mheT¥h↳

5=27 copies of the

• the else is 3-dimensional, y z , g age
Original cube .

Intervals la
,
b ] C R ÷wal .
For → says

scale by factor 3 copies of the
k=3 in

3
"

= k=
original

every direction



Similar to Hwi #3 : f'lo) = line ftH-h
h→o

fix)=§ ,
if xto ;

= Iim ¥ - I

↳ o T
- tht( I ,

if x=o .

= liar eh- I- h
clearly f is continuous

.

heo ht
For xto, f'G)= ×e×_×§× = (x- De't I = 1in eh

- I

72 hero Th

f
' '

=
x' (H-be't e" ] - ffx- De't 1) 2x = this

, ÷ = Iz .

line fix) = him lx-Nej= x fire] - L ( (x- 1)e'' ti) xx x→o
-

e't (x - DexIs = lim
-

X→ o 2x
= hi-zxtD ' fins

.

= figo E -

- I
×
?

Note : f
'

is continuous ie . f- E C
' GR )



f-
''

lo) = lion fth-f.co# figs
,

f
' 'm = !igoW-2×tDe×

hero h ×3

= line lhYf - I r = tim hR2xt4e*t6x-
heo # ' th "to

ye,
3×2

= line
-

= (im 1h- 1) e't I - th xso 3x'
-

↳ o ha = bingo = Is = f-
"

co )

eht ch -heh- h
= lim- so f

"

is continuous
.
i.e .

fed GR) .

Leo 3h'

= tin he Actually , we remark that feck) .
↳o 3h' Its Taylor polynomial of degree z iseh - I

= lim
Th T

,
(x) = f-6) t f'lo) X t f ×'htO

L

= (im § = Is . = I t Ix t Tex' .
↳ ° Check: et ltxt + fit IIe, t fit - .

.

Ext = x + It #*fit + . . .

F- = It It t t' t . .
.



similar to Hwi #z
.

.

Prove that lion 1×1=3 . #
X-73 z-g 3

3+2

Proof : Let e > o.
whenever 1×-31<9 , It looks like 8-- E should

we have
11×1-31 E Ix- 31 - e

. wewLfto show
I fix) -31 - E whenever

Thus lim KI =3 . I
X- 3 Os IX- 31C E .

-
Recall : the triangle inequality

p.

112 of Abbott : Dirichlet's function g : R- IR 11×1 - lytle lxtylelxltlyl
, i i ,i i , , i i ,

it
.. , . . . .

. . . . . . . . . . . . . . . ... . .

#

guy - S
' if XEQ ; I

ng = {
1
,
if x # Q ;

10 ! if × ¢ q .

- -- -
i"""."'"'--"i. O

,
if X E .

J
"

Ci -glxlldx
g is not continuous anywhere .

o

fo
'

dx is undefined according to the Riemann
=L

"
' dx - fjgcxsdx
-
-definition of integral . I[ This is the mean Vale

There are only countablyof s on lo , i ] .

- many
nationals in lo, i ] but uncountable wayirrationals info, D .

So fjgcxsdx "should be
"

O
.



Riemann

{i'EemY÷fE
,
}> giEhI¥KtEEaEs3 s ldiaealzifhk3-IE.it#Ffahk3s - o .

U U functions

g
Dirichlet H Heaviside function
function

H Cx) = f
' if ×>o ;soif x so I? Hfxldx = 3

5- It
, E

,
Z
, , ¥ , Ia , . . . } is bounded : O is a lower bond

,
I is an upper bound .

Iz is the greatest lower bond.

Every me I is a lower bound for S , meaning s ? I for
all sees

.

( so I is a lower bond ) and it is the

greatest (once bound .

it is the least upper bond of S .


