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Let Cain be a sequence
of real armless

.

It is possible for such a

sequence to have no limit point e.g . an - n . The sequence of positive
integers has only isolated points . However

,
if can ) is bounded

then it must have at least one limit point by the Bolzano - Weierstrass
Theorem

.

Eg .

Consider the sequence ( sin n)
ne µ

= (sin 1
, sin 2,

sin 3
,
sin 4

,
.

. . ) .

This sequence diverges . But the sequence is
bounded (all terms lie in fi

, D)
So The sequence has a convergent subsequence .

Thus there is at least one

limit point . All limit points must lie in ft
,
D

.

Sin 0 = 0.

000 . . .

÷ : ::: 's a

- "" * ¥

g: If
8. Iff 7*122

0.9oz sin 22 a sin 7- a = o

Sin n to for any positive integer n because tf Q . sin to Es x = kit for

some KEK

Also since it#Q
,

the sequence kind has no repeated terms
⇒ sin n -- o ⇐haka

and the limit points of (sin nln are all points of ⇐ = Tea forsome
C- I
,
D

.

- KE Z



If a is irrational then the sequence (sin u) has distinct teams (it never

repeats) .

why? If sin u = sin then either V- u = 2kt for some KEK
or Vtu = (2kt 1)t for some KEK .

-text'¥¥Vt÷¥
So if sin in = sin n where mtn are integers then either m- a = 2kt with

OFKEZ so a- = MIKI e ⑥ ; or men = (2kt1) it for some KE Z so a -_MI
2kt f

again contradicting a# a .

c-Q
O ! = I 31=1×2×3

Let 's prove a# Q .

Warm-
up : prove e #Q .

I ' ' = 6
z ! = 1×2=2 41=1×2×3×4

e- I.hn. = him
.

(HII .

Recall : ex -- Iota
.

= him
.

( it IT ⇒4

e = I t It I, t # t Ty ,
t fit - - -

suppose ee Q ; say e
-

- I in lowest terms ( a.be IN
, god la ,b) =L ) .



- e = I t I t I, t # t ¥ ,
t ¥ ! t

- - -

%£ppose ee Q ; say e
-

- I in lowest terms ( a.BE IN
, god la ,b) = I ) .

Multiply both sides by b ! = 1×2×3 X .
. - x CG- its

,

a
¥8

b !b- = (b -D ! a = b '
. ( It l tf, t 's, t . . . t¥ ,

t I, t ⇐is, t - - - )

= bit bit ¥, that . .
. t tf÷, t ¥÷t¢b÷ ,

it c} , t - - .
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b
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-
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integers Enquirer test
The series ¥

,

t ftp.I, t ¢÷⇒µ,⇒- t . . - converges by comparison with

¥, t ¥,
t ¥3 t ¥,yt - - - = Yfb = p¥ ,

= f - I
.

b t l

a t ar tar
'tart . . - = ÷ ( for Irl e i ) .

This is a contradiction
.

So e f Q .
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'
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(utv)3 = u3tZu7 t 3yv2+v
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@ tv)
"

= £
,

(
n

) ukv "
-k 1 5 10 to 5 '

k

(Binomial theorem) (1) = 67¥37 EZ
'
'

binomial coefficients
"

are the

entries in Pascal 's TriangleLeibniz ' Formula

luv)
" '
= E. ( L ) uhrin

-k)



theorem T Ef Q .

Prod Suppose a -- I in lowest
- terms ( i.e . a.BEN

, god la ,b)=D .

We look for a

contradiction .
Consider the function fix) = # xhla-6×5 where he IN will be

chosen later . Note : fan = u Cx) vix) where u Cx) = fix
"

,
v = (a-bxJ .

Lenne For every k > o ,
f-
'k'
co) = f- Dk fck't ) E Z .

Proof fit - x) -- tf -x) = LI - 5) Ca - b (E -xD
"

-

- tiffs- x)
"

(a- la - b xD
= Tiffs - xjcbxY.hn

.

CE -x)
"

b
"

x

"

= In:(Ex)bY×h= 's:(a-txhx = fix) .

ffa-x) = fcx)

o

- f't-" = f
'

" ' f'
"
an -- ask them

a fit - x) = f
' '

Cx)
tix) - Tn ( ax-bij - f'

"

ca-x) = f
"

'm, f%= fit#%)
We must show this ez .

fan = ulx)Rx)
,
ah ) = I:X

"

. . . uh-tan -

= ¥5 -- Ix
'

n'"conf; Iff:L .

uhh -- Timi
"
-

- innit
" '

in-next × aint ''# o

⇐ E U'
'

(x) = ⇐y : x
" '

y
"
(x) = I uh'⇒¢)=o etc

.



Recall : fix) = u Cx) uhh
,

uG) = tix
"

, vCxS=(a-bx)# E Z Cx )

than = fi (Y) ut'm v
Ck-rly, ie .

a polynomial in x with
integer coefficients

f-
'%) = ¥

.

(E) union vck
- ryo) EZ .

This proves the
Lemma

.

iafgas.in#gasTghs
Note : fan is a poly .

in x of
Return to '¥f¥EoeE* it - t- tiYg¥ .

Consider FCx) = fix) - f
"

Cx) t f
'"
ex) - f

'
t - . . t fNfm#

£
, f.Fix)sinx - F Ix) cos x) = F'

'

Ix)si-x t Fcos× -⇐I¥ - F sing
= #

'

Ix) t f Ix) ) sin x = FG) sinx

Jo
"

fan sin x dx = IF - FCA cos ×To = Fit ) - Flo) = FG)- F(Eb) Z 'by the Kenna

o - Sitka sinxdx a a- . HE) -- ¥5 → o is a→a
. t#¥

fix) = I:(ax- bx'5 is maximized at x= If = £ on fo
,
a] .

For n sufficiently large
the integral is in lo, D , it can't be an integer D



topology
Recall : If A E Rn

,
a limit point ER" is a point such that for all so,

there exists a € A satisfying o - la- b k s
.

The denied set of A is At the setof all

limit points of A . Note : Limit points of A can belong to A hut they don't

have to .

eg .

le
,
1)
'

= lo, D 6,5 -

- lo
,
D

Z
'

= 0 I = I
'
= IR OT = IR

The closure of A is I = AVA'
.

Note : E -- II
.



An open
set in IR

"

is a union of open balls .

In IR
.

an open ball Brca1 = Exe R
: Ix- al - r } of radius r centered at a

is the same thing as an open
interval (a -r

,
a tr)

.

Every open interval la , b) is an open set .

la
,
b)= 13¥ fats )

Also (ap) = U (c
,

' ti) is open .

C >a

[o, D is not
open .

10 , ') is not open .
Proof : If lo , D= U Cai , bi ) for some collection

ifI
of open intervals f la ; , bi ) : i c- I} then o e Cai

,
bi) for some ie I

. Every
such interval also contains some negative members

,
a contradiction .

Alternatively ,
a subset AER

"

is open if every AEA lies inside a ball

Bgla) EA for some S> o .



A set A E R is closed if it contains all its limit points ( ie . A's A

ie .
I = A ) eg . [a ,

b) is closed . [a ,b5= la ,
b )

.

6,67 = la, b) u la , b)
'

= la , b) .

la ,
-0) is closed . la

,
D)
'

= la ,a)
.

ITM = lap) v fax)
'

-

- la , a)

It is the smallest closed set containing A .

Z is closed
.

Q is not closed
.

OT = Q V Q' = Q v IR -- R .

Q is not open .
I o e Q is not covered by any Bgloi=L-8,5 ) for S> o

inside Q .)

Let AE IR
"

.

Then A is open. iff its complement IR
"

- A is closed .

eg . Z is closed . IR-Z = U (n
,
atD= . . . UH

,

-AV f :o) u fo, huh ,2) VG ,
3)v .

. .

NEE
is open .



eg .

A: f 's : ne N ) = { 1
,
I
,
I
,
I

,
's

.

. .
. } is neither open nor closed .

A
'
= So } .
I = AU A'= 90

,

I
,
I

,
's
,
I
,
's
,

.
.
. ) is closed

.

It

Its complement is open : RIA = f- oo
,
o) V ( i , oo ) u (§

,

# , t) )
= C-ago) vk.ae) u (I , 1) Vl's ,

'

a) UH , } ) v ft , 4) U - e
-

can a set be both open and closed ?

is both open
and closed ( ie . Hope )

IR is doper .

0 and R are the only Copen sets in IR
.
This is an important theorem

which forms the basis for the Intermediate ValueTheorem
.

The proof uses
the completeness of R .


