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, Ia , . . . } is bounded : O is a lower bond
,

I is an upper bound .

Iz is the greatest lower bond.

Every me I is a lower bound for S , meaning s ? I for
all sees

.

(so I is a lower bond ) and it is the

greatest Cover bound .

it is the least upper bound
of S

.

-

Fact : 110,171 = 1*31 (o, 43=(0,15×10,1)×10, D= flag ,z) :
Basic idea of the proof : 110 , DI = 110,1731 O - x.gas I }

Bijection :
a ↳ (Oa,aqaaqoqj . . , 0.995%9,4

' '

, 0.9969g 9,2Gt
Kaci 0.1415%2,635358. . - ↳ (0.1565 . . .

,
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,
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A = 0.91929394 As 969, as 9g 9,0 . . .

=
9
,
-15

'
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Yo, DK 11131
'

see video on cardinality

Ho
,
ill = ko

,
151 = 111231 and this bijection can be given constructively ie . by an explicit formula

( in particular this is a theorem in ZF
,
not requiring the Axiom

of choice)
There is a bijection lo , D → lo , D ' but noHill -- 1101151

-

continuous bijection .

However there is a continuous surjection

ME *. .
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How do you
cut a hole in an still

"

sheet of paper that you can walk through?

'
Toga.it#FaEEf .

-



Fact : There is a set of open intervals
in R of total length less than t which covers

all the rational members
.

Since Q is comintable
,
Ql = { 91

,
oh
, as , ay ,

as
,

. . . } .

Then

Q E ¥
.

Can- Inti , ant ft )
'

- la
, -4 ,

a
,
t F) U (az- I , art 's ) u (as- IT , Gt E) u lay 's , ayt ID

✓ . . .

Total length C f t I, t t t iz t
. . .

= I

Once again the set of intervals can be given constructively ie . explicitly with no need for

the Axiom of choice .

-

what is a (Riemann) integral ? ie . the integral as defined in Calculus I- I ?

Suppose f : fails]- IR . We want to define fab fix) dx . We start with lower and upper

bounds for the integral ( these being upper and lower Riemann Suns) .

We then take sap { lower Riemann Sms } and inf 9 upper Riemann
Suns}

.

¥*⇒.EE#fIi:i5:i:t:staveats'¥. .
⇒ s

Assuming f is bounded
, misfans Mi On lxii , Xia]

when s÷¥?¥,
" : "⇒⇒is .÷÷÷÷? is



The Riemann Suns corresponding to the partition a = xo Ex, s x, e
- . . exn . , Exa

-

-
b

of la
,
b ) are :

Upper sun ¥
,

Hi- x
, Min = (x, -Xo)Mit (K- a) Mz t .

.

- t fxn - xn. ,) Mn
-

base height .

lower sun. €
,

Hi - Xi. D mi

we should have logy
,
.SI?jm.EfabftxidxEL7xiIiImi

We can 't just let n→ a . By the Least Upper Bound Property , Saps lower bonds}
exists and if { upper bonds } exists .

And

sup 9 lower bonds } E int { upper bounds } .

If these two values agree ,

this gives a definite value for fabfhddx .
For lots of functions leg .

the Heaviside function and for all continuous functions)
,

this works . For Dirichlet 's function
,

the Riemann integral fo
'

ga) dx is undefined .



why ? For Dirichlet 's function guy , flo ,
if x EQ ;

,
if x f- Ol

mi = O
,

Mi = I for each i= 1,2
,
. .

.

.
n

Upper sins : Eh
,

Cxi - xi. .)M÷
. = ¥0? thx

-# t (xx - I ¥ t Hn-H
=

Xu - ×,
= b- a = I -o = I

lower sums : ¥7 (ki - Xi- 1)min = Oto t .

.
. to = o .

For C the Cantor set define uh,) = f
'
'
if it C what is fo

-

uh,>dx ?

O
,
if X# C . Lower sums are 0 .

I
→
.

at **•

y
= u Cx) Uupaqf

.

sums can be made as small as we

For

Og's.gg
the Richman sum is t.lt f.Otf - I = Zz .

ForOates's s Ess Is a f- a f the Riemann Sun is

¥ . It f.off . I t
'

z
-O tf . I t f.Ot f . I = Ig

For Oc Iya# s .. .
c ¥, at the corresponding Riemann Sun is ÷ .¥#0#-# Each new upper Riemann Sun. is Iz of the previous one ieEs)

"

.

I
inf {upper Sams} = 0 .



For the function um
, Sup flower sums } s fo

'

next dx E int f upper Suns }
a- -
- o

so fo
"
ulxldx = o .

°

Note : ulx) has infinitely many discontinuities but it is not discontinuous everywhere .

uk) is continuous on a set of
open

intervals inside fo
,
i] of total length t

.

The total length of the Cantor set C (where u⇒ ) is 0 .

However C is uncountable i KI = IRI . why ?

Every at lo ,
D has a ternary expansion

a = 0
.
a. a 29394 95 .

. . Gi E 1,23 )
= af tag t ft t- aft t offs t . . .

The points in C are those with a; E Eo, 23 only .

ICI = HR f = 16, D ) .

A bijection C → ( o , I]
0.20022202002 . "

↳ 0
.
10011101001 . . .

( base 31 ( base 2)ternary binary



If two functions f and g agree except at a single point , the fabfixsdxfgalxldx
It ¥8 The same Holds for changing a function at any

finite number of points .

We want to be able to measure sets to distinguish their site
,

not as cardinality ,
but

length ( in one dimension) , area ( in two dimensions)
,
volume ( in 3 dimensions)

,

etc
.

Defining measure of a set is equivalent to being able to integrate .

In one dimension , y ( laid ) = b-a for a e b . (the length )

Geek Ambala)
In two dimensions , b ( la is] x k , d] ) = (b-a) (d-c)

it ( Cartesian product { lay ) : XE la , b) , ye Ec , d ]} .

Borel measure extends this notion to larger sets and more complicated constructions.

Borel measure extends to Lebesgue measure
which is the gold standard for measuring sets.

Lebesgue measure of A E Rh is denoted b CA) .



b ( la
,
b)) = b -a far as b IR = LI la } but this is not a

measurable
at IR countable union

HA) > o for all AA .

so HR) t o .

Ha3) = 0
Recall

,
as observed about 5 slides back

,

> ( AUB) = HA )t NB )
Q C U Cai -÷ . , at ¥ .)

( disjoint union .
i

This extends fo countable disjoint unions :
set ¥sgw measure a l .

A

H tf
,

Ai) = ¥
,

Hail SIS otmcaurezero are sets which can

be covered by countable unions of intervals
If AE B then HA) E NB ) . of total length as small as we want

Hoh) = 0 .

This follows from the Cie .

for every e > o
,
the set is covered by intervals

properties above : • of total length a e ) . Such sets are considered

Q= {a, .ae
,
as
,

. . . I = LI fai }
'negligible

'

in the sense of length ie .
measure .

Sets of Lebesgue measure zero have
it '
✓ singleton sets g CA) = o .

• (sets with single elements )
⇒ HQ) = ¥

,

> ( 9%3) eg . HQ)=o so Q has Lebesgue
co

measure zero .

= 20 = 0 .
Also the Cantor set C C lo

,
it has measure zero .

i



Q is cantabile and C is uncountable so from the perspective of cardinality , there is
a big difference in site between these two sets .

But in terms of length ( Lebesgue measure)
,

both have measure zero : Ha) -

- Sfc ) -- o .

Connection between measure and integration :

Given a set AE R
,
its charar.CI#c function µ,

= { I if xf A

+
A L O if x# A

¥yF Xia
,
by
"'

a
Greek

"

chi "

To o- f x (×, oh, =
b -a = I ( la, b] )

• -• laid Similarly ,

¥5 f: Xgagcxldx = o = 21431 II.cxidx = dkto
where C C lo, D is the Cantor

In general, f! Xalxldx = WA) . set

( and this integral is defined as

Xq= g is Dirichlet 's function both a Riemann integral and

↳Fai⇒ dx = HQ) - o .
this however is the Lebesgue integral ,

as a Lebesgue integral) .

-
-

not the Riemann integral of Caleales I and I ) .

The Riemann integral is undefined .



If f and g agree except at a finite member of points , fabfhadx = fab glxidx
-

f f
laid

More generally ,
if f and

g agree almost everywhere (ie . except on a set of measure zero )
then fabfixidx = Jabgcxldx for every interval fails ] .

f- and g agree almost everywhere ( f andy agree a.e. )

← xER : flat gcxl} ) = 0
This is an important example of an equivalence relation .

If f- g a.e .
and g -- L a.e.

then f -- h a.e .

f-= f a e
.

If f-g a.e .
then g

-

-f a.e
.



HAUB) ⇒ (A) t HB) for all measurable sets A,B .

If B is a closed unit hall in R
' then d IB) = 4¥ (volume )

a
radius r

.

B = A ,
u .. . was where Ai

,
A- can be repositioned to formtwo wit balls

of total Lebesgue measure Hohne) Ef .

X CB) I dfAt = 2dB) .

undefined

Ai
,

. . -

,
As are non

- measurable .



Sequences 9, .az
,
93

,
Ay

,

. . .

The limit of a sequence (a)new
is L if

i

.

For all [ so
,
there exists N such that Ian - LI se whenever n> N .

Eg .

the sequence (E.) new
= ft , Is

,
}

,
¥ , ,

.
.
. ) converges to E .

hiya 2¥ ,

= I ie . Can) → I ie . an→ E as n→ o .

.

In this case fig
,

2¥, = E follows fomjlag.tt#=xligaz+t=tIo=tz .

Ege .
(sin n't)new = (o, 0,0 ,

. . .
. ) converges to 0 .

( Sin na)
, µ
→ 0

But fins,
sin does not exist

.

Some sequences are defined recursively eg .

the Fibonacci sequence 1
, 42,3, 5,8, 13.21.34, 55,89, 144, . . .



Eg .

consider the sequence an = f 0 , for n =L ;

This is a rear definition .

I Kann
-
it 7) ,

for a = 43,4.
. . .

.

n I 2 3 4 5 6

,

etc
.

9 Eta,tiaras .
. .

Ant , = Fca. )

Iteration : repetition . where f-Cx) -- text 71 .

The nth term of the sequence is an = f-
"

I'a
. ) where f

"

fo fo fo - .
.

o f
-

9
,
= f la

,
) n- i

9,
= fCfla

, ) )

94 = ffffffa, ))) = fka .)
etc

.

Let 's look at the sequence in
decimal approximations to get a better ideal of

its behavior .

From our computer session it appears that Iain is increasing and converges to z's = Is .

Let 's prove (aah → Is .

We'll do this in two ways .
One way is to find an

explicit formula for an .

It is obvious that an has denominator E-
'

but what is its
numerator ? We don't see an obvious pattern yet .



But first
, why is it no Sinfonia that

the limit is Is ?

If the sequence converges
to L then

Ant , = f(za. +7 ) for n= 1,2
,

3
,

. . .

where we can take the limit on both sides as n→ a and get

L = Is GL t 7)

5L = 2L t 7

3L = 7

L = ¥ .

But this doesn't prove can)
.

- Iz since we assumed the sequence converges .

How do we know this ?

Look at an - Is (which should converge
to zero) and see if this exhibits a pattern .

From the table of values it appears
that Iz- an = Is . LET

'

for u = i.2,3 ,
- . -

i.e . @ = Iz f t - ¥5
'

] for n= 1,2
,

3
,

- . . which is an explicit formula for an .

Let 's prove this formula by induction .

When n -- i
, ai o

and this
agrees

with the

formula which gives Izfl -⇐I] = 0 .



Assuming an = Is ft -⇐Y
' '

) for some positive integer n ,

9.+ , = that7) = the Ill -¥5
'

] t 7) = IF It - IET
'

) t Is

= Yz - ¥ ET't ¥ = Is - E5
'

= Is - Iz . EET
'

= Is - IET
= Is Li- ⇐ Y ] , which is correctly predicted by our explicit formula .

By induction ,

the conjectured explicit formula for a, holds for all u = 1,2
,
3,4
,

.
. .

. II

At this point , him
.

q = dig! Is l l - CET) = Is It - o) = Iz .

Alternative proof : Substitute bn = Iz -a. .

This gives a new sequence which also satisfies

a recursive formula

bn
+ ,

= Is- ant , = Is - Han) = Iz - f Kant7) = tf - Ean = Yz - Eff- bn ) = Elsa .

i.e
. bn = S Iz ,

if u = l ;

[ Ek. . .
for n=z

, 3,4 .
.
. .

.

Il etc .

b. = Iz .

'

-3 ¥} FEI I FEY



A = B
"

⇒
' ' ' '

→

"

implies can be used in limit notation eg .

Can) → 5

or im specifying lim fix ) = 9
domain and range

*3

f
'

us
.

f
'"

= f
"

of a function eg .

f. IR- R

Tt = 3.1415926 so . us
.

a- = 3.1415926

-
Series E an = a

,
t act a, + 94 t - - .

q e IR (numerical series)
n Ic

Every series has two sequences :

• the sequence of terms a. . 92
, as ,

94
,

- .
.

° the sequence of partial sinus s ,
,
Sz
,
S3
,
Sa
,

.
. .
where Sia, tazta, t . .

- ta
. .

When we say that
the series converges , we mean that the partial sums converge .

If Csn) → L then we say the series converges
to L and we write an=L .



If a series does not converge , then we say it diverges .

The series €09a = Got a, t a, t a, t
. .

.

has nth partial sum Sn = Got a , tact . . . t an ,
( the sum of the first a terms

of the series) .
Here the nth term is a

. . . .

(This point is implicitly assumed
in the video

. )
.

Eg . the harmonic series II = it * It at t's t -
. . diverges .

The sequence
of terms (t ) →o but the sequence

of partial sums (a)→ a
where Su = ltzt.tt . . . it ÷ . ( Note : s

.
n b n )

Eg . Foti)
"

= I - I t i - I t l - l ti- It . . . diverges .

The sequence
of partial sums is 1,0 , 1,0 , 1,0,

I
,
o
,

. . .

which diverges .

F-
g . ⇐ In = It It I, tf t iz t .

.
. converges .

The sapience of partial sums is 1. Z
. ¥ . Is , 3¥ , . . . which converges to 2 so

00

{ In = 2 .

n=o



00

For series Eq with positive (or non - negative) terms , an >o , only two things
can happen with Sn = 9,1-9279, t

.
.
- t an

:

either ( su)→ o

or Csn)→ L .

This is a consequence
of the Least Upper Bound Property .

We have s
,
E Sze s, s sa,

E - i . Since an > o for allu .

By the Monotone convergence theorem ,
either ( Sa ) is unbounded and soo ;

or it converges. Say G)→ L and Ian =L . Here L > o .

The attending harmonic series III
"

① t . . .

converges
.

01--1
'

F¥f!aahh•A



why does Ei biz ? Here is a heuristic argument ( not a completeproof)
I 0.693

Start with = I txt x't x't x't . . . ( Ix l s i )
for

(
dt = Jfk t t tft t ' t t't .

.
-) dt = x t tf t t . . . ( 1×1 s i )

"

- ha -t) to = - ha - x)
Take the limit for both sides as x→ I

-

.

-bn 2 = - I t Iz - Iz t tf - Is the -
. . -

ln 2 = I -I t -f - I, tt - tf t .
. .

Is this justified ?
In = i txt x'txt x't . .

. we can 't let x→ I
-

,
otherwise you get

I = I -It t - I ti - I t .
. .

which diverges .



For series with some positive and some negative terms , we cannot rearrange
the

series in general ( peanut the terms ) without changing the answer .

Eg .

The alternating harmonic series I- It Is - I, t's- f tf. - ft . . .

can be rearranged eg .
as

H ftt - I t tf tf - I, t f, t Tf t Ist ft
- te t . .

.

to make the series converge
to anything

.

you
want (or to make it diverge ) .

Recall (from Calc I) : If Lan) is a decreasing sequence with Laa)→ 0
,
then an >o

( a, 7927937 - . . 70) then §
,

C- IT
- '

an = a
,

- gz tag
-a
,
tas -q t

. .
.

converges
for the same reason as the alternating harmonic series converges .

(The Alternating series Test
also known as the Leibniz Test for convergence) .

A series fan cops absolutely if { Ian I converges .
In this case San converges

and I say E Elan 1
.



If En tant diverges but § an converges ,
then we say ? an ion# condignly .

Note : Every series can either

• converge absolutely ,
or y here San converges

• converge conditionally ,
or

• diverge .

Eg . EE converges absolutely .

So does EC .

E.
,

t
'

converges conditionally .

(Note : ? I diverges . )

⇐ In diverges .

Every conditionally convergent series can be rearranged to yield a convergent series with any sun

you want , or
to give a divergent series .

If a series converges absolutely ,
then every rearrangement will converge to the same value

.

For series with terms >o ,
the series either converges absolutely or it diverges (conditional convergence

cannot occur in this case) .

.



⇐ sin is an example of a series withpositive and negative
terms but it is not an

alternating series
.

Its terms are not monotone .

Note that E cannot converge absolutely : I
,

If I diverges .

In every interval (2kt t ,

2kt t 5] (6=0
, 1,2
, 3,4 ,

s
,

. . .)
,
sin x > I .

Each such interval

has width Ef - If = Es' > I
,

there is at least one

integer n > i
.

This contributes terms > ¥ to
05

.

the series .
The sun

go!sin which diverges .

(some details

• here omitted . )
{ sing = I

,

a

where a=ei
.

NI ,

Recall : e = cost t i sin D-

e- ios cost - isnt
-

cos D- =
"O

,
sing =

e - e-
it

2-



E. si = ÷. ⇐ a

bra= i
,
Enki') = -i

- full -x) = xt It If t II t - . .

a= ei

- ln (i -al = a ta t Ift t Ift .
. .

= ⇐ aah a-
'

= e-
i

-h ( t - a- ' 5- I't Eat Iz't II't Is't . .
. = II. AI et cost ti sinti

@
Ti

= - I

lull-a-
'

l - ha - a) = Ii?
"

= I
.

. I letter
h= I -

Euler 's Formula
= en 'a=hf Ea ) -- en fajitas) -

- lnfta) ⇐ but- a" ) but , -_ ai
= lnfi) th (a- ' I

⇒ Eo
,

=
= If

= ti - i et - i

= ⇐ 1) i 6kt Dai
e = - I

In fi) = (2kt1) IT ,
KEZ .



sin (At B) = sinA cos B t cos A sinB ①

cos IAt B) = cos A. cosB- sin AsinB ②

sin IA - B) = Sina costs - sinB cos A ① violin acoustic waveform
cos CA - B) = cos A cog B t sinA sinB ④

① +① : sin A WSB = I sin fat B) t I sin (A-B)

② +⑤ : cos A- cos B :
'

zoos (At B) + tacos (A - B)
④ -② : sin A sin B= Iz costa-

'

B) - I costars)

Eg.

fcx) = sin (5x) sin (2x) = Lz cos 7-x - { cos3× This is an example of a Fourier
Tdd Td expansion .

-

even .

. ft- x) = Axl

f-(xxx) = fix) (periodic of period 2x)
A periodic function f with period L satisfies flxt 4= fail . In my examples
L -- 2x . Every periodic function fix) with period 2x has a Fourier expansion

A

Fx) = Eg + I @ cos fax ) t basin@x))
N
-

- I



Consider the periodic function fix) = x- F whenever hits x c 21kt 1)it .

,

Eg .
For o- xcx

,
fix , = ×-

÷
.

" Z

MN'VE
Given f periodic with LG#t) -- Axl

,
we want to decompose fcx) as

fix) ¥ + §
,

@ucosCnxltbnsinfnxlJ-n.I
,

f-E) sin nx = -2¥
,

shunt

Multiply both sides by sin@x ) ,
then integrate from Oto 2x .

2T,
ZTT

f!f sin mxdx = f sin mxoh, t ?ancoslnxlsinfnx) t bnsinnxlsinfmxifdx
0

¥?sin oh, = o do ° N f
O ab

m



1%6×7 sin@xsdx -
- f! fsinfcmtnlxt sink-n)xDdx = o

-
-

f!sin sin@x)dx - tf! (coskn- my ×) - cos (frm) x)) dx -
- fo it m th

- - I
m in 30 If men then we get 0 . za L

If men to then we get t f f - cost) dx = Iz . zit -
- IT

0

If m- a -- o then we get z f! ( I - I ] oh, = 0 .

Solve : bm = ¥ fcxlsinlmx ) dx . Similarly , am
-

- ¥1!fix) cos lmxldx .
For our function tix) --M . .

. from the previous slide
,
let 's work out

its Fourier expansion .

We should get only sine terms since the cosineterms are

even .



am = ¥ J!fix) cos#xldx = ta [
"

(x -t) cos lmxldx = fjxcosmxdx - fjosmxdx .

4T

If into
,

cos mxdx = tmxsiunxo-tnfg.im#=o so am
-

- o .

u -- x I
'

DT
du -
-
dx

v. tmsinmx %=¥f%-⇒ da -- If - xx]!! If - ÷ lo - o ) -- o .

oh = cosmxdx

ban -- Fi x-Hsin@Adx = ¥ fix sin@xldx - f?sinx
(m -to )

IF

Indu = ur - fu da

JIU si =
- tnxcosmx

u = x v
-

-

- tacos@x)

+ I fasfnmx) dx du -- dx du = sin@x) oh,

bi I f- tmxaosmxt 's fdx )!' Ii f-tiki . It Imo . D= - I



The Fourier series for fu) above is

fair - 2£
,

si

i.
A O O ¢ O

÷

'"""

which converges
for every XER to ¥¥¥##

-
O O O 6

Note : if x= I
,
fat I - it = -2 £7

,
/

A

⇒ 2 sign =
h=,

Z

If A = Ga , .az
,
as
,
aa

.

.
- } and D= { b.lp.bz

,
by

,
bs

,
- . - } then

AuB= { alibi
, as

,
b-
, az , by , - . . } .

This shows that the union of two countable sets is

countable .

A

If Ai
,
Az

,
A> ,

- . . are finite sets then U Aa is countable .

n= 1

Proof .

. Let Ah = Sak
.
, i 96,2 i 96,3

,

- - -

,
9k
, uh } -

Then tf
,

An = f 9, i, 9,2,
'
'
'

,
91mi

, 92,1 . 942 , 92,3 ,
' . .

I
02

,na , Az , i . 93,2 ,
- - -

,
93
,
Nz ,

. .

- } .

So a countable union of finite sets is countable ,



In fact
,
a countable union of countable sets is countable

. why ?

If A ,
= {a

, 9,3
,

9,4
,

-
. . }

AE 924
,

" . )
Az = 993,4932, 933 , 934 I

- .
. 7

A
4
= 9/941

,
942

, 943
,
944

,

' .

. )
etc

.

C
do

then U An = {9,
,
9,2

,
92 , .az , ,

922
,
913

,
94 , 923 , 932,941 , 951 ,

-
.
. }

he,

Carita
A- sequence Can )

.

is Cauchy if for all E > o there exists N such that

1am -au l s e whenever m
,
n > N

.

Theory A sequence Laa) converges
iff it is Candy .

Eg , a = 17.32511276484413 . . . defies a real number .

It is the limit of the sequence to
,
ft
,
17.3

,
17.32

,
17.325

,
77.3257 .

.
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"
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This is a Cauchy sequence .

For min > r, I am-Aa f a 10 .

For m
,
u > 2

,
loan -auf E l .

For m
,
n 73

,
1am-aa / E O

.

'

Form
,
n 34

,
1am- an l E 0.01

etc
.

For all on
,
n > ¥

, fam -gal s fo
- ktz

Given or > o
,
choose k such that 15kt

Z
- E

.

So for all m
,
n > k

,
1am- an I < E .

This proves
that the sequence is Candy .

So the sequence converges to some AER
.

This number is denoted a= 17.3254276484413 . .
.


