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Let Cain be a sequence
of real armless

.

It is possible for such a

sequence to have no limit point e.g . an - n . The sequence of positive
integers has only isolated points . However

,
if can ) is bounded

then it must have at least one limit point by the Bolzano - Weierstrass
Theorem

.

Eg .

Consider the sequence ( sin n)
ne µ

= (sin 1
, sin 2,

sin 3
,
sin 4

,
.

. . ) .

This sequence diverges . But the sequence is
bounded (all terms lie in fi

, D)
So The sequence has a convergent subsequence .

Thus there is at least one

limit point . All limit points must lie in ft
,
D

.

Sin 0 = 0.

000 . . .

÷ : ::: 's a

- "" * ¥

g: If
8. Iff 7*122

0.9oz sin 22 a sin 7- a = o

Sin n to for any positive integer n because tf Q . sin to Es x = kit for

some KEK

Also since it#Q
,

the sequence kind has no repeated terms
⇒ sin n -- o ⇐haka

and the limit points of (sin nln are all points of ⇐ = Tea forsome
C- I
,
D

.

- KE Z



If a is irrational then the sequence (sin u) has distinct teams (it never

repeats) .

why? If sin u = sin then either V- u = 2kt for some KEK
or Vtu = (2kt 1)t for some KEK .

-text'¥¥Vt÷¥
So if sin in = sin n where mtn are integers then either m- a = 2kt with

OFKEZ so a- = MIKI e ⑥ ; or men = (2kt1) it for some KE Z so a -_MI
2kt f

again contradicting a# a .

c-Q
O ! = I 31=1×2×3

Let 's prove a# Q .

Warm-
up : prove e #Q .

I ' ' = 6
z ! = 1×2=2 41=1×2×3×4

e- I.hn. = him
.

(HII .

Recall : ex -- Iota
.

= him
.

( it IT ⇒4

e = I t It I, t # t Ty ,
t fit - - -

suppose ee Q ; say e
-

- I in lowest terms ( a.be IN
, god la ,b) =L ) .



- e = I t I t I, t # t ¥ ,
t ¥ ! t

- - -

%£ppose ee Q ; say e
-

- I in lowest terms ( a.BE IN
, god la ,b) = I ) .

Multiply both sides by b ! = 1×2×3 X .
. - x CG- its

,

a
¥8

b !b- = (b -D ! a = b '
. ( It l tf, t 's, t . . . t¥ ,

t I, t ⇐is, t - - - )

= bit bit ¥, that . .
. t tf÷, t ¥÷t¢b÷ ,

it c} , t - - .

/ H H y N

b
I 1- 1-

-
J bti CbtMbti↳

integers Enquirer test
The series ¥

,

t ftp.I, t ¢÷⇒µ,⇒- t . . - converges by comparison with

¥, t ¥,
t ¥3 t ¥,yt - - - = Yfb = p¥ ,

= f - I
.

b t l

a t ar tar
'tart . . - = ÷ ( for Irl e i ) .

This is a contradiction
.

So e f Q .



@ v)
'

= a'ut au
'

(ur)
"

= (wut ur
')
'

= u
' 've U'v't n'v 't UV

"

= U'
'

v t 2 n'v
'

+ uv
''

luv)
"

= (a "ut2u'v 't uv " )
'

= @
"'

v + n'
'

v
'

) t n'
'

v 't a'v
"

) t ( n'v
''t uv

' "

)

= n'"v t 3u"v 't 3u'v " t uv
"'

N
'

Ii
. a. + r ya

. estate

(utv)3 = u3tZu7 t 3yv2+v
? I 3 3 I

t 4 6 4 I

@ tv)
"

= £
,

(
n

) ukv "
-k 1 5 10 to 5 '

k

(Binomial theorem) (1) = 67¥37 EZ
'
'

binomial coefficients
"

are the

entries in Pascal 's TriangleLeibniz ' Formula

luv)
" '
= E. ( L ) uhrin

-k)



theorem T Ef Q .

Prod Suppose a -- I in lowest
- terms ( i.e . a.BEN

, god la ,b)=D .

We look for a

contradiction .
Consider the function fix) = # xhla-6×5 where he IN will be

chosen later . Note : fan = u Cx) vix) where u Cx) = fix
"

,
v = (a-bxJ .

Lenne For every k > o ,
f-
'k'
co) = f- Dk fck't ) E Z .

Proof fit - x) -- tf -x) = LI - 5) Ca - b (E -xD
"

-

- tiffs- x)
"

(a- la - b xD
= Tiffs - xjcbxY.hn

.

CE -x)
"

b
"

x

"

= In:(Ex)bY×h= 's:(a-txhx = fix) .

ffa-x) = fcx)

o

- f't-" = f
'

" ' f'
"
an -- ask them

a fit - x) = f
' '

Cx)
tix) - Tn ( ax-bij - f'

"

ca-x) = f
"

'm, f%= fit#%)
We must show this ez .

fan = ulx)Rx)
,
ah ) = I:X

"

. . . uh-tan -

= ¥5 -- Ix
'

n'"conf; Iff:L .

uhh -- Timi
"
-

- innit
" '

in-next × aint ''# o

⇐ E U'
'

(x) = ⇐y : x"
'

y
"
(x) = I uh'⇒¢)=o etc

.



Recall : fix) = u Cx) uhh
,

uG) = tix
"

, vCxS=(a-bx)# E Z Cx )

than = fi (Y) ut'm v
Ck-rly, ie .

a polynomial in x with
integer coefficients

f-
'%) = ¥

.

(E) union vck
- ryo) EZ .

This proves the
Lemma

.

iafgas.in#gasTghs
Note : fan is a poly .

in x of
Return to '¥f¥EoeE* it - t- tiYg¥ .

Consider FCx) = fix) - f
"

Cx) t f
'"
ex) - f

'
t - . . t fNfm#

£
, f.Fix)sinx - F Ix) cos x) = F'

'

Ix)si-x t Fcos× -⇐I¥ - F sing
= #

'

Ix) t f Ix) ) sin x = FG) sinx

Jo
"

fan sin x dx = IF - FCA cos ×To = Fit ) - Flo) = FG)- F(Eb) Z 'by the Kenna

o - Sitka sinxdx a a- . HE) -- ¥5 → o is a→a
. t#¥

fix) = I:(ax- bx'5 is maximized at x= If = £ on fo
,
a] .

For n sufficiently large
the integral is in lo, D , it can't be an integer D



topology
Recall : If A E Rn

,
a limit point ER" is a point such that for all so,

there exists a € A satisfying o - la- b k s
.

The denied set of A is At the setof all

limit points of A . Note : Limit points of A can belong to A hut they don't

have to .

eg .

le
,
1)
'

= lo, D 6,5 -

- lo
,
D

Z
'

= 0 I = I
'
= IR OT = IR

The closure of A is I = AVA'
.

Note : E -- II
.



An open
set in IR

"

is a union of open balls .

In IR
.

an open ball Brca1 = Exe R
: Ix- al - r } of radius r centered at a

is the same thing as an open
interval (a -r

,
a tr)

.

Every open interval la , b) is an open set .

la
,
b)= 13¥ fats )

Also (ap) = U (c
,

' ti) is open .

C >a

[o, D is not
open .

10 , ') is not open .
Proof : If lo , D= U Cai , bi ) for some collection

ifI
of open intervals f la ; , bi ) : i c- I} then o e Cai

,
bi) for some ie I

. Every
such interval also contains some negative members

,
a contradiction .

Alternatively ,
a subset AER

"

is open if every AEA lies inside a ball

Bgla) EA for some S> o .



A set A E R is closed if it contains all its limit points ( ie . A's A

ie .
I = A ) eg . [a ,

b) is closed . [a ,b5= la ,
b )

.

6,67 = la, b) u la , b)
'

= la , b) .

la ,
-0) is closed . la

,
D)
'

= la ,a)
.

ITM = lap) v fax)
'

-

- la , a)

It is the smallest closed set containing A .

Z is closed
.

Q is not closed
.

OT = Q V Q' = Q v IR -- R .

Q is not open .
I o e Q is not covered by any Bgloi=L-8,5 ) for S> o

inside Q .)

Let AE IR
"

.

Then A is open. iff its complement IR
"

- A is closed .

eg . Z is closed . IR-Z = U (n
,
atD= . . . UH

,

-AV f :o) u fo, huh ,2) VG ,
3)v .

. .

NEE
is open .



eg .

A: f 's : ne N ) = { 1
,
I
,
I
,
I

,
's

.

. .
. } is neither open nor closed .

A
'
= So } .
I = AU A'= 90

,

I
,
I

,
's
,
I
,
's
,

.
.
. ) is closed

.

It

Its complement is open : RIA = f- oo
,
o) V ( i , oo ) u (§

,

# , t) )
= C-ago) vk.ae) u (I , 1) Vl's ,

'

a) UH , } ) v ft , 4) U - e
-

can a set be both open and closed ?

is both open
and closed ( ie . Hope )

IR is doper .

0 and R are the only Copen sets in IR
.
This is an important theorem

which forms the basis for the Intermediate ValueTheorem
.

The proof uses
the completeness of R .



Let X be a set. leg .

R or R
" )

.

A topology on X is a collection I
'

of subsets of X

( script T ) called
the

openssets , satisfying :

• 0
,
X E J 0

,
X are open .

• whenever A.BEI , we have AnB E J . Unions of open sets are open -
Intersections of finitely many open• whenever { Ai '

-
i c- I } E J

. ¥
.

Ai EI
. sets are open .

eg .No, # I = (0,4No,E) No ,E) n (o , E)No, ¥) n . .
. = (o

,
a ] is not open .

ht IN

0
,
X are closed

.

Intersections of closed sets are closed .

unions of finitely many closed sets are closed .
eg . off. , lo, s]

= lo
, D is not closed .

Eg .

The Cantor set is closed .

C = lo, D n ( lo,⇒ v Es , D) ( fo.FIFE ,'s ] v Es , I ] u IG , D ) n .
. .

is closed since

it is an intersection of closed sets
.



Recall : f : ER→ IR is continuous if for all E R And s > o
,
there exists S>o Sudthat

I y- flails e whenever I x- al - S .

The following statement is equivalent as a definition of continuity :

For every open U ER
, f-

'

ful is also open in R .

(" The pre
-

image of every open
set is open

"

) .

Note : We are not assuming f is one
- to - one . f may

not have an inverse function !

For
every U E IR

, define Itu) = Ext IR : FAHD
the pre in ge of H under f)



Compare : flu ) = { flu) : ut U } (the image of U under f) .

If f : X → Y

X¥Iff⇐Y
#

I 'CfIAH⇒ A for all AEX .

xFt#
f-(ITB)) E. B

Eg .

f : R- R
, flxt-x.pt/f4,4).fz,z]

f- ( to ,4] ) = 10,16 ]

-H' ( f-4,43D= f- ( fz ,d) = Iggy

f-" ( fl co , 4) D= F'( Co, 16] ) = f-4,4] 26,4] .

€1443
.



then : Suppose f.g : IR- R are continuous
.
Then fog : R → R is

continuous .

R d- IR f- R
.

g-
'
if
- '

tu E'Cal
u
"

Prod (New proof) Let U E R be
open .

The

fog )"(Ul = g-
'

CI'd) is open because FIU) is open .

.. open
.

.
i-

compare :

open

(Old proof ) Let a ER
,
e > o

.

There exists 8
,
>o such that

f

tgps It y)
- flglal) ) a E ahenarwg

His' Tai
' Ii; ily -galas . .

Also there exists 8 > o such that Igcx) -glad - S , whenever Ix-al - S .

o whenever Ix- alas
,
we have Ifcgcxs) - fig ladle E . D



Distributive Lm :

AahYa"¥1Fh%
×

x-A .

- {xex :X#A 3
Demagaisaws If A ,BEX ,

→ X - (AUB) = K-A) n (x- B) i×
X - CANB) = (X-A) Vfx-B)
-

0
,
X are open ×

ZAI : IEI } open sets ⇒ ¥
.

Ai open
Ay .

. .

. An open ⇒ A
, naan . . . n An open

0,X closed ( X
,
0
open) Ui -- X- Ki gon

{Ki : ieI} closed sets ⇒±Ki=¥¥(x-Ui ) -- x- i¥ui is dosed



Theorem The only doyen sets in IR are 0 and R .

Proof Suppose U to, R
is deepen ie .

R = 4 w y where u ,V are disjoint
nonempty open sets .

Let ut U
,
ve V . Without loss of generality .

usu .

AEA

#'
IR

a -S uts m -8
,

m Mt S
,

V-S v.is

There exists S > o such that ca-guts) EU . (since U is open)
and (v-S

,
rts) EV

.

Let A be the ietof all affair such that In EU . Clearly
UtsEA

,
HA

, la, uts ) E A E la, r-S ] .

Since A is a bounded nonempty subsetof R
it has a least

upper bound m
-
-

sup A . ie
.

In .
m) EU but cu

,
a) Ill for a> m .

u -18 s m E v- 8
.

Note : either me U or me V .

If MEU then there exists 8
,
> o such that Im-S ,

,

ants ,) EU Iwe make sure 8
,
a S

so that this integral slays inside In
, D.)

Since m = upA , there exists at A , m -S, sa s m .

Then In, a) E 'll
'

,

Im-S . ,mtS,)Eh

so their union fu
,
arts

,) EU so nuts
,
E-A

,
Mts

,
> m contradicting m=sxpA.

IfMeV we get a similar contradiction .
II



Intermediate Value Theorem If f : R→ R is continuous taking some positive value .

-
-

and some negative value , then fly = o for sore c ER .

( Remark .

. Later we will consider functions f : la , b] → IR and even more general
domains than this

.
)

Proof Suppose 7¥ E too
,
ol U (o,o) .

Wemust find a contradiction .

{ fix) : x f IR}
Then R = It too

,ol) w f
' '

CCop)) is a disjoint unioninonewmptyopen sets ,
a contra¥fan

- -

{xe IR : f Cx) so} IXf IR : fIx) >o}
When wesay the only doper sets in R are 0 and IR, this is saying R is connected .

Q is not connected :

Q = I xEQ: x are} w { xE Q : x > ra}
tenonemptg77£ .

Recall : An antiderivative for F is a function F sad that F
'
= f

.

what are the possible antiderivatives of fix) =¥ ?

One antiderivative is buff. = : Rx) .



y
-
- fan =tx An antiderivative for fix) =L is

# Fcxl .- lnlxl .

- - -iii.itiii.h" " qq.IE?gireis
A moregeneral antiderivative is

why do we need more than one
FIX) t C link / t C

arbitrary constant to express where ( ER is any
Constant

.

the antiderivativeof f ?

Because the domain off
Are there others ?

in general won't be Theygainsaidantiderivative lie
.

themost general antiderivative) for
connect .

gln × t C , for x > o

lnlxl t Cu for x so

where G
, GE IR are arbitrary realconstants .



If
"

no
A

on.
on,

÷÷i¥¥÷÷:
"""" "

I
° °

.

- FAR : kosxl >0.8}

f ¥µµ V
.

- fxifcxtefo -8,9}
d

Eg . {XER : kosxl > 0.83 is an open set inIR since it is ¥60.8
,
xD

where fix) = kosxf

F¥¥X¥€←Eko
.good is open

.

is wt continuous .÷ca¥#•¥"tin is not open .



Big theorem for
Calculus I ←closed bonded interval .

Every continuous function f : la ,b)→R has a maximum and a

minimum . #
×,-ex

,
*R fo

,
a ) is a closed

unboundedis
.#Tiffin

.

and internal .

f. is continuous F is not bounded above .

f- is bounded below
,

with o as a lower bound .

(o is the greatest lower bound,ie . the infirm
of f )

.
o is not a value of f so it's

, certainly not a minimum value
.

'tZita.tn:73#fIi7-de7dn""

Here is a continuous function on an open
interval

with no maximum and no mini-
.

The relevance of Ca
,
b ) is that this is a compact set .



Let's say
what it means for a set A E R for Rn) to be compact .

An openscore of A is a collection of open sets { Ui : itI } covering A
,

ie
.

Ae hitIi .

→

It may often happen that a given open cover
has a smaller subeorer ie .

{ Hi : itI
' }
,

I
'

EI such that the ¥±µ .

Such a subcollection is called

an open
subanen

.

We say
A is compact if every open cover of A has a finite subcorer .

R is not compact . It has In open cover consisting of all open intervals
(a
,
ati ) of lengthA.

This has no finite subcorer .

{ 2,5, 9 } C R is compact .

Heine-Bore-lheoren.co, I] is compact .



theorem Given AER
,

the following conditions are equivalent :
Lig A is compact ( ie . every open cover of A has a finite subcoxes)
c-in A is closed and bounded
- -

ciii ) A is seq# compact ie . every sequence in A has a subsequence
converging inA .

(This means converging to a point of A) .

The equivalence lis⇐ dis is by the Heine- Bord Theorem .

Theequivalence
Ci )⇐ iii ) is another theorem .

advice for doing mathematics :
° When you encounter a new topic(definition/ theorem ,

put it to the test

using examples .

• Make sure you learn the examples ,
not just the theorems .

• Don't start by paraphrasing .

• when learning a new topic ,
trust that the author/book/content is

useful
, beautiful , valid , coherent , etc.



Eg .

21 is not compact . { Ca
,
atD : a e R} is an open cover of2 .

Every finite subcollection { Cai
,
ait D : i -- 1,2

,
-

,

n} is bounded and

(ai
,
ai ti) E (r

,

s) where r -- min {a .
.

. . .

,
an }

,

s = max { a , , - -
o

,
an } t 1

.

which is bounded so it doesn't cover2 .
Note that Z is closed

Cit has no limit points ) but not bounded .

Eg .

The Cantor set is compact . It is bounded ( a subset of lo
, D)

and it is closed
.

Theorem Every closed subset of a compact set is compact .

Prost let k be compact and let A E K be closed
.

So A'= R-A is open .

Let { Ui : if I} be an open cover of A .
thus Ui E IR is open for all

ie I ; and A E ¥±U; . Then { Ui : ie I3 u { A' } is an open cover
of K

.

-

covers A L K-A

since K is compact , this open cover has0¥00 a finite subcover { Ui
,Uzi .

.

,
Un

,
A
' }✓

so {Ui , ' '

; Un) covers A . II .



nonempty
theorem Every compact set KEIR has a maximum and a minimum .

Think : (0,19 C R is not compact . It has nomaximum or minimum .

proofotthe-theoremi.lt K ER be a nonempty compact set .

So K is bounded . ( KE U too
,
a) = IR ⇒ KE too

,
ADV . . . u too

,
an)

AER

for some ai
,

'
"

, an
EIR so K E Goo

,
a) where a = max far , - . .

, an } so

a is an upper hound for K . ) so k has a least upper
bound

m = sup k .

I need to show MEK ( in which case it is the maximum
element of K) .

Continued on Tuesday . . .

If met K
,
K E U too

,
a)

.

( Formby xek , XE m so x - m .

" m pick a E Cx
,
m) so XE Goo

,
a) where arm

.

Since k is compact,
-#m so xe avant, a ) . )

KE ta
, a.) Uta

,
adv . . . u too

,
an) = C- *

, a) where a- max {a,,q .
. .

,
an } am .for some a.

,
an
,

. - s

,
an < na . Pick x Ela

,
m ) . So x# K . In fact x is an upper
-1¥ bound for keto

,a)
Some sup k Ek 9 X contradicting × cm
which must be the where in is the least uppermaximum element of K . bound for K .



theorem let f : X→ Y be continuous
.
I will assume f is onto ie .

surjective ( so Y is the image of f ie . f-CX ) = Y. )

Remark : Y is usually called the range . But be careful : some books say
"

range
"

as a synonym for image .

Cis If X is connected ,
then Y is connected

.

ciig If X is compact , then so is Y .

---

Proof is suppose Y is disconnected , then we must show X is disconnected .

this is the contrapositive . ) If Y = U w V where U and V are open

nonempty ,
then X = Fla) w f'

'

Cv) where F'Culand f-
'

G) are disjoint
nonempty open sets .
Cii ) Let 9 Ui : ie I } be an open cover of Y .

So U
.

- E Y is open
for all i

and YE
,
# Ui .

Then f f'
'

Cui) : i EI) is an open
cover of X .

C- CAVB) = f-CASv FCB)

X= E'CY) E U flu ;) ( A E B ⇒ FIA ) E FCB))
since X is coming'Et

,
XE Itu;) uftUid v . . . ✓ ICU .;) for some

ii. . - - intI -

SO

YE Ui
,
u Hid .

'

. u thin .





Both Q and R-Q are dense in IR
. ( To say 0h is dense in R means

every open interval in IR contains a rational . Similarly , IR-Q is dense

in R : erery open interval in IR contains an irrational . )

let X = R-Q = { irrational real numbers } . Every open interval Cats
contains at least one irrational since Q is countable whereas la , b )
is uncountable ( ka.by -- R ) .

Biven a E R
,
each of the intervals (at ¥, ,

at t ) (n = I , 2,3 , i - - )

contains an element xn EX ,
at It

,
a Xu c at ÷ . Note that

TL
,
< X- a < I so Ix -af < I → o as a→ • .

So (xn)→a .

So a E X
'

.



Iu #4 on Hw3 you are given ( anti - ant s Tf ( This says consecutive
terms in (an) are close together) .

How do you get 1am- ant - II ?

Eg .

if I told you 1am
,

- an I s it
,
then la, -a, Is Ty ?

1am-ante IT ?

Review : video on Bounds 94
. .

95

- Basic properties of distance 9 "

ya
,

E

la-bl -- distance between a and b £4
= d Ca

,
b) Iq. -ask laa-aaltlq-as.tt/as-agltKa-9sl

Requirements of a distance function (metric) E i t i t it ,

• d la
,b) 30 and equality holds off ants

= 4

• dca
,
b) = dlb

,
a)

• dla
,
c) E alla

,
b) tdcb

,
a Cfriangk inequality) a.ii.

7?
i. c


