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Intermediate Value Theorem
-
-

If f : la
,
b ] → IR is continuous with flat so < fcb)

,
then

there exists a E (a
, b) Such that fcc ) -- o

.

How does anyone prove this ?
what is gone experience with reading hosting proofs ?

*

The theorem does not hold over Q .

G
,

is,)

•

eg .

fix ) = F- L ,
f : { rationals between

O and 2 } → Q is continuous
,

Ho, so a fee, but there is no
solution of fu) = o in Ql .

Q is not complete i IR is complete .
The complete statement of the Iateraediate ValueTheorem : for all f. laid→ R

,

if f is continuous and flat co a fab ) , then there exists
a c- la

, b) such that
f-G)= 0 .



' '

for all
"

,

"

for every
"

,
" for each " : Universal quantifiers

"

there is
"

,

"

there exists
"

: existential quantifiers .

For all x there exists y such that xcy .

true in R)

There exists g such that for all x, × a g .

( False in R)
Lte Y - - - : - - -.rf

Definition of a Limit ..i÷.- ten.
We say jigmaffx) =L if the following a- s a ats

Note : It doesn't mattercondition holds :
here what flat is or even

For all e - o ,
there exists S > o such that whether or not it 's defined

Ifan - Llc E whenever Os Ix-aKS .

- -

f-Cx) is within E of L
x is within S
of a

ie . for all so, there Exists 8>o such that for all ×
, if Os Ix-alas

,
then I feel - L Ice .



Let 's prove that lying, (5×+1)
= 11 .

Rough version : fcx) = 5×+1 . If we need fix) to be within E of 11
,
how close does x Kare to be

to 2 ? lffx) - 111 L E ⇐ Its a fix) s Ht E

←→ H- E c 5TH s Ht E

Es lo-e s x C lots

2 Is a X s 2T Is
⇒ (x- 21 - Is

Proof
(Actually) : Let e> o .

Then whenever 0<1×-21 a ¥ we have z- Isa x - Z tf. so

H - E - 5×+1 a Ht E ie . I fcx) - 11 Is E .

Another proof : Suppose jliagy.fm -

- 4 and fig, glad
= 5

. Prove that fig, ( fast gfx))
-

- 9
.

Rough version : Given e so we must find 8 >o snob that lffxttgix)- g ) e e whenever
o - Ix - 7- Is 8 . Since lin fix ) = 4

,
we can find S > o suck that Ifan - 41 a Ex→7

whenever 04×-71 es
.

Also since lying. glx) = 5 , we can find Sr
' such that

Igcx) - 7) c e whenever or Ix - tf c S
'

.

4 - E - fu) s 4 t E whenever 7- S s x - 7- t S



4- E - fu) s 4tE whenever 7- S c x - 7- t S ie .

Ix- 71 - S

5-E cgcx) s 5tE whenever t- S 's x - 7- t S
'

i.e . Ix- 71 - s'

f-2e - fix) tgcx) a 9+2 e whenever 04×-7 Is min 98,8 ' }
-

Hix) * gcx) - 91 a 2e whenever o - Ix - 71 a min 18,8' } .

Actual (final ) proof :

Let e > o .
There exists 8 such that Ifan- 41 a E whenever or Ix - 7-KS .

Also there

exists 8's o such that Iglxl - 51 - I whenever o- Ix- 7-Is 8
'

.
Then

(fix) +gan - 91 E thx)- 4ft Ight) - 51 - { + I = s
whenever o - Ix - 7- Is mines . S ' } . D

Note : the triangle inequality says latb Is lat t 161 for all a,b .

Ifcxltg -al = I fix) - 4 tglx)-51
HH)-4tgcx)-51 E Ifk ) -4ft fgcx)- 51 Hcxltgfxl -91 < E
thx) tgcxl -9k It't I



7-2=5 ⇐ 7-2=157
⇐ 7=17+2

N t I = A ←→ - A = I

t 2=00 ←→ oo - * = z } ⇒ I ±2 .

fish, fix) - no weary for all M there exist N such that
fix) > M whenever x > N .

IN , ) = { at IR : a > N } .

(N, a) = fae R : a > NB .

0.9999999 .
. ,

= I

13=0.333333. . .

.


