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Solutions to HW1

In #1 there is more than one way to write answers, since intermediate steps can be shown
in either ternary to decimal notation. Some will prefer to write the subscript ‘(3)’ to
indicate ternary expressions. I will instead say in words which notation I am using, and I
will also use red font to indicate ternary expansions.

First Solution to #1(a) (using decimal notation to show the actual work.)
We are given the number
a=13"4+032+13"4+23°+ 1371 + 032 +23 2+ 1374+ 0375 +23 6 ...
Multiply by 3% = 27 to get
27a = 1-3° 4+ 0-3° + 1.3 +2:3° + 1-3° + 0-3' +2:3° + 137 + 0372 4237 +
Subtract to get
26a = (1-3° +0-3° + 1-3* +2:32 + 1-32 + 0-3! +2:3°) — (1-33 +0-32 + 1-3* +2-39) = 843

843

SOGZ%.

Second Solution to #1(a) (using ternary notation to show the actual work.)
1000a = 1012102.102102.. ..

a= 1012.102102. ..

— _ 1011020 __ 843
222a = 1011020.000000...  so q = 1011020 _ 843

As stated in the Decimals video, a real number has two distinct decimal expansions
iff it is a rational number whose reduced form has denominator consisting of a power of
2 times a power of 5. Here 2 and 5 are the prime divisors of the base 10. Analogously,
those real numbers having two distinct ternary expansions are the rational numbers whose
reduced form has denominator consisting of a power of 3. You were not asked for proofs
of these facts.

Solution to #1(b)

The rational number % = 0.33333333. .. has a unique decimal expansion. Its two ternary
expansions are

0.1000000...=0-3° 41371 + 0372+ 0373 + 037 + - -
and

0.0222222...=03°403"1 423724233 +237 +...

Solution to #1(c)
The rational number % = 0.500000000. .. = 0.499999999. .. has two decimal expansions.

Its unique ternary expansion is
0.111111111...=03°+13"1 +1.372 4133+ 1.374 4+ ...



Solution to #1(d)

The rational number 1 = 1.000000000... = 0.999999999. .. has two decimal expansions.
Its two ternary expansions are

1.0000000...=1324+03"1+0372 40372+ 0374 +---
and

0.2222222... =03 +2371 42372+ 2373 42374 4 ...

Solution to #1(e)

The rational number % = (0.166666666 . .. has a unique decimal expansion and a unique

ternary expansion
0.011111111... =03+ 0371+ 1372+ 133+ 1.37* + 1375 + - - -,

Solution to #2

Let € > 0 be given. We may choose § = min{1, =}. Whenever 0 < |z — 3| < J, we have
x € (2,4) and |z + 3| < 7, so

2 — 9| = |z + 3|z —3| < TS =e.

Thus lim 22 = 9.
r—3

Solution to #3
(i) Using 'Hopital’s Rule,
f(h) — f(0) sinh _ g I sinh — h , cosh—1 ’ —sinh

/ RRT I K h — — I —
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When z # 0, we have f/(x) = ZC8ZSIne anq f//(z) = (2—2?) sine—2zcosz  pqo

x? 3
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and so f(™(0) = 1,0, —% for n = 0,1,2. (Remark: From this you can see that f € C?(R),
although this information was not required.)

(ii) The second order Taylor polynomial for f(z) centered at 0 is Tx(x) = 1 + Oz +
1
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Check: Using the Taylor series sinx = z — & + {55 — % + - - -, the Taylor series for f(x)
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