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Heman barbenIn a particular village there is a gen
who slaves every gentleman who does not slave
himself.

Does the barber slave himself ?
No true/false answer can be given that is consistent.

This is an example of Russell's Paradox.

other forms :

P : The statementP (i
.
e .
this statement) is false.

Avoiding self-referential statements :

A : The Statement B is true.

Bertrand Russell (1872-1970)
B : The statement A is false.

Propositional Logic ( Propositional Calculus)
R : Bertrand Russell was born in 1872. (True]

M : Mars is the second planet from the Sum. (False)

J : January is the first month of the calendar year.
(True)

T : A triangle has four sides
. (False)

Syntactic vs
.
Semantic features language

- -

syntax meaning (semantics)
(symbolic true/false



R : Bertrand Russell was born in 1872. (True] "Exclusive or

"

of T andT is F.
M : Mars is the second planet from the Sum. (False)

Avoid !
J : January is the first month of the calenda year.

(True)

T : A triangle has four sides
. (False)

RYM is True RX M is False
t
"Or" "and" "inclusive" or

"meet"joinanction "

"Conjunction"

Truth Table : for two staments P
,
Q -Catomic propositions)

& F

F T

conditional Statements P3Q ("P implies&" ( P(implications ( "IfP then Q")
+ + I

R->M is false F F

J- R is true
, (P1Q) nR = Pn(Q1R)

#-> M is true, & equivalence of propositions
PnQ = QrP

P1Qe()vQ
- F F

FT T

- I T



(PrQuR = Pr(Qua) a(b +c) = ab + a

a + bc+ (a+b)(a +2)
Pr(QR) = (PrQ)n(PVR)

Pn(QvR) = (PQ)v(PR)
This can be verified using a truthtable (with eight rows
or using Venu diagram
n "O ↑ I
2

⑭ Qu · "D
~ (PrQ) = (p)y(+ Q)l
"Pand Q are not both

11 Strue
,

i
.

.e
.

at leastone De Morganis Rulesof Pand Q fails

- (PxQ) = (P)x(-Q) A
"Neither Pror Q is true;

both are false "

Pi : the ith student is wearing red- (PNPXP1 ... nP) = (P)V(+Pa)V ... v(Ph) PrP1 --- nPp : all k students are wearing red

-(PrP21 ... XP) : not all b students are wearing red

i.e, at least one of the b students
is not wearing red.

~ (PVPV ... -Pl = (P,) XGP) d ... n(P) :
none ofthe k students are wearing red.

"All the students are not wearing red "

" Ambiguous : which of the above does the
person mean ?



PrEP)

-Pull I
Pr(up) is a tautology : its fruth value is always true regardless of P.

p : "There exist interes x
,git such that Y+y+E = 42.

I'

Pv[P) says that
P is either trusor

false.
PrGP) is a contradiction

#In-

Pr(QUR) is neither a tautology nor a contradiction : it depends on P
,
Q

,
R (i isatingent

P-CQIQ)) cannot be true unless P is false
.

proposition).

P-> (an(Q)) = up .

P-(QvIQ)) is a fantology.

-conditionalPLQP-Q =P statement
Conditional

- F
F

statement ET E T
↳
If P then &"

F PRQ = (P-q)n(a-P).
or "P implies &"

"x is even" zo "X" is even
" This is a true statement for integers."Q wherever P"
The conditional statement

"Pif and only if Q
"

- P

P-Q is equivalent to
"Piff Q" is the converse of P-sQ

[P)rQ

P- a = fP)rQ



In order to
prove P-Q ,

one typically does so by assuming P and then proceeding to prove
O as a consequence.
In order to prove PARQ ,

one typically proves P-Q and then also prove Q-P.

(members)
Sets e

.g.

the set A= 51
,
2

, 53 contains three elements 1, 4.
5 : It A

2EA

Lin 2EA 5 A

2 = S ... ,3
,

-2
,

-
,

0
,

1
,
2

,

3
,

4.... 3
E epsilou -(A

.

= - (IEA)

53 = 0
varnothingthe empty set

31 ,
1
,33 = 91

, 33
It B

B = 51 ,
4

, 91,73
,
31 ,

2
,
43

, 9233 has 5 elevents
2B

= 93, 13
923-B Asetiscompletaents.7 EB

Discrete
-

vs. Continuous 13 EB-

2 : P...,?"
,
0
,

1
,

2,3
IR IsORI

5 sT If 31
, 73 EB .

↓
inclusive

If A and B are sets then their union is AUD = Ex1x+ A or xEBSEintersection: AMB : (x1xA and xE BYALB means XfB for all x-A . (Every element of A is an element of B."A is a subset of B
"

If A = B them ACB .

(Not conversely ! ) ↳DiOA

A = B is equivalent to ALB and BCA. ↳E

Warning : A CB can mean "A is a proper subset of
B" /A is a subset of B but not equalto By

but some people use it to just mean "A is a subset of B"
.

Is there any confusion between
y
and xzy?



93 = 0 P(A)

Theour set of a set A is the set of all subsets of A :

P(A) = [B/BCA3 32
,
53

P ([2
,
53) = 98

,
923

,
953

,

92
,533 525 953

923292
, 53 -:3

923492 , 53 If S hasa elements then PJS) has z elements
2t 92

,
53

523 - O (52 ,
53)

Can a set be an element of itself ? 0= 33 has no elements

Let S = (x ) x is a set
,

x * X3 O(O) = 183= 5533 :

1 element

Does SeS ? 1) Ses then SES. A = 503 has one element

# SES then StS .

= P(A) = 90 ,
03 = 90

, 3033 = 993
,
19333

A

&Russell's Paradox I





An alphabet is a lusually finitel set of symbols
eg. 9a

.

b
,

c
, ..., z4 llower case Roman letters)

90
, 13 (binary alphabet).

90
,

1
,
2

,
.... 9

,
A

,
B
,

C
,
D

,
E

, F3 Chexadecimal alphabets
ASCI/

A = 99 ,
b

,
c

, . . ., z) (A) = 26

A word of lengthn over A is a string of letters ,
e

.g . 'dgqjl is a word (string) of Length 5.

A = set of all words of lengthn over the alphabet A. IA"1= IA)" = 26"

There are 26" words of lengthn over A.

9+ 9 +9+...=
A = S "3

A
*

= Aw Av ArAU ... =
·

in azbabb,
bz,-za..., i

The unior of three sets A
,

B
,

C can be written as AvBrC

If AlB = 0 and ARC = 0 and BRC = 4 then A
,

B
,

C are disjoint sets

and1AvBuCI = (A) + 1B1 + 1)

IA) = size of A = number of elements ofA = cardinality of A.

Early 20th century : axioms for settheory(EFC : Fermets- Franked + Choice
O is a set. From O we recursively build new sets from old sets

IR is a set. 15
,
8) : ExERI 5= x = 83 "Set-builder notation" for constructing sets

For color



Example : Truthtable for (PNQ)->4 and Pr(QR)

-ORPa (PRRPr(QSR)
T + T T E ET + F

TFT
TF F

FT T F E E I# - F
#

FFT F
F

F & F F F

Cardinality of sets :

IAl = 13) means there is a one-to-one correspondence between the two sets.

1A) - 131 means there is a oneto one correspondence between elements of A and elements of
a subset of B.

There is no such things (in EFC set theory) as the "set of all sets"

Ex/x is a set 3
as this leads back to a contradiction (one guise of Russell's Paradox
If U = Ex/x is a set] is a set them S: Exel 1x* X} would be a set.

Ex/x is a set] (in EF2] is a "class" but not a set (a "proper class")

Kurt Godel

Incompleteness Theorem : Axious cannot be strong
enough to do useful things andde provably free from
inconsistency
.



Quantifiers in logic : universal and existential quantifies-

For every real number x
,

x** 0.

-

universal quantifier (x+ y)2 = x2+ 2xy +y2130 whenever XER
.

(for all x and y in RR

If x is a real number then 130.

Here the universal quartifies "for all
"

or "For every Er "always"
or "Whenever" or ...

or "for any"
Let x be a real number

.

Then 30 .

(Hxer)(x >0)

i
(fx)(x230) example of (Hx) (P(x))

There exists a real number y such that =2. ( + y) = x2+y
-

existential quantifier
for some Xandy in IR

x 2 for some XfI
.

-

there is an xER such that x=2.

(ExtR)(x= 2) . or (7x)(P(x1)

↑
(7x)(x= 2)

sermissible only if R is understood
from context



- (Hx)(PK)) is equivalent to (5x)(-P(x)) de Morgan's rules

(VX)(2Px)) - - -
-

- (Jx)(P(x))

eg .
X- & students in this room3

Every student in this room is wearing blue .

To say this is false (i
.e .
to negate the statement)

is equivalent to saying that there is at leastone student in the room not wearing blue.

(5 ! x)(P(X)) says there exists one and only one x (in the "universe") For which P()

P : Every elephant in this room weighs three pounds. This is true , (true in the vacious sense)

P : Not every elephant in this room weighs three pounds.
i.e. There exists an elephant in this room weighing something other than threepounds.

If up is false (which it certainly is) them I must be true.

(x+ 0)(X = X+ 1) is true vacuously

de Morgan's laws for set theory :

Let A be a set and CiEXala+ X3 be a collection of sets Xo indexed by at A.

eg. A
= /R, C = < 19 ,> : a + R & ⑪M = A-

(a ,
07 = [xR1x2a3 = [x(x *AY

The As
UC =V (a, =R 1c = 1(a ,a) = 0

= Ye DGAGER

VC=ra) = R =A : OAs
C= SA , Az ,

As



"

OHi,O
As

C = SAI
,
As

,
A33 Se Ac = U

. I
Cef (E2

Di D
- The Symmetric difference of two sets AB

DifferenderationtoA- Ex+A/xB)
AAB = BLA , B

= (AUB)-(ANB)
(the set-theoretic analogue of

or ALB exclusive "or")

or Albackslash not / "slash"
A AB = Ext AWB ( xk AlBY

A = [x(xA3 (xeU(x # A]



Nested quantifiers (x) (Xy)(P(x,y)) Stixgidy is a function of x

(5x)(5y) (P(x,y))
(Vx] (Jy)(P(x,y) S[]txydy]dy is a constant.

(5x)(fy) (P(x,y7 So(x+ y (dy = &(x+y(( = -(y+i - by
X-2 S %.... Jdy = number

((x)(P(x)) = (Fu)(P(u))

If P() : x is either even or odd.

(x) (P(x) : Every integer is either even or odd.

(Fu) (PluD : - -

Go back to R :

P(x
,y) = x+y20

(x) (Vy) (x+y
- x0) is true.

[x](Fy) (xig >0) is False
.
(g)= 10,07 is a counterexample.

(x) (x+y> o > depends on y. If yo then (FX) (g> 07 is true

If you then (Fx) (xity > 07 is false.

(x = 0 is a counterexample)(x] (Fy)(P(x,y) = (vy)(Fx)(P(x, y() We sometimes write (x,y)(P(x,y)
(Gx) (Jy) (P(x,y)) = (Jy) (5x)(P(x,y))

-
- -

(bx,y)(P(x
,y))

(5x)(zy)(xy= 01
X

, y,
z

,
... real variables

true if k
,
1

,
m

,
n, . integer variables

(x,y7 = 10
,0)
I (R = 0)(71)(E=1) is true (in 2)

true ifx=o (Fk >0) (71)(k= 1) is false

-

time
.

(Fx>0) (zy) (y= x) is true link).

(Id) (Vk0)(k=1)
is false



(x) (7y) (x <y) is true

(Fy) (Fx7 (x <y) is false

Suppose fiR-IR If is a function having real number inputs and outputs).
To say f

is continuous (everywhere) means
, by definition :

For all X
,
-R and for all 30

,
there exists 300 such that If(x)- Flasks Wherever I-ak8 ·

(x +R) (FatR) (Ne >o) (78 > 01 (Walf- > Ifi-flail > 3) .

-> Property of f
m -

x+ (a-S
,
a+5) f(x) - (f(a)- 3

,

f(a)+2)
Continuity at atR :

(FX+R) (20)(78>0)(Ix-al < S -> If(x)-Flaks) .

- Property of f which depends on a

(JS > o)(P(S)) means (58)/830 1 P(S1)

(FSx o) (P(8)) means (V2)(330 -> P(81)

A function F : A+ B allows us to in put values in a set A with values (outants) in a set B.

Note :
't' isto - maps A to B. A->s

We write f a fral 8-

We say I is one-tor one if

is tho points ofA go tothe
s

A B
same point of B Q-P is the coverse of P-Q

.
i
.e. (a ,
' <A) (f(a) = fla's -> a=a)

GQ)-> (4) -· contropositive of P-Q .

( +a)- (p) = P- Q
= (Fa, A) (a+a -> f(a) f(a))



When is f: A-B onto ?

f is onto B if every element ofB is the Ovalue of fla) for some at A.

(beB)(JazA) (f(a)= b).

In Calculus
, F : R-R

f(x) = 3x+ 1 is oneto one and onto

f(x) =X is is neither onetooneHinor outo

f(x) = Xix is onto but not one-to-one firebut not
;



#ilbert'sHotel

The sets that can be accommodated in Hilbert's Hotel are countable

Two sets A
,
B have the save size (Cardinality) if there exists a bjection f : A- B (ie · I is onetoone

-

and outo) ; in other words
, we can match up

the elements of A with the elements of B ,
i

. e . there is a "onsforone

correspondence" between A and B
.

(We write (A) = 11
.)

We say IAK(E)
if A has the same size as some subset of B ,

i.e
.
(Al = /I for some (IB

,

i.e . there exists a functionf : A-is which is one to one (not necessarily outo).

eg .
(21 IRI Wherever ALB

,
1A/EIBI .

121 = IQI
Theorem. If A,

is are sets such that IAIIB1 and IB1 = IA) them
/Al= IB1 .

The Cantor -Schroder-Bernstein Theorem.KentgenExample : (0 , 13) = 110, 17) because 10, 171 10, 191
The function : 10

,
1 -> 10, 17

f(x) = X is onetoone

Im
A function : 10

,
1 -> 10, 1) that (not onto)

If is also onetoone isI ·- eg: (/0,
8



N = 51
,
2

,
3

,

4
,

5, ... 3 IIN1 = 121 using the bijection
2 = S ...,

: 3
,
-2

,

-1
,
0

,
1
,

2
,
3....9 N = E 1

,

2
,

3
,
4

,

5
,
6
,
7

,

8
,
9

,
10

,

11, ... 9
2.

NU503 = So
,

1
,
2

,
3

,

4
,
5

,
6, ... 3

NS Georg
If /Al = IBI and 1B1 = /C) then 1A1= ICI .

Confor
If(A)- 1 BI and IBI- 1C1 then 1Al * /CI .

IN1 = 101 A guid showing every
rational number exactly once : 1845-1918

01 + 2 -23 -34 - 45 -5 ..

12in 552 72the

is - Ye "-4/
-51 Y

- He % .

Y4(34 -3/ 3 -574 - 4
-&"-

A set S is countable if it can

15 " 5 45% 3- 3154 it 6- be listed as

%
6
-25 -5/ % --

- Sinite/S: Ea, 92
, " and for some n

Y - b y- Ye % --

or S = 39, 92
,
93

,94,95 , ....
countably/ = Can I ne N3

Yg-i4 -Y . -- infinite

ii
Rismouble : its elements cana

Nice way.



Theorem (Contor] If S is any set, then P1)
= & all subsets of S 3 satisfies(P1531 > 1S1 .

If 1SK
, say ISI = n

,
then 18(53) = 2n.

If S is
any

set
,

1S1 = 18(5)/

There is a one to one function -+ 815)
a = 593 (singleton sets ,

i
.

e .
sets of cardinality D.

91
,
2

,
33

P((1
,
2

,33) = -
91

, 23 51,
33 32

, 33
S= 9,233 IX

313 923 933

-1
Why is 15/1815)1 ? &
We must show ISl + (8(S)

Suppose IS1 = 18(5) / i
.

e .

there is a bijection o : S-> PCS). For every at S, flai? S

and every
subset .BES has the form B = flat for some a t S

.

We need a contradiction.

Consider the subset BES defined by B-EatS : afflas3 ·

We must have B = Ab for some be S.

Does beB = fcb ? If so
,

befibl = B then bath ·

If not
, befb) then

by B= fb).

This is a contradiction.




