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If X
,y &R ,

then the average or mean or arithmetic mean of and y is.
Assuming x

,y
> O

,
their geometric mean is my

eg. the arithmetic
mean of 3 and 5 is 25: 4; the geometric mean of > and 5 is5.5=5 3

.
872983...

Loren If x,y > 0theny Moreover
, equality holds iff x=

y.

geometric arithmetic
mean mean

Proof Since (x-y50 we have F-Exyty0 so Y+ 2xy +y > dy i
.
e. (xty > xy

So xty>y
= ziy . Finally, > My . I

This is a direct proof .. but where did the idea come from ?

Anyy
El x+y 2y
# (X +y) > 4xy
↳> x+ 2xy +y 2 > 4Xy
E X- 2xy +y 2 > 0

# (x -y) =0



Does the equation+y= 22 have
any integer solutions) ? Justify your answer.

Answer : No
. Any integen solution (x

,y) can be taken from 1
,y + 90

,
1
,
2
,
3

,43 without loss of generality.
We consider the value of xity" for each (x

,y) pair in this set :

xi + 10 ,
1

,
2

,
4

,
5

,
8

,
9

,

10
,
15

,
16

,
17

, 18
,
20

,
25

, 32] Scratch
:

so x+y+ 22
.

We used case analysis. ·
Does the equation F-y-= 22 have

any integer solutions ? Justify your answer.

Answer : No
.

We are asking for intege solutions of (x+y> (x-y) = 22. Note that

xxy and x-y have the same parity (they are both even or both odd since (x-y) + 2y = xty .)
both

If xy and xy are both odd
,
theny = (x+y) (x-y) is odd; but if xy

and
My are

even
,
then (x+y) (x-y) is a multiple of 4. However

,
22 is neither old nor a multiple of 4.

Displantine equations : polynomial equations in several variables for which integer (or rational)

solutions are required.
There is no algorithm for answering such problems in general.

If <, B are real irrational
,

can atB be rational ? Justify your answer.

Yes
,

for example4irrational

If you don't
know thata is irrational then use this example : R + ( -E) =4 Q

- -

irrational irrational



If a
, B are real irrational

,
can >B

be rational ? Justify your answer.

Yes ; for example E.E = 2.

If <, B are real irrational
,

can at be rational ? Justify your answer.

If EFC & then we're done, Otherwise E**Q and then Scratch :

Cig : " = 2 .
This proves that such x,B exist. . Try F

This is a nonconstructive proof of existence of such <
, B.

Theorem There exist irrational numbers in R.
-

Froot Clearly & [R so IQ1 * IRI .

If Q-R then IQ1IRI
, contrary to cantor's theorem

that IQKIRI (Q is countable but R is not. I

Proof that e
,
i are irrational : I have proofs on

my
website evismoorhouse

.org/handouts
Actually it ande are transcendental . (stronger them irrational).

e is irrational. He ? Nobody knowns.
ef

,
et ? We know that at least one of eti and et is irrational

. This is known because :

( -e)(x-+) = y- (e++)x + e

e and is are transcendental : not roots of any polynomial in x with rational coefficients.

Algebraic numbers : roots of polynomials with rational creffients.
= is a roof of X-E so E is algebraic
2 -

- - - x2 ... is is algebrain

there are only countably many algebraic numbers.

Transcendental numbers exist by the same argument as above using cardinality.

1844 Lionvilla found a transcendental number



"Is 130 for any realy
?

"

"Any and "every are often interchangeable. Not always
For every

ER
,
420.

3 Universal quantifier
for any XER, ↑30

.

For some XEIR
,
X= 0 . 3 Existential quantifier

Is
any real number transcendental ? Yes

,

for examplee and ,

Is every real number transcendental? No
,
for example :

,
E are algebraic

&

Towers of Hanoi ?
Ap 1D

f

#I I
DIto
of# ↑

#ith#Ar#A
Mathematical Induction and Recursion
-

Crecursive)
There is an inductive proof that there exists analgorithm

to more a tower ofn disks fro

one stade to another
. Beyond this ,

we can prove by induction) a Formula for the number of
steps it takes.



Theorem The Towers of Handi puzzle has a
solution for

any
number of disks.

-

Proof (Initial case) For one disk , simply more the disk from post A to post B.
-gy ,

we can move the top my disks from
(General case with n> 2 disks)

.
Using the previous strae

post A to post C , leaving the largest disk on post A . Then move the

( largest disk from post A to post B .

Then more the smallest n- disks
From post 2 to pot B Y-...

# dis again using the strategy
for n-> disks

&

At this point all disks are stacked on

zost B in the correct order.
I
The result of the theorem follows for everyn 1 . I

see the handout on the course website.This is an example of a prot by indecide

-
Another example : a tiling problem using :Fill 12x2 square

with a Ix1 corner removed)·

I'll call this shope an I-file.

Fitt The 3x3 square
cannot be filed using (three) L-files.

Proof In any filing of the 3x3 square ,
we consider how the middle II

square is covered.
-

If this is covered by the middle of an L-tile i them the remaining corner is disconnected from the

rest and so it cannot complete to afiling of the entire 343 square .

Otherwise
,
the middle 11 Square

↳tileis covered by an end" of some F But this leaves another 11 square
(as shown) that

Lfile
,

This provesland without loss of generality cannot be covered by any
(by contradition) that the 3x3 square cannot be filedfile is oriented as shown). ↓files

.using



The

regionit
can be filed usingLil , Li

F
Thoren the

reginet
can be tiled using Litiles ,

frea
n31

.

-
/ M

2
↳

Proof We prove
the result by induction

.

For n= 1
,
the result is trivial :

-

a single L-tile files L
.
Now if nz the we divide I into

four copies of La as shown:

Use the previous step Called the

Mi
inductive hypothesis) to tile each of

the fourLn- regions using
L-files ; so the entire

In-region can be filed using
L-tiles

. I



Formalizing the concept of proof by induction :

Our goal is to prove (Vn> 1) (P(n)) i
.
e, we want to prove

P(D
,

P(2)
,

P(3)
,
P(4) -..

This can be accomplished by proving
- P(i) the initial case) ; and

· (fnz1) (P(u)-> P(n+1) Linductivel
-

the inductive step : Plut is the hypothesis of this conditionalstatement
.

Recall : Bitstrings (words of Os andIs)

"'O'I
,

'oo' , 'OI' 10; 'In,...
1 &

There' are ? bitstrings of Length n.

Let a be the number of bitstrings of length n having no two consecutive Is

(strings having no substring It ,
i
. e.

~strings a 11-free strings
A

O, 2

2. 00
,

01
,
10 3 TheoremThe sequence 80

,

9
, 92

,

9
,,

...
is defined

-

3 000
,

100
,
00

, 5 recursively by
a = 52 ;

it no ;
OOA

,
101

if n = 1 ;

4 .00001000000 an + Anz ,
if>2

1010
,

1001
,
010

This is a recursive formula for an
13

5 The formula an = &n- + are is called a recurrence
-

i i relation
-



Let an be the number of -free bitstrings of length n.

if n = 0
;Thoren an : Sh if not,

An- +Quiz
,
if 132

Froof This is clear for ne50
, 13 .

So we may assume 132. Every string of length ms
, 2

-

ends in 0 or 0 and so it has the form wo (concatenation of strings)
where w is a -free bitstring of length n-1 ; or wOS where w is a ll-free bitstring
of Length n-2

.
So the total number of D-free bitstrings of Length n32 is

In An An I

Note : This is a direct proof using cases and subcases.

Compare an with the Fibonacci sequence 0,
+

,
1

,
2

,
3

,

5
,

8
,
13

,
21

,
34

,

55
,

89
,
144, ...

S
if n

= 0;defined (recursively) by F = I ; if n = 1 ;
Futfurz ,

if n >
,2

En satisfies the same recurrence relation (recurrence formula) as the previous sequence
but with different initialterms (starting terms) .

Clearly an = Fate for all 130 . (although this fact can also be formulated as a

roof by induction as follows) .
I
Theorem an = Fi for all n7, 2.
-

Proof For n= 0
,

1 this is clear 190= 1 = E and a = 2 = E) .

Now assuming 132,
-

An= an-1 + Anz = Fu+,

+ En = Fixe :
1

uu
by the inductive hypothesis



A strongerForm of induction (called strong induction or complete inductions may be useful
This works as follows

.

We want to prove (n> 1) (P(r)7 i.e . prove
PCD

,

P(2)
,
P(3)

,
P(4), ..

To do this
, Test Thurs Oct29

· first prove
PC1)

.

· Then prove (n) [P()nP()n
... xP(r)) -> P(ati)

· I
Wereally used this form of induction in our previous example of proof. , :

Nor

positivePrince numbers 2
,

3
,
5

,
7

,
1 13 ,

17
,

A positive integer p32 is are if p
cannot be factored as

p
= ab for anyintegers a

,

b < p.

i
.e. (azz) (fb >2) (ptab)

Every positive integer has a prime factorization :

Theorem If n>2 then n-pp2th For some kL,1 and some princes p, .... PR
-

RemarkThis is the "easy" part of the Fundamental
Theorem of Arithmetic which

-

says
that every

use has an essentially unique prime factorization
.

Proof Let n32 .

If n is prime then wire done
.

Otherwise n = ab for some positive integers ab
- pothesis

,

a= p,P2"Ph and b:ggge
satisfying ab + 32

,

3..... n-13 .

By the inductive my
for some k

,
151 and prices p.... 4m: 9 .... 91. Then n = ab = ppPqpge

is a product of primes.

The conclusion follows by induction .
1

An integer of the form 2h is even ; and an itegen of the form 24+ 1 is dd. Here ket,

-
Every integer is either even or odd,Theorem

Proof O is even by definition since 0 = 2 . 0 .

Let n> 1
.

(Here all variables are integers)
- W

n is either even or odd
.

If n -1 = 26 them n = 2k+ 1 is odd ; whereas
By induction ,

if n-+ = 2k+ 1 them n = 2(k+ 1) is even
. By induction-

i
.

e. by the inductive hypothesis
the conclusion holds for all nonnegative integers.



For negative integers : if no then>o so-n = 2 or2k+ 1 for some ke
m

un

In) In

so n = 2(k) or 27k1 + 1 is even or odd. I

In fact the previousor' can be made exclusive.

Theorem
- Every integen is even or odd

,

but never both.

Proof Let neX .
We have shown that n is even or odd. .

If h is both even and odd
-

then n = zk = 20+ 1 for some ble so 2(k-1) =
1
. This has no solution in X . I

-

integen

-I
⑮

12 4 g 16

or

31



0 if n0
1 if n1Fibonacci sequence Fh
Fn1Fn2 if ngeq2
Theoremn Fa2Fn Fn1Fn1 For ngeq1Fn2Fn1Fn1left1rightn1
Proof The relation holds for n1 the initial

case Assuming Fa2Fn1Fn1left1rightn1
for some ngeq1

Fn12FnFn2Fa12FnleftFn1Fnright
leftFn1FnrightFx1Fn2
Fn1Fn1Fn2
leftFn2Fn1Fn1right

o
I
2
3
4
5

0
1
I
2

0
I
I
4

D
2
3
10
2465
168

9
25

3
5
8
13
21

64
169
441

6
7
8

left1rightn1left1rightn
left1rightn2

So the theorem holds by induction

In addition to the recursive formula for Fn there isclosed

a direct formula using taufrac1sqrt52approx1618 overlinetaufrac1sqrt52approx06
tauoverlinetau1 7 ToverlineTsqrt5



taufrac1sqrt52tau2leftfrac1sqrt52right2frac152sqrt54frac62sqrt54frac3sqrt52tau3leftfrac3sqrt52rightleftfrac1sqrt52rightfrac354sqrt54frac42sqrt52
n Fn Ln
0 0

1
I
2
3
i
s

2
1
3
4

I
2
3
4
5

7

Fn and Lx havethe
same recurrenceformula

tau4leftfrac42sqrt52rightleftfrac1sqrt52rightfrac4106sqrt54frac73sqrt52taunleftfracLnFasqrt32righttau01frac20sqrt52 6

Fn1FnFn1Ln1LnLn1Tfrac1sqrt52overlinetaufrac1sqrt52taunfracLnFnsqrt52
overlinetaunfracLnEsqrt52
taunoverlinetaunFnsqrt5

Fnfractaunoverlinetaunsqrt5 closed formulafor Fn



Both formulas for Fn recursive and closed are

useful The recursive formula is easy to implement

using a recursive subroutine

F ib procedure n

if n2 then return n

return Fibleftn1rightF it leftn2right
end

The closed formula has the advantage of providing
an understanding of the rate ofgrowth of the sequence
i.e exponential

overlinetaufrac1sqrt52approx0618 leftoverlinetauright1

Fnfractaunsqrt5fracoverlinetaunsqrt5leftfracoverlinetaunsqrt5rightfrac12 overlinetaunrightarrow0 as n

FnfracTnsqrt5 rounded to the nearest integer



n2 2n Theorem For all ngeq5 2nn2n
I
2
4

I
4

I
2
3
4
5

We can prove this by induction

starting at n5 as our initial case8
16
32
64
128
256

9
16
25
36 Theorem x23y24k3 has no solution

in integers xgk
6
7
8
49
64 The simple proof of this relies on x being

of the form 4m or 4n1 similarly for 3g2
The proof the Theorem does not lend
itself to induction

Theorem For all ngeq11frac12frac14frac18ldotsfrac1222
Proof For n0 the relation holds since 12

Now assuming the relation holds for some ngeq0 i.e

1frac12frac14ldotsfrac12n2
we must prove 1frac12frac14ldotsfrac12nfrac12n12
But if we addfrac12n1 to bothsides of our inductive hypothesis

whichfailstowe obtain 1frac12frac14ldotsfrac12nfrac12n12frac12n provethe conclusion



By the inductive hypothesis 1frac12frac14ldotsfrac12n2
we obtain frac12frac14frac18ldotsfrac12n11

1frac12frac14frac18ldotsfrac12n1112and so
as required
The result follows by induction




