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I want to give 19-silver dollars to five people
.

identical

Represent silver dollars by 19 As
eg. ********** 11 *********

and separate them using 4 Is

Answer : (23) = 1237 = 8855.
what if instead we reque

each of the five people to get at least one ofthe silver dollars ?
First give out five silver

dollars
,
onepiece , then (1**4) = 3060.

(i) = 2 First proof : (1 + 1) = [(d) 1%

Second proof : Cont subsets ofkam n-set. -

1 - 6 + 15 - 20 + 15 - 6 + 1 = 0

& For Proof : Use =
, ye

in the Bironial Theora
for n =0 .

=
Eg .

n= 3 . P+ 32 + 32 + i = 20 = 191=

If a
,
b are integers , we say

dividesb if b is a multipleof
- -

(All variables here are = b = kc for some k
= c is a divisor of b

gens # 2/b
-

The divisors of 12 are #1
,
12

,
13

,
14

,
16

,
112· (There are 12 divisors of 12 .)

The divious of 30 are 11
,
12

,
13

,
15

,
16
,
#10
,

115
,
130

.

(There are 16 divisors of 30.
The divisors of I are 1

. 17. A numberg> + is prime if its only positive divisors
are 1 and p

.

eg. 7 is prime ; I is not



The divisors of 12 are #1
,
12

,
13

,
14

,
16

,
112

The divious of 30 are 11
,
12

,
13

,
15

,
16
,
#10
,

115
,
130.

The common divisors of 12 and 30 are El, 12, 13, 16 .
(There are 8 common divisors of 12 and 30 . )

--

the greatest comm divor of 12 and 30 is 6 : gad (12, 30) = 6 .

Computing the gad of two integers ab is very practical and is much easier than factoring
(if ab are large).

& gad (12, 30) = gad (233
,
2 ·3.5) = 2 .3 = 6.

This method is not practice for numbers that are
hundreds of digits long
.

Eg. gad (124 , 46) = gad (46 ,327 = gad (32, 14) = gad (14, 4) = gad (4, 2) = gad(2, 0)

124 = 2x46 + 32

46 = 1x 32 + 14
32 = 2x(4 + 4 The last nonzero remainder here
14 = 3x4 + 2- is god (124, 46)= 2.
4 = 2x2 + 0

Divisors of 2 : #1
,
12

0 = 0.5
Divisors of 0 : 0

,
/
,
12

,
13
,
14
,
15, ...

Common divisors of O and 2 : Il , 12

gad (0,2) = 2 .

This is Endid's Algorithm for computing gad(a, b).
It relies on repeated application of the Division Algorithm :

Given any integers n
,
d with d, 1 , there exist unique gir suchthat

~ - 90
,
1
,
2
, ...,
d-+] Yg is the quotient :n = gd+ven modd

w is the remainder.

The extended form of Enclid's Algorithm does another thing that we need :

An integer linear combination of abe I is a number of the form ratsh where v,seR.

eg , an intege linear combination
of 124 and 46 is any intages of the form 140 + 46s (r. St*)·

These are precisely the multiples of gad (124 , 44) = 2. To see this
,
we want to express gad (a ,b)

as an integer linear combination of a and b.



Eg. gad (124 , 46) = gad (46 ,327 = gad (32, 14) = gad (14, 4) = gad (4, 2) = gad(2, 0)

124 = 2x46 + 32

46 = 1x 32 + 14
32 = 2x(4 + 4
- The last nonzero remainder here

14 = 3x4 + 2 is god (124, 46)= 2.
4 = 2x2 + 0

2 = 14 - 3x4

= 14 - 3x(32- 2x14]
= 7x14 - 3x32
= =x(46-32) - 3x32
- 7x46 - 10x32

= TX 46 - 10x(124 - 2x467
= 27x46 - 10 x 124 .

Check ! (I did . )

Two integers ab are relativelyprime (epime) if gad (a ,b)= 1.
Two large integers are relatively prime

about 61% of the time.

If gcd(b, n) = 1 then we can find an inverse ferb modn is a number a such that be modn = 1.

There is a unique inverse forb mod a in this case.

If gad(b,n) #1 them b doesn't have an inverse modn.
Eg .

Find the inverse of 7 mod 23

11<mod15 = +
.

i
.

.

.. solve for c : 72 modz3 =1

eg . m = 15
.

Find the inverse of 11 mod 15.
gad (7, 23) = 1 = Fr + 23s for someseX .

4.4 = 16
4. 4 God 15 = 16 mod 15 = 1

. %23

((). (-4) = 16 0 7gad(23, 7)== -3.23 + 107
11 : 11 mod 15 = 1. 1-32

-3

121 mod15 = I 73 ↳
Take this mod 23 :

120 = 23.5 The inverse of 7 mod 23 is 10.



In integers modp(p prine) everything except 0 mod p has an inverse.

a a
"mod 7

-does not exist If
p

is prince, then(p) = p-1.

" "I
f(z)= 6.2

3

6 S

In the integers mod 15
, eight of them are relatively prime to 15 and so these have inverses:

a amod 15
-tDoes not exis

i 's where p and gare
distinct primes ,

the
Does not exist If n = pq
Goes not exist god (0, n) = u Couly one intege x mod n has gad (x, n) = n)

DNE

37 13
The integers" mode satisfying gcd(x, n)= p are exactly

g 2 x - Sp, 2p , 3p , : (q-1)p3 191 of them?
DNE9

10 DNE(15)= S The integers x mode satisfying ged (x, n=g are

Se INE x-> 59 . 29 , 39 , ..., spring (p-s of them).
F How many integers x modu

have gad(, n) = 1 ? n - (p-1) - (q) - 1 = pq-p -q +
1

13 = (p-1(q- 1)
14 14 --

If n is
any positive iteges, plu) is the number of elements of 11, 2 ,...,3 that are relatively prive to n okpA

lequivalently ,
it's the number of integers modu that have inverses mod n).

p(ab) = of(a) p(b) wherever gad(a ,b)= 1 .

eg . p(15) = &(3)(5) = 2 . 4 = 8
.

↑(a)+ 4013)
-

2.2 = 4
6



For every integer x, xtwolp = 1 modp. Up prime)
For every integer I modp

to (x not divisiblehyp ,

xP" mode = 1 .

eg . p
=7 : ↓ x2x3x4y5y6 ,

7
,
8 mod7
-

00000000 ...
I 1 11 ,, 1 ...

24 12412
4...

32645132 ...

42142142 ..

5462 31
54...

-616161
..




