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Example : Find all (x
,y) such that 5x+3y=25 and 2x-7y=-31 .

y We are asking for the simultaneous solution of a

-

· (2
, 5)

2x - 7y =

- 31
ystem of two equations in two unknowns "and

y .E

X (1)

8 E (27 2 + 3 - 57 7) = 6+ 35
= 41

2x(1) - 5x(2) = (3)
41y = 205 2x25

- 5x(-31) = 50+ 155
5x +3y= 25

y
= 5 (4) = (3) = 41

=

205

Solution : (x
,y) = 12

, 5) is the
5x +15 = 25

unique solution
. 5x = 10

X
= 2

Example : Find all (.y) such that yes and 10x+ by = 17 .

-

this system is inconsistent
: it has no solution .

(1)

,isteSee
5x + 3y= 25

10x + by = 17



Example : Find all wys such that 225 and 75.

This system is consistent but the solution is not

unique :
there are infinitely many solutions

.

5x + 3y = 25 ci

-x9y: 75 (2)

0 = 0 (3) = 3xc,) - (2)

5x+3y
=

25

15x +

9y = 75
A system of m linear equations in a unknowns has the form

a
,

x,
+ 9

,242+ ...
+ 9 xn =

b
,

E 92, x1 + 9224t ... + 92 xn
= ba

- -

.....

9
m /
+ 9mzY2+ ... -> GmaXn= be

19 :j ,
b

:
constants for it,..., m3

, j=992 , .... 3 ;
X

,
..., xn variables representing unknowns) .

Enially ,
when m

=

n we can exect a unique solution ;

m > n
. -

I
-no solution linconsistent system) ;

mcn . ---more than one solution .



Example with m=

n = 3 : a system of 3 linear equations in 3 unknowns
.

Kim buys a bag of 26 items weighing 2260z · costing $34 · The items included

cans of true ($1 each
,

50z each

app Ces ($) I each
.

Sot each
loaves of bread C$3 each

,

2007 each)
How

many
of each item did Kim buy

? (say x cans of tua
, y apples ,

- loaves of bread)

x + yz z = 26 (17

5x + 8y + 202 = 226 (2)

x + y + 3z = 34 (3)

2z = 8 (3) - x) = (4)

z = 4 157 146 - 5x22 = 146 - 110 = 36
X + I

= 22 167 = (8) - (5)

5x + 84
= 146 (7)

sy = 36 (7) - 5 x(67 = (8)

y
- 12 (9) = (8) =3

X =10 (10) = 163-193
.

The unique solution of this system is (x,y ,
z) = <10

,
12

,

4)
.

(Kim boughto cansott 12 apples se
and

Check ? that all three equation are satisfied .



Matrix formulation of linear systems
~y I total

x +

y
+ z = 26

5x + 8y + 202 = 226

Ix + y + 3z = 34
- (i ; !es]

226 - 5 x26 = 226 - 130

I

O
I

0

= P6

Ii s /Es] I I''k]-(s %(b) - ! 's is
, 1)- !"I )

0

subtractone divide ,

e subtract timee divide Nowe

- I ! %(2) -18in]-108() i
.
e .

X =10

y =12

z = 4
subtract 5 times subtract now 2 Subtract e.

e
now 3 from now 2 from rowI

Example : Find all (x
,y) such that 5x+3y=25 and 2x-7y=-31 .

- 7 - = =-2-6 =
- !

y

I (5)-12 (5) -10 ()-()5)-1 :; (i)-41 - 31 - 10 =

-

4)

divide row' subtrac 2 times now I multiply roe subtract I times row 2

by 5 from row 2 from row I

Solution : (x
, y) = (2

,
5)

.

Alternatively :

12 El) ~E 1 s']-(s =7- ... -1 : 15]
-

in leschange
rows 1 and 2



Even better :

12 (5)-('Elly - 10 len] -10' * I * )2

2 times - 31 - 2x87
subtract row 2 subtract 2 times

from row I row I from row 2 divideae = - 31 -174
= 205

~ 10 i 1st Solution : (x
,y) = (2

,

57
.

subtract it times row2 Cock ! 5x2 + 3x5 = 25

from now I 2x2 - 7x 5 = - 31

Elementary now operations :

(in add a multiple of one row to another

(iis multiply a row by a nonzero constant
-

.... interchange two rows
(1)

A-B means that A
,
B are linear systems having the same solutions .

stem
C

A
,
e Az e ... Am where As represents the linear

sy
-

-We use Gasichnatio fanttoeas hekn (i.e . having the same solutions) but An is simpler than

A .
Each Step Air Air ,

is obtained by one elementary row operation .

why just one operation at a time ? I

=* Es : (2)-(:1) 18 * ~ til] -18 : !] 50

-

- subtract row 2 from rowl i
.

e
. y

= 5 O X

dride row dete subtract row I from row 2 0
=

0

-

Free (2
,
53 infinitelyE

solutMas
Ganss- Gaussian distribution



-

E
10i1) are examples of matrices in red wow ethlon form :

1 ! 1.] . ]2
they cannot be simplified any

further by elementary row operations.

I! 184] is almost reduced
;

it is in orerfor↳
For a

linearsystem
whose matrix is in row echalon forma we can solve for the unknowns x

,
x2..... hu,

we solve
X

then Gare
,

them furn
,

. , by k-sisitation
.

X
-

53

eg . (8"II] is in row echelon form .e
Every linear system has a unique reduced row echelor form

.

In any mxn matrix a first is the first nonzero entry in its row
.

(pirots are highlighted above.)
In order for a matrix to be in row echelor form we must have

- --- I

a pivots in any row must occur to the right of pivots in any previous
rows ;

· any zero rows occur at the bottom
.

Assuming a matrix is already in row echelon form
,

then to be in reduced wr echelon form ,
we must have

-

· every
sivot entry must be a 1

I
· every

column having a pivot has only one nonzers entry .



Example : Solve the following linear system of 3 equations in 5 unknowns :

I

x
,
+ 4x2 - xz + 2x4

+ 3X5
= 4

~ · Ele N [! % 152]
2x 1 + 8x2 - x3

+ 7Xy+445 = 19
- I 0E

- x,
- 4xy + 4x3 + 8x4 -4x5 = 24

[2 L I -
~ 104 xx + 5x5 = 11 xj = t is a free parameter .

↳(ii) xy
= 11 - 5t

O

This matrix is in row xz + 3x4 - 2x5 = 7

echelon firm
.

This xz = 7 - 3xx + 2x5 = 7 - 3(11 - 5t) + 2t =
- 26 -+ 17t

can be used to solve the

linear system by back-substitution. x
,

+ 4x - x3 + 2x4
+ 3x5 = 6

x2= s is another free parameter
x,

= G -4xz + xz - 2x4- 3xx = 6 - 43 + (-26 + 17t)- <(11- 5t) - 3t

=

> 42 - 45 + 24tSolutions : (
,
2

,
Xe : * ,

45) = (-42-45+24t
,

s
, -26 + 17t

,
11-5t

, t) where sit are arbitrary .

Geometrically ,
the set of solutions forms a plane (2-dimensional surface) in

"

-

R5
*

two parameters sit are coordinates for the plane
· -30

,
3

,

-9
,
4

,
17

solution)

↑ Solution set the point corresponding to-③(42
,
0

,

-26
,

"
, 0)

inside RY
.

Is
,
t 3 = (3

,
1) is 430

,
3

,
-9

,
4

, 1)

- is another solution
.

Pur system is consistent but the solution is not unique .



14
I O↳(i)~to l]- - I -8

-

)I0 0 0 I
O

produced row echelon
Grow echelon form)

form)

to solve a linear system in reduced row echelon form
,
introduce parameters for the free variables

(the variables whose columns do not contain a pirot) .

In the example above
,

x and is are the free variables .

Introduce sit .

42
= 5

,
x:
It can be

now echlat formSolve
for the variables x

,
x

, M using the equations appearing in the reduced
chosen free

x
,

+ 45 -24t = - 42

x3 - 17t= -26 E => (
,

42
,
/3

, Xy
,
x5) = (-42 -45+24t

,

s
,

-26 + 17t
,

11-5t
,
t) where sit are

arbitrary .

Xp+ 5t = 11 (This is the parametric solution in terms of the
T systemparameters ,

t
.

h
-

is consistent
, having

As long astherightmost
column has no piro in infinitely many

solutions
. 3

the

I general solution cam be written aske

W
,

42
,
43

, Xy
,
x5) = (-42 - 45 +24t

,

s
,

-26 +17t
,

11-5t
,
t)

=> (-42
,

0
,

-26
,

11
, 0) + s(-4

,
1
,

0
,
0

,

0) + +(24
,

0
,

17
,

-5
, 1)

19
,
92

,
... 9n) + (be be

,
... b) = (a,

+ b
,
actba

, ... antbu) (rector addition)
c (a, 92

,

. . .

, 9n) = (19,, 192
,

- .., 9n) (scalar multiplication)
star evector



Algebraic operations for matrices I Here AB
If A = 13 =, ] and B = 12's] then BA= 1-2 's]/? = 17 = I-22 3) is undefined

.

- e
An mxn matrix has the form

9
,, n

2x 2 2x3 2x3
A =

a 9
, 2

...

I aij is the (ijj)-entry of
the matrix A

.

92
,
192

,
2 92

,
4

L
" i !

i = E1
,

2
, --- m] Often aij is written aij

Am
,

9m
,
2
...Am

,
u

je91, 2
, ... n3

.
Canless this results in confusing)

If A is mxn and B is nxw then AB is nxr
.

Whe

We can't multiply two mutrices unless the bes of columns in the first matrix equals the number

of rows in the second matrix .

eg . 1= S/ -(2) whereas L --) S

-3 2 3x2 2x3

If A = T??? ) then A= (1) - 1, %] ,
A = A* = 1 S(-1) = 1's i)

A A



Recall : the linear -

***33 has a unique solution (x,y) = 12
,
5)

.system
One way

to solve this : Write the linear system as = b where A is a 2x2 matrixvi /Y7 is a 2x1
-

e

matrix Li
.e .

colum vector of length 2) and b=/] is a 2x1 matrix of constants
.

Here A
= 1= =] -

Ax= b says [x](y] : (ii) i
.e

. (*) = (i)
2x* !

2x 1

Compare :

to solve 3x = 5
,

multiply both sides by 3= s
on the left :

$4x=3"5 i
.e.

x = E.

To solve Avib
, multiply both sides on the left by = viil 5] : (**]

Av = b
A"Ax = Ab i - ](2 :](y] =

⑮
, 12 ) (- )

1. ](y] =] I0
②

IIz= ↓
17 : (0](y) = [5]

I

·
98 : == )Ic

a dentify matrix

In = I
00...

Cnxn identity matrix)
I (A5 7 you can do the first

way

-
is by associativity

-since that is fasbe



We say A and B commute if AB = BA
.

which 2x2 matrices commite with A:84] ? Answer by solving the appropriate linear system of

4 equations in 4 unknown letBes gardenerit
BA we require

3
x y z w

i
ie .

3x+ z = 3x · I 1&
y z w

me3y+ w =

x + Hy I 0: -:88]-8:- ·888/ IE qW = 2+ 4w
I

0
I I I I4Z = 3z 0

x
,
z are basic variables (in the pivot columns)

g ,
w are free variables (non-pivot columns)

Introduce st as parameters .

y =s
,

wit

and solve for x
,
z : x = -st

,
z =

0 so B = (
*

1 : sti) + +!i]
(a linear combination of toi) , %'i]/

Check
:

Its 1
,
to then B : to's) and BA = AB

.

- --

(i)( 4) = 8) IA = A = A l

[ 43 ( %] = / S
For Friday's Quiz :

Representation
of

nearmytes inmaliyom
.

Aa

particular and general solutions homogenizeNull vectors

Nul(A)= Ext
"

: , a *} is the wellspace of A
.

Its vectors are called well rectors
e



x
,
+ 4x2 - xz + 2x4

+ 3X5
= 4 Every linear system has the formnot x

( for m linear equations in

E 2x 1 + 8x2 - x3
+ 7Xy+445 = 19

~ unknowns) .

- x ,
- 4xy + 4x3 + 8x4 -4x5 = 24

loo
- 2

n
: It is

A : = -2) ,
x= fil ,

b : ()13 0 0 , 5
O 0 I Il

Some prefer to write Y or instead of x
.

e
or even (boldface) or 1 .

For us
,
context is used to

determine whe
3x5 s then we are talking about a matrix

,
a

vector
, a scalar

,
a set

,
a linear transformation

,
a

have
linear systems are inconsistent (meaning that

vector space ,
etc .

Some
no solutions C

. If a linear system Ax=G this consistent the its

solutions have the form
x = a + c

,
V

, +Va+... +hi for some particular solution x= a ;
<

, ..., Cp Scalarstats)
and v

...... n
are independent solutions of Ax= 0

.

the solutions of the example Ax=b abou have the form x = (ii) = (in)-stol+ (i) :(ii
y

*

a I w

art
&cular "a l solution

⑧

a the set of allIsolation set li
e

ee.
D -

&

Thegeneutsolutions al
L

S On



A : fi" 2) gives rise to a homogeneous linear system Ax=1 I3x1 i
.e . (8] 11

I

I
·

3 i)) has solutions x = su ,
+ thei

.e. Y O

Tao a here)O

-->

Plane throughtheorigin eIo
EnjI

Systems of the form Ax= O are called homous meaning if a and v are solutions

(i
.
e .

An=O and Av=o then Alsu+tr) = 0 then So is su+tr
.

sAU+tAv = 0

A homogeneous system Ax = O is always consistent ,
since the zero vector x=0 is a solution

.

Mul(A)= mill space of A = 3 all solutions of the homogeneous system A*36R"
mxn nx1 mx1

yNul(As might be : the origin in R
, x-

: to = /8)E
or maybe a line throug

e the origin in R"
,

- .....
↑



Checking answers :

If we reduce As A
,

how can we check our work ? (A could be a row echelor form for A
,

or maybe a reduced rouechelon form for A) .

A and A have the same well vectors
.

eg .

A: !"]-A'= 100
-24

IO

0 000
E

A has aull vectors (o) (i) .

Check that they are also null vectors for A
.

Every mell vector for B is also a null vector for AB
.

I O If Bx = 0 then ABx = AO = 0o· ..= 18] 1= 74 ) = %)

I I· - 597F2)=18]Last week's quiz

:It is to al
-

If C is an nxa matrix
,

the Fe of C is the sun of

the entries on the main diagonal of 2
.

(dented trC)

If A is mxa and B is nym
,

then tr(AB)= fr (BA) .

= trace



Eg .

Solve y"+y = x2
.

A particular solution is y= x22
.

Check : y+

y
= 2 + (x2) = x2 .

the general solution is
y

= x=2 + a sinx+ bcosx where abel are arbitrary .

-

The homogenized equation y"ty = 0
is homogeneous (so if y,

and ye are two solutions
,

then a linear

he general solution of yty= 0 is = a sinx+bcoss .

combination ay , + by is also a solution( · -

what about sim (10+x) = (2010) sinx+(sin10cosy . (Every solution of y"ty=o
is a linear

combination of sinx and cosx . (
-

A linear combination of vectors v
, ..., up is a vestor of the form notepresentHi general artion of

are

-
-

scalars
.

y"ty =

0
Moreover

in an

cost re a Hindent: solutions
It is correct to say that the general solution ofy"ty = 0 is a linear combination of sinx

,
cos and sin (10+x):

i.
e . every solution has the form y=c,

sinx + <
,
20sx+ c

, itx)orener th Sameincocost

y
= (c,

+ ccs1) Sinx+ (C2+ C
>

sin 10°) cosx
.

It's also correct to say
:

every solution is a linear combination of sinx and sin (10+x) .

10
e

.g . cosx= (sinx+ (- ) sin (10+x)

1- cot 10° ( (sc100)

In fact any two solutions of yty=o can be used to generate all the other solutions by taking linear combinations,

as long as ~

Alternatively ,

ther ofyourtwo Paralyticalsend a tion it i name glar andGatina tabbination of the te
e

A list of vectors v...... k



Eg .

Sinx
,

cose
,
sin(s+x] are linearly dependent (not linearly independents since

sinDo+y) is a linear combination of sinx and cosy
.

what does it mean for a list of vectors v
,

... Un to be linearly independent ?

Fork=1
: SV

, 5 is linearly independent it ~
,
to

. Any list of vectors containing a zero veator is linearly dependent .

Fork = 2
: \n, 23 is linearly independent iff v

,
to and v

,
is not a scalar multiple of v

,

For k= 3 : 94
, V2

,

V
, 3 is linearly independent iff v

,
to and ve is not a scalar multiple of

,
and vs is not a linear

combination of V
,

and Ve

Warning : In R
,

is the set of vectors (() , (i)
,

Ei7} linearly independent ?

None of these vectors is a scalar multiple of either of the others
.

But I Rese
[i] + (2) + E = %] So 17 =

- [i]-F]
(throug the origin)

Any three vectors in the same plane are linearly dependent . /it-by + xz =

0(t)V,
+ (t)v + (t)y = 0 -v ,

& Ve El
j-
If <

,
V
,

+ 4k + 34
= 0 where

, ,

are scalars
,

not all zero them vi
,

Ye
,

us are linearly dependent .

Note that if 350 then vi= -vie is a linear combination of v,
,

va -

But if 20 We have
,
V

, +4 2=0.
Here if 240 then -I , is a scalar multipla of v.

But if c
= 0 and 3 = 0 We have

,
V
,

= 0
.

In this case if ?
,
10 then v

,
=0 giving a linearly dependent list

.

In general , when is a list of vectors i.... n linearly independent ? If :

8 V
,

0

vi is not a scalar multiple of v,
9

.... linear combination of "
,

Ve
· V :

and so on . (i.e .

none of the vectors in the list is a linear combination of the previous restorst.)
"The



For a matrix in row echelon form (in sarticular reduced now echelor form)
,
all nonzer rows are linearlyI

independent.

Also
,

the pirot colus are linearly independent.

eg . Best the first three rows are (0
,
3

,
1
,

2
,
7

,
11

,
13

,
-2)

,
10

,

0
,

0
,

5
,

6
,
4

,
7
,
6)

,

10
,
0
,

0
,

0
,

0
,

8
,
4
,

%) are

linearly independent.

The four rows are linearly dependent .

The pivot colms are (8) , 18] , (i) are linearly independent-

I A is
any

mxn matrix and AwA then every row of A is a linear combination of rows of A

(and every row of A is a linear combination of rows of AC
.

The same does not hold for columns

eg .

(280) -108"]
eg . 31) +7) = ( , %]

Every polynomial in x is a linear combination of powers of X
, e.g. .

5 + 3x - 7x3 = 5.x+ 3 . x + (-7)-x

Let S = Su,v, w3
,

S= quiv,w's .

If every rector ins is a linear combination of vectors
ins'

,

must every
amplerector in 5' be a linear combination of rectors ins ? False

.

For ex

S = 91]
,
(8)

, 18]3, = 9(8)
,
(0] , (8]3 n = (0)n' + ( 3) + (3)w

" "
"

" v -
~ = En + 0 + Ow

w

W = In'+ Ov Ow

If x
,y are linear combinations of n

,
v
,
w

,

and I is a linear combination of xandy ,

must I be a linear combination of n
,
V
,

w
? True . If x : an+bu+ zw z=

rx + Sy
y= an+b'v+cw = Mantbu+(w) + santbu+(w)

=Cratsa)n+(rb+sb' + (rcts'sw



Let U
.
I' be lists of vectors with UCU . If U is linearly dependent ,

then U'must be linearly dependent.

True
, .

A linear transformation T is a function satisfying +(an+bv)
= aTT4) + bt(r) for all ,

vectors and

a
,
b scalars .

Eg. Every 2x3 matix A defines a linear transformation to : R-I li.e . TA [u)tIR2 wherever n - B)
.

For A = 18-)
, tal) = 12 " I ha test Moregeneralls aFraserthe

Matrix A

T : R"- RY

TAM= An is linear because called a matrix transformation
.

-lau+bu') = Alantbu'S =
aAn+bAn' = aTM) +bTY' .

An example of a linear transformation that is not a matrix transformation :

the desivative operator D = d
T1) = F(z) is a linear operator

D(sinx) = cosx

D(x = 3x2 Taf+bg) = (f+bg)(7) =

a f(7) + bg(7)
= aT(f) + bT(g)

D(af + bg) = aDf + bDg
a

,
b scalars

f,g differentiable functions

An example of a nonlinear operator : T17) = F(0)+(1)
↑

(3+x) = 3 .4 = 12 = T +T(x) = 9+0 = 9
3 .3=946. 1= 0



TP) = SfAidt is a linear operator .

Taf + bg7
= ((afst) + bgct)) dt = a)Astidt+b]gstedt = aT s+ 35g)

#g F +og I nolinear operations
g I + I

T is yar if Mantbu) = at1u7+b5(v) for all nor vectors ;
a

,

b scalars
.

Note
:

A function (or map or transformations T is linear iff

cis T(u +v) = T(n)+T(v) for all Vectors ,
vi and

(ii) T(x)
= <TI) for all rectors and scalarsc .

If
T

is linear by the first definition then T(In+(v) = 1 ·T(u) + 1 ·T(v)

says Tu+v)
= T(u) +T(v) .

Also taking T(cu+0r) = cT(u) + 0T(r)

so T(cu) = cTfu) .

In particular , if T is linear
,

then TO) = 0 i
.e .
T1) =

0

↑se
why ? T10] = T18+ 1) = T1) +T) zero rectorsL

so T(1) = &
.



e
.g .

7 : R
* ->R" is defined by f(x

, y) = (3x+2y ,

x- 5y) then 1 is

a linear transformation .

Check : e

-

us
If u = (n

, v2)
,

v= (v
,
) then Note

:

no x" y
,

x
, xy

Cer

f(an + br) = f(a(n , n2)+ b(r ,, v))
= Flan,+br ,

anc+bre)
= (3(au ,

+br
,) + 2(unz+b)

,

an
,

+br
,

- 5(942 + BV2))
=

a)3u
,
+zun

,
i

, - 5x2) + b ( +2V2
,

V
,

- 5v2)
= afin) +

b-f(v) h(x
,y) = (3x+ zy

+ 1
,

x-5y)

g(x,y) = (3xy ,
x+ y) h 10

,
0) = (1 , 0) +10, 07

w

g(1 , 13 = (3
,
2) & = 10

,
0)

h(0)+
So h is

g(1 ,
0) = 10

,
1) nonlinear

.

910, ) = (0, 1) The functio & : R-R

g(1 , 1) + g(1, 07 + gl0,
1) f(x) = 3x is linear

g(, 0) + (0
,
2) F g(1,0) +g(0,) So g is nonlinear . A

is*Tine
*I



f : R- R2

f(x
, y) = (3x + 2y , x-5y) can de represented as a matrix transformation

(g) -> (ii)(y) = )

Every
linear operator can be expressed as matrix multiplication

e.g .

consider solutions of yity = 0 i
.e . FIE asbosy

D f(x) =
acosx-bsin x (S

M

D(r7 + sg) = EtsDE f
[rf+ sg) = if'

+ sg (ii)(5) = [a]


