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Example : Find all (x
,y) such that 5x+3y=25 and 2x-7y=-31 .

y We are asking for the simultaneous solution of a

-

· (2
, 5)

2x - 7y =

- 31
ystem of two equations in two unknowns "and

y .E

X (1)

8 E (27 2 + 3 - 57 7) = 6+ 35
= 41

2x(1) - 5x(2) = (3)
41y = 205 2x25

- 5x(-31) = 50+ 155
5x +3y= 25

y
= 5 (4) = (3) = 41

=

205

Solution : (x
,y) = 12

, 5) is the
5x +15 = 25

unique solution
. 5x = 10

X
= 2

Example : Find all (.y) such that yes and 10x+ by = 17 .

-

this system is inconsistent
: it has no solution .

(1)

,isteSee
5x + 3y= 25

10x + by = 17



Example : Find all wys such that 225 and 75.

This system is consistent but the solution is not

unique :
there are infinitely many solutions

.

5x + 3y = 25 ci

-x9y: 75 (2)

0 = 0 (3) = 3xc,) - (2)

5x+3y
=

25

15x +

9y = 75
A system of m linear equations in a unknowns has the form

a
,

x,
+ 9

,242+ ...
+ 9 xn =

b
,

92, x1 + 9224t ... + 92 xn
= ba

E .....
- -

9
m /
+ 9mzY2+ ... -> GmaXn= be

19 :j ,
b

:
constants for it,..., m3

, j=992 , .... 3 ;
X

,
..., xn variables representing unknowns) .

Enially ,
when m

=

n we can exect a unique solution ;

m > n
. -

I
-no solution linconsistent system) ;

mcn . ---more than one solution .



Example with m=

n = 3 : a system of 3 linear equations in 3 unknowns
.

Kim buys a bag of 26 items weighing 2260z · costing $34 · The items included

cans of true ($1 each
,

50z each

app Ces ($) I each
.

Sot each
loaves of bread C$3 each

,

2007 each)
How

many
of each item did Kim buy

? (say x cans of tua
, y apples ,

- loaves of bread)

x + yz z = 26 (17

5x + 8y + 202 = 226 (2)

x + y + 3z = 34 (3)

2z = 8 (3) - x) = (4)

z = 4 157 146 - 5x22 = 146 - 110 = 36
X + I

= 22 167 = (8) - (5)

5x + 84
= 146 (7)

sy = 36 (7) - 5 x(67 = (8)

y
- 12 (9) = (8) =3

X =10 (10) = 163-193
.

The unique solution of this system is (x,y ,
z) = <10

,
12

,

4)
.

(Kim boughto cansott 12 apples se
and

Check ? that all three equation are satisfied .



Matrix formulation of linear systems
~y I total

x +

y
+ z = 26

5x + 8y + 202 = 226

Ix + y + 3z = 34
- (i ; !es]

226 - 5 x26 = 226 - 130

I

O
I

0

= P6

Ii s /Es] I I''k]-(s %(b) - ! 's is
, 1)- !"I )

0

subtractone divide ,

e subtract timee divide Nowe

- I ! %(2) -18in]-108() i
.
e .

X =10

y =12

z = 4
subtract 5 times subtract now 2 Subtract e.

e
now 3 from now 2 from rowI

Example : Find all (x
,y) such that 5x+3y=25 and 2x-7y=-31 .

- 7 - = =-2-6 =
- !

y

I (5)-12 (5) -10 ()-()5)-1 :; (i)-41 - 31 - 10 =

-

4)

divide row' subtrac 2 times now I multiply roe subtract I times row 2

by 5 from row 2 from row I

Solution : (x
, y) = (2

,
5)

.

Alternatively :

12 El) ~E 1 s']-(s =7- ... -1 : 15]
-

in leschange
rows 1 and 2



Even better :

12 (5)-('Elly - 10 len] -10' * I * )2

2 times - 31 - 2x87
subtract row 2 subtract 2 times

from row I row I from row 2 divideae = - 31 -174
= 205

~ 10 i 1st Solution : (x
,y) = (2

,

57
.

subtract it times row2 Cock ! 5x2 + 3x5 = 25

from now I 2x2 - 7x 5 = - 31

Elementary now operations :

(in add a multiple of one row to another

(iis multiply a row by a nonzero constant
-

.... interchange two rows
(1)

A-B means that A
,
B are linear systems having the same solutions .

stem
C

A
,
e Az e ... Am where As represents the linear

sy
-

-We use Gasichnatio fanttoeas hekn (i.e . having the same solutions) but An is simpler than

A .
Each Step Air Air ,

is obtained by one elementary row operation .

why just one operation at a time ? I

=* Es : (2)-(:1) 18 * ~ til] -18 : !] 50

-

- subtract row 2 from rowl i
.

e
. y

= 5 O X

dride row dete subtract row I from row 2 0
=

0

-

Free (2
,
53 infinitelyE

solutMas
Ganss- Gaussian distribution



-

E
10i1) are examples of matrices in red wow ethlon form :

1 ! 1.] . ]2
they cannot be simplified any

further by elementary row operations.

I! 184] is almost reduced
;

it is in orerfor↳
For a

linearsystem
whose matrix is in row echalon forma we can solve for the unknowns x

,
x2..... hu,

we solve
X

then Gare
,

them furn
,

. , by k-sisitation
.

X
-

53

eg . (8"II] is in row echelon form .e
Every linear system has a unique reduced row echelor form

.

In any mxn matrix a first is the first nonzero entry in its row
.

(pirots are highlighted above.)
In order for a matrix to be in row echelor form we must have

- --- I

a pivots in any row must occur to the right of pivots in any previous
rows ;

· any zero rows occur at the bottom
.

Assuming a matrix is already in row echelon form
,

then to be in reduced wr echelon form ,
we must have

-

· every
sivot entry must be a 1

I
· every

column having a pivot has only one nonzers entry .



Example : Solve the following linear system of 3 equations in 5 unknowns :

I

x
,
+ 4x2 - xz + 2x4

+ 3X5
= 4

~ · Ele [! % 152]
2x 1 + 8x2 - x3

+ 7Xy+445 = 19
- I 0E

- x,
- 4xy + 4x3 + 8x4 -4x5 = 24

[2 L I N-
~ 104 xx + 5x5 = 11 xj = t is a free parameter .

↳(ii) xy
= 11 - 5t

O

This matrix is in row xz + 3x4 - 2x5 = 7

echelon firm
.

This xz = 7 - 3xx + 2x5 = 7 - 3(11 - 5t) + 2t =
- 26 -+ 17t

can be used to solve the

linear system by back-substitution. x
,

+ 4x - x3 + 2x4
+ 3x5 = 6

x2= s is another free parameter
x,

= G -4xz + xz - 2x4- 3xx = 6 - 43 + (-26 + 17t)- <(11- 5t) - 3t

=

> 42 - 45 + 24tSolutions : (
,
2

,
Xe : * ,

45) = (-42-45+24t
,

s
, -26 + 17t

,
11-5t

, t) where sit are arbitrary .

Geometrically ,
the set of solutions forms a plane (2-dimensional surface) in

"

-

R5
*

two parameters sit are coordinates for the plane
· -30

,
3

,

-9
,
4

,
17

solution)

↑ Solution set the point corresponding to-③(42
,
0

,

-26
,

"
, 0)

inside RY
.

Is
,
t 3 = (3

,
1) is 430

,
3

,
-9

,
4

, 1)

- is another solution
.

Pur system is consistent but the solution is not unique .



Io 0↳(i)~to !]O


