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Sec 3.6 #24
.

/
Ime

*Itt±
Sth = -49ft 19 . let t 24.5

,
OE t s 5

.

height of the stone above the
ground in meters

,
at time t (in

seconds ) .

(a) vets = 5th = -9.8T t 19.6
,
oftas

.

Note : slot = 24.5 m is the initial height;
✓ 107=19.6 nfsec is the initial velocity . In His problem , Velocity

at time t ( in w/ see ) .

the motion is vertical with the positive direction being upwards .

(b) The stone reaches its highest point at the moment whenthe velocity changes sign from positive
(upwards) to negative (downwards) .

At this moment the instantaneous velocity is zero . Solve

vet) = - 9.8ft 19.6=0 to find t -- 2 Sec .

(c) The maximum height is sky = 44.
t on

.

(d) The stone strikes the ground when sit) = - 4.at't 19.6t t 245=0 = - 4.9 (E-4T - 5)
= - 4.9 It - 5)Lt t t )



This has two roots t = - I
,
5 see

.

But since t > o ,
we must have t = 5 see as the time when

the stone hits the ground .

let The stone hits the ground with velocity v(5) = -29.4 mlsec ( ie . downwards at a speed of
29.4 m (see) .
If , speed is increasing during the time interval 2-t a 5 seconds

.

Reward acts = v
'

Cti -- s
''

et)= -9.8 mysea is constant .

Sec37ChainR Eg . find dah
,
since' ) .

In general if f-Cx) = glhfxD and we know g
'

,
h'

,
how do we find f' ?

In other words
,
if a-dependent variable× tht uTF As an example , think of u-- ex, y -- sin u

independent variable ( intermediate variable
small changes Dx in x give rise to small changes Au in u

, giving small changes by in y .

DI, = Fff . 1¥ . This refers to average rates of change .

To get instantaneous rates
of change, Det Dx→ o so Au → o and Ay ⇒o giving

d¥i
,
= hut . Eh

,
Man3✓



Eg . dah
,
since' ) = e'' cos (e")

x- U-ex - y = Sinn -- sink )

LT = G- - Az = cos u . ex = e'' code" )
- ~

dye du

du Thi

Eg . dah, (x't 15 = Fx ( x't 3×4+3×717 = 6×5 t 12×3 t Gx (OLD WAY )

da.""?
.:*? .:c:#

'

i'¥,
'

:
"

:: agrees
.
.

Rewriting this in function notation :
×↳ u=×I ,I y= u

'
= 1×773

f-(x) = gchlx)) -
f
'

Cx) = 31×715. 2x = g
'

cha) h'(x) f hlx) = x'ti
w - h'tx) = 2x
glu ) h'Cx) glu ) = u

'

g'cus =3u
'



(a) hlx)= flglx))
h' Ix) = f-

'

Cg g'(x)
h'( if F'(gas) g'll)

= f'(4) - 9 = 7.9=63 .

(b) him -_ f'Cgczs> g'm
= f'C, ) - 7 = f-6) 7- = - 42

(c) h'(3) = fig g 's) (e) kex)=gcgC×D Cd) k's)=g4gG) ) gt3)
= f 't) - 3=2.3 =6 K'Cx) = g 'CgcxDg'Cx)

= 9457.3
= - 5-3 = -15

H ) hits) - g 'lgl5Dg'Cs) k'll) = gilgai) gli)
= g'(3) C-5) = 3.f-5) = -15 .

= g' (4) -9=-1.9 = - g

Eg . dah
,
sinx = day @ in x )lsiux) = sinxcosxt cost six = 29in x cos x (OLD WAY )

dah, sink = da, ( sinx)Z = 2 sinx cos x (NEW WAY - CHAIN RULE)



da, sine?¥ 's = cost .HN??jE#=-YII?coslIIT)
= 3 ios (f¥) Mary

x - u- y # = G- . Eh
,

x- u-r-y dfa
,

= diff . dry . dna
,

Eg . da
,
Itani)

x- a- x
'
- v-- Ian u - y

-
- ri

Note : da hi -- dark. fit = ¥
Ahi2x data = see u dat =
data
,
= off . dean . Ka

,
=

sein . 2x = 2II÷}= ×fEI¥I,
OE da, Hana = . seiki ) - 2x = ×ffa¥÷



If f-Cx) = see (3×+1) , find f'Cx) and f
'

'm
.

Recall : Idf sect = sealant
f- '(x) = seek#Han (3×+1)-3 = 3 see (3kt c)tan (txt t) da tant = seat

f-
"

(x) = 3 seeGaitan (3×+11) tan (3×+1) t 3643×+1) (see (3×+1) -3)
- -

dFh, see l3xti) Th,
tan (Htt)

= 9 Sec (3xti) tan (3×+1) t 9 see (3×+1) .

See't= It fait

Sec 3.8 : Implicit Differentiation dfxtanbxtD-sec43xtD.rs
Example : Find the equation of the tangent line to the circle x'ty

'

25 at the point 13, -41
si

de,
of both sides: dah, ty) =L, 25 ly←slope -- I ↳ + 2ydyq= o dug = daddy . -9dg

⇒If,

Take

wedge = - Iz
Gdi - I = zyd¥h

The word line to the circle at 13
,
-4) 4th lb

.
.af ¥ (Marie

( ie . perpendicular) is y -- - Izx .

The tangent line to the circle at 13, -47 is

yt 4=241×-3) ie
. y

-

- Zx - 2¥



Alternatively , the circle Itg! 25 has y=±hs so it consists of an upper semicircle

y = J25# and a lower semicircle
y
= -125-72

.

Our point 13, -41 is on the
lower semicircle . If ffx) = - 125-72 = - (25- xD't then F'6) = - E (25-5)+72×7
= ¥⇒ so f-'G) = = I

,
. So the target line is y -- Ix - 2¥ as before

.

Check first that Ci
,
i) lies on the curve !

3.13+7.13--10.1
.

dfx(3×1 7-5) = ddxloy
94't 21y

' def todysubstitute 4,7 : oh, dx
normal

target line
m= dah, la , , satisfies 9 t 21 m = Iom

line
9 = - Hm¢ Thetangent line to the
m = - Y

curve at 11,4 is

y- I = - f- (x- i)

ie . y
-
-
- f- x t TF



The normal line at G. it has slope -Im = Ia so the normal line at G
,
,) is

y
- I --

'f Kil ie . y
-

- tfx - Z .

The power rule da, ×" = nx
" '

was first explained for n -- O
,
I
,2,3 ,

- . .
but it works for

arbitrary exponent . Here's why : day # = -¥
If n = - I

,
-2
,

-3
,
- 4
,

. . . then -u = I
, 2,3

,
4
,

.. .

Fxx' -- da
, # =

'

= n = ax
"

If n = Eb where a,b are integers and y = x
"
= xa" so y

'
= x
"

so

by
"

dff -- ax" and hat = I ×g = I b.,
-
- I x%

'

= mi
"

may
P.207 # 64 . Xt y

'
- y =p. .

find vertical tangent lines .

Note : Points with horizontal

tangent line. have dfoh
,

= o ; points with vertical tangent line have diff undefined .
Fx (xtf- y) = Fft Etf, = ÷zy, cb, since doth

,
to
,
the curve has no horizontal

It 3jGdx- dfdx = o tangent lines .(a) For vertical tangent lines , defy is indefined so y -- tf .(35- i ) ht = -a
dx x-- t t y - y

'
= At y ( t -y

') = A ± # ( t - f) = It Is



The curve xtf-y -- l has vertical tangent lines at lit ¥3 , tr ) and at ( t- Zzz , -⇒ .

These
are the lines

× = HEB and x-- I- Es respectively .

P. 206 #53 .
Find d¥, . Xt y = sin y

Fx (x ty) = da, sing
It doth

,
= (cos g) ME

There are now two ways to proceed to find d¥r . One way : solve

dfdx = ÷yI

d¥=@yEttsinddFx_ = going, . Fox(cos y - 15
= sing

The other way :
(cosy - D

?

da
,
(at Fox) -- da,@syhfdx )
did = cosy dight Gah, C- sin g)olya = cosy dig - siayfhfh

, )2
I - cosy ) Hea, = - sing that -- Twiggy ⇒ Ht = jp



See 3.9 Derivatives of Exponential and Logarithmic Functions
µ
-dah, ex -- ex Natural logarithm y= lux Es x -- e

'
x←y

day ecx = cecx
( logarithm to base e) exp

Ewe" -- ie" em, III- hi
,

'est'd Fix .

II. e" -- de" thx = daye'l J derivative a = es.dz,µ. 5- '

a data
,
- ÷ -

- I

-1¥ '

d
t Fx

lnx = Ix
da
,
he (3 x) = II. 3 = ¥ Marton

FxluGx) = Eh, ( his thnx) = Ott, = Ix



T

f g-
heh da

,
lnlxl = '

a . xto .

.

.

y da
,

check : If x - o
, daxlnlxl = ddxlnx -- I .

;

i If xco then 1×1 -- -x so
y

l -[y -- 'z da, lnlxl = da, lntxl = Ix - ti) -- t .¥xTi' '
The inverse of fix) = a

"

(exponential with base a > o) is

glxtftx> = logax . ×=a9= @hags = eclnaly
logarithm

ie . g Es lux = Cha) y
at = xTy = logax \Tf Fs y = kenta Note : flogai-hf.at

exponential da, axe. axlna ; daxlogax =÷y, = x÷a
day, e'
'

=e× ; dah, lax = Ix .



Eg . Eh, je = hitf¥¥ da, in = ¥
X't I

=
€¥'tx¥e

(x't ,)3k

= ×¥x¥× =
e
"

logarithmic Differentiation 1×2+1)
"' ( x't 1)312

-

Alternatively : take en on both sides of y
-
- f¥÷ to get

buy = 2h x t x - Ibn Gita) using h (ab ) -- ha t hb

f- defy = ¥ t i - ¥+jkx'=Ij×x
' hah = k bra

has = bra - en b
= In ex = x
xx't i)

diff, = X't 2×72 X7x2txt2 2 (x'
'txt x't 2x) ex

txt 't
=

This .FI#--(x2tD3k



Fxx? = 7×6
dah
,
5
"
= 5×45

Eh
,
x' = x'' ( i. thx)

y
-

- x
"

Use logarithmic differentiation .

buy = xlnx

Ly . deff = t.lnxtx.tn, = At- lux

Mar 11did = ( t thnx) y = ( a thnx ) xx g
t

see 3. to Derivatives of Traverse Functions x y x -- fly ) , y = gcx) = f'
'

Ix)

(f
' '

)
'

-
- g
'

can be expressed using fig = x
f

f'CgcxDg'Cx) = I ⇒ g'Cx) = f÷,×gy
In differential notation

; g- y# × Edith, = dtdy.dz ⇒ detox = ¥dy



Eg . ffxtxz 3 f- g

y
'' 'I' III. i -37

This f doesn't have an inverse function

so restrict the domain :

flx)=x2/tx > o f-Cx) - x' f'(3) =6

s
'"' ''" """

§ slope of the
t
'

Cgcgl)
= zg÷, = Is = to .

tangent line to
target line the graph of g at laps
y- 3=161×-9)
y
-

- text E XXX
similarly , the function fly) -- sin x does not have an inverse .

go restrict f
° - o

* yet,
f-to) -- o? x ? 2x ? 3T ? -a ? to the interval f- Iz

,
I] .

2T



ffcx)= sinx , -EE X ' Iz

µ dah
,

sin'x=÷T
← = compare

,- d
±

""=f×n=÷gi=¥ T

II. III. sing sing .. .iy= ,
.

coslglxl) = cosy cosy = ±Jl-sinI ,
But for -EE YEE , cosy > o .

So cosy
-

- Jl-sin2y- = thx



¥ cos
"

x =
- wtf

91

sino -- cost# as = .

tan" -¥ ' ":

A = sin
- '
x

I Iz- f = cos
"
x
-

= sinixt cos
"

x

- - t -

--gi×taiicxlD= dah, sin
' '

xt dah, cos" x #da, tan'x= It, why? Y
=

- f - - - - .

y
-
- tank ←→ x --Tang . Takeda, on both sides . Iz Maris

p
. =§eEy) dye sing + cosy = i

dx -

IT = s÷y= I cosy Jey
x'ti

x't , = tang t I = see yda
,
tan '

x -- fi,



- -
it Wareing
✓ gcxl -- tan 'cxl sink = ( sin x)

'

# Cos
>

x = ( cos xD
⇒ I- - - - - - y derivative twixt Clan.x5'=¥=wtxI

y= sin
-'

x

t
y -6in x)

- '

= = cscx

¥4 t
Eg .

Find the scope of the tangent line it
to the curve ×eT+y=2 at (2,0) .

a f)Check : (2,0) lies on
the curve

. 2.It 0=2
.

l l

Xe?g' testy '=o
The elmgent line y '=d¥ the target line

( ltxe ) y
'

= -e
' at Cyo) has slope

Y' = -I - ,¥ey/%,= - = - Is 50=-56-2)
( tx@s

ie
. y= -4×+3



March 31£
,
tan'x= IT, p .

235 # So
. fth = (wi 't T NOT 65't ↳

da, sin"x=i¥ f'At @ cos 't ) .tv#)=-2EItf
£, cos

- '

x = -¥, #28 .
fit >= ln (sin- ' E )

ddxseix -- , uh , Ht" sift . A = gii.IT#
#24 . fu) = seitx , xz,

this.I =L
NIKI = x

#41
.

Find the target line to hyhh*
' 2¥ 2x.# since xso

the graph of fkn -- Tain
'

2x II = 1×1
at II. It . cheer : fed -- tan't. tan 't 't -- I
fix) -- 7*4+1.2=417, toni 't = It

f-
'

ft) -- 3-=/
The tangent line is y

- If = I (x- E)
i.e . y

-
- x + IF - E .



Implicit Differentiation
Sec 3.8 #38

.

sin x cosy = sinx t cosy . Find diff . d%t = DIFF. Ath,
= - sing dfda

, ( sin x cosg) = dah
,
( sin x t cosy) oh,

Gsxcosytsinxfsing dfg)
-

- Cos X - sing ohhh
,

cosxcosy - sin x sing dnfdx = cos x- sinydhfx
sing hfdx - six sing defy = cos x - cosx cosy

sing ( i- sinx) HE = cos x ( t - cosy)

Fr = ltsinx)si
( I - cos y) cos x



P . 205 #26
.
Find the slope of the tangent line to the curve (xty5h=y at 14,47 .

Check : (4+4543 = 82/3 = (855--22=4 so (4,4) lies on the curve .

day ( xty)" -

- da
, y

3- fxty ( it Aaf) = has let m -- MEI
,

.

Its ( itm) = m

The tangent line at (4,4) is

Zz .t ( it m) = m
y - 4 = Efx- 4)

Is ( H m) = m ie
. y= Ex t 2 .

It m = 3h

I =2mm
= Iz



Sec 3.5 sin u

µ;
,

si
= ,

# '9. him
.
TITI = fins

.
E.a

= fig
.

sin u

Snbtsitute u -- x- z
= lim-
u→o

U (ht 4)

April t x = ut zI
= him! ¥)Sec 3.5 #14

. Ying
.

tanning = him(tat
×→o

(sinxxx = I . If = I,
six = 7T = 7him
I = l

X→ o

bing.tn#-- fins. = him!
"

⇒ = it -- I

him tm = fig.tn#.-- thing. = 7- it -- 7 .

470

4=7*17= x



g.jo#.~5-sinxxh-gosinf-- I says for xxo, sin x xx
,

sin

x-p I 1 .

✓ hth¥=i For xeo.tn#al , tax ex
×

tan Ix re 7-x

For xao
, tariff = 7¥ = 7 .

In Calc I we 'll see sin x -- x - Ift - stoat .
. .

Recall : lying
.
# I says fextanx !!! dominant term when x 20 .

If f-Cx) -- tax then ftp.liqg.ftoth?h-f7--lhingotanlhf---o---fniigotIhh-- I



See 3.5 #60 . y
-
- het cos × Use abbreviation y

'
= Aya , y ': day, if you are careful

y
'
-
- tecosxt EEfsin×toaoidanbiginty#
= If (cosx - si- x )

y
"
-
- te(cosx- sin x) t Ee

"

f- sin x - as x)
= te f- 2 sin x) = - e

"

six

Sec 3.9 Logarithmic Differentiation
£, x

"
=
? Net power rule ffxxk -- text - ' Lk constant )

Use logarithmic different.NO#on7Bhtidm6d-h,ax--axlnafa
constant)

x

dy en his = ×h× gotta, = ( t thx) y = ( thx) xx

da, thy) = ¥ ( * ln x)
t.dz = thx t x. I = lux ti



£
,
Knx)

"

= blab ) -- b ha
t@ a)

b

y -- (b. x)
'

by = lnflhnxlx ) = xlnclnx) da
,
lnchx) =

da, buy = Eh, xhllnx) dlnlnx
-

q.dk#'-ydFh
,
that 4¥ - K = tx

= lnllnx) t t
lax

If = llnhx +⇒ ( end
. April

Sec 4. l p.248
#25

. find the critical points of this = - 9× .

f-
'

Hy = x'-9 = 1×+3) Cx -3) . The critical points are ±3 .

(Note : i- this case

g- tix )there are no points where the derivative is undefinedµ_Note : f has no maximum orminimum . local ' • '

Only a local maximum point 1-3
,
7 and a maximum.

-3
My local

local minimum point (3 , -18 ) .
minimum.



Keep examples in mind eg . #Y=
"

has a critical point at the
This function is increasing ; £8

.

" -

Gah
, I ,o

,
of 3×21*0=0 .

it has no local (or global ) maximum or minimum .

p .

248 #48 .
f-tx) = 2ex- x' on 10, 2e) .

Note : O E X E 2e .

By the way since we have a continuous function defined ona closed interval
,
it

has a maximum and minimum . To find them check endpoints and critical points .

f-
'

Cx) = 2e- 2x = de - x) . The only critical point is e .
Note : e is in the interval lore]

.

There are no points where f' is undefined . +

e - a

f- ( o ) = O

f-(e) = 25- e
'
= e- ¥zf

f-(a) = 45-45=0 .

So f has maximum value e
' (attained at e ) and minim. value o ( attainedat o, 2e) .

Sometimes we refer to maximum point at 3 , minimum points at o, 2e ; other times we refer

to (e
,
d) as the maximum point and Cop)

,
Ke
,
ol as the minimum points . But always

we refer to 0 and E as the minium and maximum value .



Eg .

Find the maximum and minimum values of flx) -- txt on f-5,87 .

Note : This function is continuous .

The maximum point is 18,8) .
The minimum.point is 10,0) .

You can see this without calculus .

If
you use

calculus
,

:# ftp.f-t , if -5 exso ;
( l , if Oc x - 8 .

8
The only critical point is at O.

f- f-5) =

Iggy 5g } {
the maximum value 8 occur at s ;
be minimum value o occurs at O.


