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For each it 91
,
2

,
..., 3

,

we solve n equations love for each to 9, ..., will

in 1: unknowns bij , je91,
2

,
0-

,
4

: 3.
symmetric t

It = 1,
In general the n polynomials Di+...+ Sin

, w's identies?
can be re-expressed in terms of the elementary symmetric polgronials
ej = e

,
(bi,, -- din) which are the coefficients of

(x + xi , )(X + xi) ... (x + Xin , ) = x*e, x
* ex +... + ex + en

i
.

e .
In = dindie din,

!

= Edirdi,
e= di,

+ ---- Disn,

We will show : If 161 = 1 then KG = M(,) (algebra isomorphism (
where k= number of Conjugacy
classes in G .

The cert of th (semisimple algebra) is
M(u

,
4) = Saxa complex matrices 32(R) = EZER : zx = xz for all veR3

.

2 (M(
, (S) = 961 : x + 432(R) [R is a subalgebra:subspacewhicheng. [ I= In = ( .6.

,Jayn
2 Mi , ()) =( :Eit 07 : 6

,
- idntD]

O Future
dimM(,) = E ; dim (2M, x)) = 6



dim KG = n
= If

dim 2 (KG) = k = no
.
of co : classes.

Let K, ... KCG be the long classes
i
.e. G: K

,
WKeW ... Why
-

For Ki-k
,
let Zi = Eg = an of elements in

Si3
gtki

= -[ (CG) because gzi
= zig

gzig = Zi

2(4G) = Eaz , + -.. + azy : git 3
Given zt /IG)

, say z =X 9C

gz = zg
For all ge G , gzg" = z

#G: integral group ring of G
= 9 g : at

&G = rational group algebra ---
---- Q

RG = real groupalgebra--

FG =

group algebra of G over F
R

F

F(G] = FG when G is agroup.



F (x
,y ,z] = polynomial algebra in x

, y ,
z with coefficients in (infinite dimensional)

as distinguished from Fx + Fy + Fz = (x
, y , z) =ax + a

, y + at = 9
,, 9 , 9 xt)

-

which is a 3-dimensional vector
space

If R is a algebra over F and SER lang subset)
then

the centralizer of S in R is
-

< (5) : SztR : zs = 52 For all se83 &R subalgebra

(Also called the countant of
S in R)

. Cp(RS = 2(R)

histacute eg RMM oD
simple

Let M
,
N be Romodules and : M-TN a homomorphism i.e . $(rm + sm) = voluitsolm's

For all r
,
stRi m

,

n'tM.

i) If MEN as Emodules then 80. There are no monzeno homomorphisms
between simple modules.

(ii) If MEN , say M
= N

,
then : 21 for some ceK .

Proof (i) If 60 them there exists it M such that piva to ,
so R MIIN

is a nonzers submodule of N
.

Since N is simple , Roro) = N.
-C

The berel of % : M-N is a
submodule of M. &(Rio]

Since M is simple kend = 0 or M
.

But &O (P/V) +0) we have

her & = 0
. By the first isomorphism theorem

,
M= M/ =/M/N

This contradicts MEN
.

keno



· (ii) Let & : M-> M be a homomorphism of the Simple Rmodule M.
In particular of is a Kilinear transformation of a finite dimensional

complex vector space so there exists votM
,
voto such that p(v) =

2
N ~

for some <EK
.

(D is alg . closed)
·

Let o = -21 so t is
a homomorphism of R-algebras :

d

↓ (rm) = p(rm) - chrm = ro(m) - com = v (0)(m) - (m)= (m)
-

& (m+m) = f(m)+(m') ,

(r + Ri m
,

m'= M)

-her o => ke= M= = 0 = 0 = c 1
. I

Remark If MEN as R-modules there is an isomorphism A : M->N

(A invertible nxu matrix
,

no dim M = dimN)
A (rm) = rAm for all otR.

then the R-module homomorphisms M-TN all have the form A
,

C+

The choice of field I is important for Schur's Lea e.g .

G = 31
. 9 , 93933 cyclic of orden t , : G -> GLIR)

ga> (b)
M= R is an RG-module using I

↑(g)(i] = (i) (i) i makes Minto an R-moduleFor R= RG

M is a simple module but the R-homomorphismsMMaremore than state



Recall Schur's Lemma :

for all
the only nxnIf +: G-> GL(D) is an irreduciblerepresentation thematitmatrices commuting withTg) , geG

If it
,

it' are representations of, : G-> GL(D)
,

i : G-> GL(K) then i

defines an action of G on K get acts on re
*

(mx) volum
vector) as gu = +giveD

"

ex, x
anda defines an action of G on I

, gr=
nXu nX/

ThenaDG-homomorphismofthecorrespondis modules
: "-

" such that

A
em->

"

#(g) ↓ ↓(g)
commutes for every gef i

.
e.gA

De for all g +G

SuchamatrixA isaintertwining at aaction of 6).
i
.
e. xA = A2 for all x KG

Im
av) = A(v) A is a homomorphism of DG-modules.

If V and W
"I

are irreducible (simple) KG-modules (t
,

i' irred . representations) :

(i) inequivalent 2) A= 0

#
,
T

(iis equivalent = A = > · fixed invertible nxu matrix .



plo of handout
.
Theorem4 (Wedderburn's Theorem

Let R = KG
,
181* ·

Let M 1,
"

; My be the distinct R-modules up
Y

to isomorphism . n a
H, - . Th

The Mi-homogeneous part of R is the sun of all the left ideals of R isomorphic
to Mi .

eg .
R = M(3

,
4)

.

has only one simple module up to isomorphism ,

K.

A- R acts on 1= 3 by - > Ar
Y x /

R=]]] contains 1507 : 100
minimal
simple (lieft idels) of the regular representation are all isomorphicSubmodules
to C3 as R modules.

The D2-homogeneous pat of this module is all of R
.

↳ semisimple of dimension 14.
dis Mi = n,

dim Mi(R) = ni

R has three isotypes, of simple modules of dimension! 2
,

3.

If ni = dim Mi
then the Mi-homo - partof R=G isR= theSun of all submodules isomorphic
to Mi.M

, (R) Mz(R) My(l)



R semisimple algebra over I

Endp(R) = &R-eudomorphisms of R3 is the set of maps of : R-R suchthat

into itself p(rx) = ro(x) for all r
,
x- R

Lea EndR)
is antiisomorphic

to

a 4) =x
-

For every
↑
a
(rx) = rxa = ra(x) = $7 End

,
(R) ,

the map R-> Ende(R), mptEnda(R) is bijective .

If at R such that 60 then 10 so & So and to is oneto one.
Y

#(a) -

1a = 0 => a = 0

(b) = rab = (a) = G((r) = God(r)=>%
= ta

-

If G is a group
there area" is an antiatomorphism f(ab) = f(b) f(a)

Similarly with an algebra.
If R is an algebra then theposite algebra

R is the algebra with the

same elements as R with same rector
space structure ; only the multiplication

is replacedbyGr xyz) = x* (y+z) = (z)x = z(yx) = (*y)*z

R is not necessarily isomorphic to R
.

It is antisomorphic
dism

6° G because we can compose
two antiisomorphisms to get an isomor

6- 6- 6
O

If R is a division algebra then R
°

=R in the

inverse
E same way .



What are the R-endomorphisms of R = CG ? End,(R) = R.

R = 1 ,00 ... In
as a direct son of minimal left ideals.

If -Endp(R) then we can represent of using an myne matrix ore R :

↓ (r) =

= (i)
v = r

,
+ --- tim unique choice ofit I

&(r) = p(r)+... + d(rm)
,
decompose each term

with espect to our decomposition
if Ij Schur's

-() Dij Hom (ti , Ej) = En
,
if Fielj Cona

& is representedby E I-
End(R) anti-iso.toMir ,

4)

-> M(r
,D) Im

, 4)
11

anti-iso
O

R = R
R= KG has an antiisomorphism [ag + 29

,
9
"

REMI, )



p .

29 The Center of the group algebra
G finite group n = 161 = dim KG

2)DG) = 54-KG : <V = Va For all VeKG] &If subalgebra

dim 2 (KG) = b =
number of conjugacy

classes of G

K
,
Kz

,

. . . K : Conjugacy classes
of G = K

,
W ... Like k = E + 3
partition k

siz Kil = n = 161
.

For (2) = &X1
,
X2,, X* 3 ni = Xi(t) = deg Xi +...+

is principal character Moreover n
: In which we will

Fro
. reps. of 6 are : G+ Gla

,
2) prove today or Monday.

Basis for 2(KG) is Ev
,
U

, ..., US where V : Su of elements in Ki. Reps of K, , .
. .

, Kn
U I

are gl ,
---

, 9h

G Min, I

I J
"

... **
12x12 O

z (a = 2(@M(i,c) =&Bit) : w,eg

The iso
. KG-OM/r : 4) is defined on our basis gre tipsit's



T
: 6-6Ly() is a group

homo
. extending to algebra tomo.

-

#j
: 46-> My, I ,

defined by P19) = Sag)·

Restrict to- + 2(KG)
· Eg

= gz for
all gyf

=> 5,(z)5j(g) =

+ (zg)
= y(gz)

= y(g)+j(z) = +() = 2 In
,,
some

In particular +j(0) = Ing
Since VitL(KG) by Schur's Lemma .

11ik A

kjzk K

Denote w(V) = w(V) = Wy (vi)
where X = X;

= trij.

T() = w
,
(V) In
,

Take trace on both sides. V =

e
(Kiltrej(gi) = (kiXj(gi) = njwj(vi) = X

,
(1) w

; (i)

(vi) =

Kit (p . 30) We will see that these values W
,
(vi) are

[p algebraic integers.

algebraicit see To showX ,

show it's

and a rationalpos , integers coeffs in X.
an algebraic intege number

.

Use Salg , integesi1Q = I



ZIKG) is an algebra . (subalgebra
In particular ViV-IIG)

=> UV dije V aijh
- 2

dije (ijlt 91 ,

2- (7) are thecture consents of [(KG).

Additively , 2(4G) = C ". 2)(IG) = algebra gen . by U, .
.

.,
%o overI

bjUj
-

EEbj : bjeR3
Additively : Ik
The multiplicative structure is entirely

aije
= Formula determined described by the struct. constants age

.

using the clar. table
of G.




