
Math 5555

Abstract Algebra II
Book 3



For each it 91
,
2
,
..., 3

,

we solve n equations love for each to 9, ..., will

in 1: unknowns bij , je91, 2, 0-, 4 : 3.
symmetric t

It = 1,
In general the n polynomials Di+...+ Sin

, w's identies?
can be re-expressed in terms of the elementary symmetric polgronials
ej = e, (bi,, -- din)

which are the coefficients of

(x + xi , )(X + xi) ... (x + Xin , ) = x*e, x* ex +... + ex + en

i
.

e . In = dindie din,
!

= Edirdi,
e= di,

+ ---- Disn,

We will show : If 161 = 1 then KG = M(,) (algebra isomorphism (
where k= number of Conjugacy
classes in G .

The cert of th (semisimple algebra) is
M(u

,
4) = Saxa complex matrices 32(R) = EZER : zx = xz for all veR3

.

2 (M(
, (S) = 961 : x + 432(R) [R is a subalgebra:subspacewhicheng. [ I= In = ( .6.

,Jayn
2 Mi , ()) =( :Eit 07 : 6

,
- idntD]

O Future
dimM(,) = E ; dim (2M, x)) = 6



dim KG = n
= If

dim 2 (KG) = k = no
.
of co : classes.

Let K, ... KCG be the long classes
i
.e. G: K, WKeW ... Why
-

For Ki-k
,
let Zi = Eg = an of elements in

Si3
gtki

= -[ (CG) because gzi
= zig

gzig = Zi
2(4G) = Eaz , + -.. + azy : git 3
Given zt /IG)

, say z =X 9C

gz = zg
For all ge G , gzg" = z

#G: integral group ring of G = 9 g : at
&G = rational group algebra ---

---- Q

RG = real groupalgebra--
FG =

group algebra of G over F
R

F

F(G] = FG when G is agroup.



F (x
,y ,z]

= polynomial algebra in x
, y ,z with coefficients in (infinite dimensional)

as distinguished from Fx + Fy + Fz = (x
, y , z) =ax + a, y + at = 9

,, 9 , 9 xt)
-

which is a 3-dimensional vector
space

If R is a algebra over F and SER lang subset)
then

the centralizer of S in R is
-

< (5) : SztR : zs = 52 For all se83 &R subalgebra

(Also called the countant of
S in R)

. Cp(RS = 2(R)

histacute eg RMM oD
simple

Let M
,
N be Romodules and : M-TN a homomorphism i.e . $(rm + sm) = voluitsolm's

For all r
,
stRi m

,

n'tM.

i) If MEN as Emodules then 80. There are no monzeno homomorphisms
between simple modules.

(ii) If MEN , say M
= N

,
then : 21 for some ceK .

Proof (i) If 60 them there exists it M such that piva to ,
so R MIIN

is a nonzers
submodule of N

.

Since N is simple , Roro) = N.
-C

The berel of % : M-N is a
submodule of M. &(Rio]

Since M is simple kend = 0 or M .

But &O (P/V) +0) we have

her & = 0
. By the first isomorphism theorem

,
M= M/ =/M/N

This contradicts MEN
.

keno



· (ii) Let & : M-> M be a homomorphism of the Simple Rmodule M.
In particular of is a Kilinear transformation of a finite dimensional

complex vector space so there exists votM
,
voto such that p(v) = 2

N ~

for some <EK
.

(D is alg . closed)
·

Let o = -21 so t is
a homomorphism of R-algebras :

d

↓ (rm) = p(rm) - chrm = ro(m) - com = v (0)(m) - (m)= (m)
-

& (m+m) = f(m)+(m') , (r + Ri m
,

m'= M)

-her o => ke= M= = 0 = 0 = c 1
. I

Remark If MEN as R-modules there is an isomorphism A : M->N

(A invertible nxu matrix ,

no dim M = dimN)
A (rm) = rAm for all otR.

then the R-module homomorphisms M-TN all have the form A
,

C+

The choice of field I is important for Schur's Lea e.g .

G = 31
. 9 , 93933 cyclic of orden t , : G -> GLIR)

ga> (b)
M= R is an RG-module using I

↑(g)(i] = (i) (i) i makes Minto an R-moduleFor R= RG

M is a simple module but the R-homomorphismsMMaremore than state




