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Induction takes class functions on H to class functions on G
-

characters ..... -
- characters on G

representations ofH- .. representations of2

i.e . X : H- C
, X (xhil = y(h)Let y

be a class function on H G

for all x
,
he H.

To get a class function on G
,

start with the trivial.

extension
Y : G-

M

X (g)
= 5X19)

if gett;

O if gett .

To make this into a class function
,

we an averaging over conjugates as we

did before. This leads to X* : 6 - > C :

y(g)=xg 1Xo is induced from X . X = Ind,x)
w= ix
w = Xu

If ned then Yongis= Yangx")= logwt) INK = X

So XS is a class function on
G.

= xf(g) .

Note : Let T be a set of right coset representatives for H in G.

So every element get is uniquely expressible as g : ht
,

hel
,

tet.

121 = IH/ITI (Lagrange's Theorem ,
ITI= = 16 : H].



X : H-> & is a class function on Hi T is a right transversal for I
in G (set of right coset

representatives
T= &t

,,
"

, to]
y(g)=xg G= Ht

, wHtzN-- . WHte
x= ht, = (Ht .

- Chtgtht htgth- H
teT

- YAgt" · # tgt'- H
-

IHI terms equal to YItgt']
-E

+
/ Yitgt = EYgt") = EYigt

Special case : X
= X,

= trivial (principal) character of H , (14) = 1
.

Y
o isn't the principal clarates of G unless G=H .

G permites the right costs of H by right multiplication giving a permutation
representation gef permutes Ht; > Hig = Hy

Xo = (f) is the perm.
G- So l= 16 : H] = IT 1 ·

character of G acting on cosets of H
.



Eg
. Construct the character table of G-S, making use of the character table of

S = H = G
.

[et
,
ete] = 0

116 2 3 6 : S : 11244834 -
(12) (123) g

-I 2
,

it : Eatii) I - I I -
[2

, 2) =++
-

I its 2 O 27 O - 3 + 2+9+ 0+ 2

--
= 25

Check : CH
, 4.] * 1

43 - Ea
i=1

513 2I,tsee(degree2)
2 31 30 19 : (4

, %)= + y + 3+ ++ =

St has k= 5
&

1 --

Se, Ay,
=greatSp has normal subgroups

of degree n
,
"

,

"

, 31 ,
until

= 24

So permutes the conjugacy class of (12)(34)
in all 31-6 possible ways

There is a permutation action Sp-> Sym[(12)(34), (137(24)
, (147223)3ESa

with Kernel K of order 4.
This gives a permutation
presentation of S4 .rel(1234) of degree 3

&

Its permutation ter is

(((13)(247) <((D)(23)) ((((2)(34))
ef(x2)= 1

↑((1)) = 3

&(62347=, 4(3)=0
fork-



4834

(12)
3

[, yG]=
I#·

constituents of

- I I - + 5+
2 O 2 - O = 2

3 + + O I
=> Yo has irreducible

T: <(1234)Y
431 -1 0 + ofmultiplicity t,

1
,

0
,

0
.

0

= (1)
,
(1234)

,
(137(24)

, (143233
right transversal for # in G

y
&

.4 -20 I O
(0,
4) =-Esti

= OX opt is a character ono
(y6, 2)

= y +y +8 + 5 ++= 1

X (g) = 2 YIgt") y
*

(i) = 1 + 1 + 1 + 1 = 4

E-T x
*

(2) = Y((() + Y((3)) + y (4)) + y (4)
where Y : G-> =

- 1 - 1 + 0 + 0 == 2 ①

* (g) = <X9) ig x
*

((((34))= Y((((34) = 0 +0+ 0 + 0=

0

x= + + 44 + X((23)(41))
+p = X: He + Y((34)(12))

(4 ,44]= + + +y + f+ t=
+ y((D(23))

X
*

((23)) = Y ((22) + X(24))
+ *(4) + xX4(2))

= 1 +0+0 +0 =
1



Tbenins Reprocity Let X be a class function on HG and let it be a

class function on G
.
Then

(4 · X]y = 14
, 4% Nig)= (xgx) Y (g)= [Xg)if

↑
H = 2/

Proof (44), = isNig

XE G = HT in St Y (g) eTg)
x= ht

,

ht H
,

teT

(2) = IHIITI MTH ghttgt

"H Ihtgth is Eig

-Metical teas for both
=Xh = iYIg+)g)

For each +T

- (X
,
]. I (Yitgt's) rparameterize the innerI -

sun
,

u = tet" , g
: fut

-/ * (:)4(Eu+]
=Th Xch4Lt) : is th



If It is a class function onG then so is it where (g):q = 4(g) .
Indeed if it is a character, it (g) = tratgi ·

T : G-> Gl
.
(4)

homomorphismD(g)) /actually Pj] in the case of finitegroups
d . , ...,

In are inth roots of unity
where m = exponent of 6 = km (1g) : ged)

Ji = I, Since Ji = 1, Jib = (xi/2 = 1

16:/m
= 1

16;1 = 1

-(g) = Eb :

4) (g)= [a
= Edi = Fig

For everyFinitegroup
G

,

the irreducible representations of can bees a

U
.
(4) = SA+ K: AAFAA-13 ,

A
*==

.

eg . for Sa
,
we

have an irreducible representation of degree 2.



T :S-> Gl() A different chice of basisfor yieldsXg) resentationan equivalent ref using unitary[i] 2 matrices . Xagi
(12) m : i) O 1)aso I 2

24i/z
(123) [] - I (123)- %], - w= 2

(132)- [% "6] - I T = w
=

=w
(132)- %07 - 1

roof of y+ X+ 1
(13)- 196] O w+ w + 1 = 0

12372 [2 ,] O (12) [ii] O +w =+= Y

This representation uses integer matrix (13)-> [0ygg=y=1 a
entries.

8

left-to-right composition (23)-[ %]
j

(13) = (123) (12) (132)

Character values :

X(g) = +w + (g)
A change of basis from 10)

,
1%)

takes one representation to the other.



To prove the
claim (that every finite group has its irred , repus . equivalent

to equivalent to unitary representation)
we use a fact from linear

algebra : any innew" product on K" is equivalent funder change of
basis) to standard inner product B(x

,g) = Exiti

Any innew product has the form (x
,y) +> X My

* where x: (x, . .

.,Xu)

*
M = M nx a matrix detM + 0. y = (2)

Hermitian

If we perform an
invertible change of variablesX re XA It invertible

-
uxu matrix

then B(xA , yA) = (A)M(yA)* = x(AMAYy* i.e. At fL()
-

congruent to M
For all nonsingular Hermitian M ,

we can find AtGLL) such that

AMA* I Lusing Gram-Schmidt)
i
.
e .

any
two inner products on

⑫" are equivalent by change of bases.

Given a representation #G-> G (K)
,

we will find an inner product
B(x

, y) on i such that all matrices Hg) ,
get preserve the

inner product :

↓ B(x
,x730 , equality ift x = o :

VB(x
,y) linear in x

, conjugate linearing ; Blyx)=gl :

- B(x +(g) , yp(g)) = B(x
,y] .



To obtain the inner product Bly,y) :

B(x,y) = & (x +(g))(yp(y))
*

=&xp(g)p(g)y
*

= xMyt
gEG

M=& DIg)NIg
* is Hermitian.

B(x
, x) = g(Xi(g)(x+(g))

*

= x +g ,/30
B(x

,x) >0 unless x= 0
.

B(xπ(y) , yπ(g)) =z(xig)(u))(yj
*

= 2(Cyc
- weG

#(w]
= B(x ,y]

w = gu

Suppose H G
:
let T be a right transversal for I in G i

.

e
.

a set

of right coset representatives . Every get can beuniquely factored
as giht ,

hel
,
tet. LLagrange's Theorem) 161 : IHT/

G permutes the right cosets of H by right-multiplication :

H + -> H+g
: Ht' for some +T.

This
costs give apementation representation

of G acting on the itthe
disen

we have a homomor
,

D : G-> So <GLLD) :
with perm. character 4(g) = triig)=nooffi



Ifeorn 2 = (1)
"

:
.
e, the perm. character is the induced character

obtained from 1 = principal character , Ih) = 1 for all heH,
induced up to G.

M

#roof (g) = 3 t , ig.HO

(1)(g) =[Hgt) = number of tgt H +T) which are in H

= 1Stet:
tgtitH E HgtHg At

= <(g) . It is fixed under

right multiplication by
g + G

.

From the character table of G
,

we can see what all normal

subgroups of G are.



4834 22 : 6-> K" is a homomorphism

· Since oflg) = to E1g) of degree
- I I - (1) = A

.

02 - O Elbemed is 59e6 : 42 (g) = 133 + + O I
- E elements conjugate to (2

,
(127(34)

431 -1 0 + = Ay
or 12313

Another normal subge :
all elements get

sit. 2
, (g) = it (1) = 2

orenLetDiGbea representationwithcaractergetra
ke X = ber p = Ege6 : +(g) = 13 = (g+ 6 : Y(g) =X(+)= n]

is a normal subgroup of G.
Note : i is a homomorphism ;

but X is not a homomorphism unless n = 1.

Proof If ge 6 then Dig) is similar to 12.0] ,

where for all
i= 1

,

2
,; n

·bay li m is the exponentof-

a
root

i.e
. g" 1 for every get#(g) is of XM1 #193 - GL, (D) has order dividing m



=> y(g)
= trig) = 3, + -

. + 2, = n = &== = 1. Dg) = I

1) = 1 => Rez: 11 ; equality iff -1.

D

For G= Sp
,

there are four normal subgroups and they all arise as
keX for some X.

benits = 3113
ken ea = (()

,

(12) (34)
,
(133(24)

, (147(2373
ber its = Ay
bee it

,
= Sp

Recall : Let H=G
.

Ther H is normal in G (H*2) if I is a
-

union of conjugacy classes ,

iff It is an intersection of berueles of
irreducible characters

M

In this way we "read off "all the normal subgroups ofG from the

clar
,

table.

eg .

2 = 9+ 13 x 9113 = [0
,
1)

,

11
,

-1
,
E1

, 1)
, 71-173 Klein

dar

table- I - I

- I

II T



Application to Frobenius groups.

Suppose G Su /6 permutes [1, 2..; n]) . Moregenerally,
2 permeates any set X ,

G = Sym(X) = Spermutations of X3 X : any set.
eg. X= 31

,
2, .... 43

G is transitive if for all eyeX ,
there exists get mappingxmey.-

The stabilizer of a point +X is G
,

= Egt6 : g() = X 7.
of course G, G.

The obit of x+X is 4
*

= 9g(x) : g+23[X .

or G(x)
(x4 = (6 : 6)= Corbit-stabilizer formula) .

xEX iff G is transitive.

G is a Frobeniusgroup if
(i) G is fransitive

nontrivial (161= 1)(ii) Point stabilizer is

(iii)
The stabilizer of any

two points is trivial i.e .

G
, 16 = 1 for
all x+ y in X.



If m is an old positive intege them the symmetrygroup
m-you (i.e . The dihedral group of order 2m) is a subgroup

ofaregulahaving
M rotations,

Imreflections. 2 G= Dy
= <(1234567) (17)(24) (35)/

eg .
m = 7 3%% /

Gy = < (17)(26)(35)]#
A

%07
5 6

1) = identity in 6 fixes 1 points ;
nortrivial rotations fix0

;
other elements Fix a point.

This is a Frobenius group.-exactly order 21 : the cyclic group ,

and a Frobenius
There are two groups of

M

group < (12345677
,
(1247(365)] < St transitive.

↓ conjugate by (124)(365)

(2461357) = (1357246) = (1234567)
-

Eg .

G = direct isometries of R2 = &translations3 vrotations]
Torientation( -preserving)

is a Frobenius group.
There are lots of finiteanalges, it



eg. F
= # = [integers mod 117 .

the affine general linear is a subgroup of Siz,

consisting of transformations
Groupon b

,
At GL(F)
be F2

GL (E) = E invertible linear transformations on F23
162(F)) = (IP- 17 (IF 11) = 10 . 110 = 13200

IAGL
,
(F) 1 = 19 . 13200 transitive on F2

Stabilizer of 0 : 18tF" is GL
,
(f) of order 13200 ·

This group AGLIF) is not a Frobenius group e
.g.

~ los]v + 15) fixes all eleven vectors (8) los]9:)
= []

The two distinct points 98]
,

To] are fixed by more than just identity

in fact the subgroupI 6<Ef ,

If o

Modify the example : GL (F) has a subgroup isomorphic tosharply-ransitive on the 120 nonzero vectors
SL(F) Corden 120)
,
I

affine linear
The transformations on th of the form vt > Av +b

,
At subgof GL(,)

isomorphic to SL(E)
forms a Frobenius group of order

121 . 120
. Actually this be

example is shardly I-transitive



On R
,

the transformations R-> R which are direct similarities

is a Frob
. gp ., sharply Itrans.Cinvertible)

Let o be
any field .

An affine linear map
F-> F is a map Xrsmx+b,

m + 0.

This
group

is AGL
,
(F). N.

-

Now ifIt is a subgroup of F = Enonzero elements of 3

then the affine linear transformations F-F ,

xrymtb
,

xeH
,

bef

is a frobenius group . (sharply E-trans
.
iff H = F") .

AGL
,

(f) E St!] : m
.

beF
,

m+03 < GLIF]

G: AGLIF) = Y(] : AEGL(F)3 < Gl , (7).
has subgroups

( =5) : At G()) EGL(F)

H = [l]3 = translations of Fr >
xrs x+b

HE AGL
,
(F)

K = G =
stabilized of 0 : (8)

·

This is 2-transitive on F not sharply in general .

f

If we replace GL(f) by a subgroup having no
nontrival elements with eigenvale

I we get a Frobenius group.



Theorem (Frobenins) Every Frobenius group G has the form

G = KAH i.e . Subgroups H,
K satisfy G = KH

,
KQG

,

K1H = D.

(Note : KH = Ekh : htt
, kek3 is a subgroup assuming one of them is

normal
.)

H = G where OEX any point inX

G/ =+
= HYH = H

.
- Ege6 : g(0) = 03

E

what is K ? K = 115 V Gelements of G which don't fix any points
- Sajv(G-U(gHg) ( LG

.

gef

Since G is transitive
,
the stabilizer of

H = G . Why ? Every point X+ X Lasanyport xX,iconjugate
t

t
If heG = I then (ghg')(x) = (ghg)g(0)) = gh(0) = g() =X-

h(0)= 0
0 = g(x)

↑

i.e . ghg' t G .

So gHg'1 Gy i.e . gGg"G, Ge gGg
-

G 2 G g

If feGy i
.
e

.

f(x) = + then (gfg) (0) = gf(x) = gx = 0

The problem is : the subset & defined above needs to be a subge
If I can show this, normality follows immediately.



In St (left-to-right) ,

(123457(15342) = 1243)

H = G=get : globoh

G pointes XI
K Of X

transitively X·
-

EE·AAny two stabilizersAti , Fifty Gi = Eg +2 : grin = i
are disjoint for itj :

=Et;

Her H = 1 for it; Ht, To Sto
,

to
, . . ., ty- , 3

Every conjugate of I has nighttransversal for Hin G
IH-1 = 1- , monidentity

k = 5.(2) elements.
G=

nitl = If I
(k)= (16in(t -1)

IH)= = A + (f) - 1 - (f) + n =n



Why isK subgroup of G ? Normality is easters of- .
We show that K is an intersection of kervels of

LemmaLeto be a class function on H
.

Then 8% = 0 i
.

e. Rih = Ashl
Such that #(1) = 0. for all he H.

Proof Eig)=gti where Elg) = &Egy,i g
for g = 1,% = <(1) == 0=

=
For hel, h ,

ph = [E(iht)
When is ht. H ?

i

=ECh = Aski
i
.

e.ht H1 Eft
,

as required. D
Only if ito ,

to -1
,
fihth

Now let it be any
irreducible character of H

.
4 l

principal character
) = 1.

Define Achi = 2Ch) - *) i
.
e. 0 = 2 - 220)&

So& is a class function on H with &(1) = +(1)- 46) = 0
&

This yields an induced class function &" on
G satisfying Ph = Ach

= x(h)- 24(1)

Define e
*

= &* 41116 .

This is a
class function on G.

for all hel.

+
*

(g) = P((g) + 2(i
We will prove

that this is an irred .
char

-

of G
.

and furthermore & ka** = K.
4- Frr

,



4Erry , If &H Frobenius reciprocity : 100p] = (0
, P1] ,

O class function on It

0 = 2 - -(0)44 p .

"G

[P
, 0], = [2 - +(1

,
+ - zf()(A)4

= (4
,
4% - (2

, 417443 - [44
, 43 + (41% ·

42 *S
,

- - F -e)
O

I

= A + 4/1 O

(**, 4
*

]) = (0741742
,

0+ 4/1742)2 = 1083
a

+ 400 11c + 4()(12 , 09
= 2004] + 44(0,y , 8], + y() +2005,Jo
- -

I

[f
,
0)

,

(2 -u()(
,

f
+)

= I &= I+ ef(1) -4
W

I

4
*

= Ea Xi
,

ait&
,

Xi+Inc .

- 4(5 (1) = A*) + 4()= % ++() = 49) - 512
,

... 3
=p+ 44742 (a pos. integer

ya G I => e
*
t Erry .

- f() &
(2* 2

*

]) = Ea=
one of a : #1

=> e
*

- - Cirred,
char

. of and
all other teo areZero.



Let M = I ken i *G . claim : M= K

4- Fr
,

Prove Containment in both directions.

= M Ker
*

Suppose ht hlM
,

h+ 1
. /get a contradiction?

&
y

+ 2 - Irry Them for every i- Erry ,

It ben it
=> (h) = 4* ) = 2(1) => he ben of

Y

echi
Cher table of H

e= 04+ +(1) +
-

↑*(h) = (h) + ↑( -m

A(h) = y()-()
M contains nononidentity element ofH.

= .
----

-..... gHg , get. Contradicts othog ,

=> MCK . of columns.
(M) = (4) = n.



Given a finite group
G

,

where do irreducible representations of G come from ?

# turns out that they can all be found "inside" the group algebra KG.

An agebra is Cusually) is a wing
which is also a vector space.

eg. M(n ,
4) = Euxu complex matrices] is an algebra of dimension : over K.

An algebra A over a field E has three basic binary operations :

Elements of A can bethought of as "vectors" ; elements of F are "scalars" "

rector + rector - rector These givethe ring
strueonscalar + scalar = scalar In A : 3in F : scalar scalar- scaler vector y rector= vector

ju scalar y vector - vector.

-7
Axions : These makeA into a refor space.

(ab)v = a(bv) a
,befi ve A

alow) = Car]w at F

vw -A
Curbe = u(vw) u,V,

we A

In general , our algebras need not be commative ie
.

as a wing i
.
e , wowv in general

↓
-
= EF Scalar (v,wtA) .

Our algebras will have identity ha , far-v identity

Consider M(r
,
K) : nxn complex matrices· Noncommutative algebra with identity I

: /0.,].
If A

,
An

,

"

: An are algebras over D then so isAi = A
,
t ... An with componentrise operations.

M(n, (c) & M(r, D) 0 ... # Mlp ,
D) is an algebra of divension=ut -+

ESP
An
I : Ait M(ri ,

114 E M(u
,
1)

,

a = Sri

subalgebra



Group algebra : Let G be a finite group.
The group algebr DG is the set of (formall linear combinations of group

elements
(symboliz)

CG = 3599 : a

(S, = Ga,
1) + a

,
(12) + a (13) + a(23) + q(3) + 9(132) : 9,- St

. (3 .

(5)) + 2(12) - 7(13))(4(12) + 5(13)) = 20(127 + 25(3) + 81) + 10(123) -28(134
-35/)

=- 27() + 20((2) + 25(1) + 10(123) -25(12) .

IG is an algebra of dimension 181 .

= M/M M,)el] : ab,defe
↑ +-

These are really the three
# : S-> M14

,
/

irreducible repus
of Sa H(g) = Flig



Let A be an algebra over a field F. Cring + rector
space over #3

(think of examples : MI
,

C)
,

KG Y

Let M be an additive abelian groups(usually a rector space over K)
.

We says
A acts on M (Mis a module for A) if we have binary operation

-

Ax M-> M such that la + a sm = am + am a
,

atAi m
,

m'tM

a (m+m) = am + am

19
,

m) > am

(aal)m = a I'm

Inm = m bat A identity
Examples : AF a field.

M is a module overF iff M is a rector space over F-

Eg. A any algebra.
Then A can act on itself (M = A)

.

This is the regular A module.

A module over A is an Armodule.

Eg.
A = M(n

, 2) algebra acting on M= So avoid thinking of elements of M

as being bigger than elements
of A.

Eg. p
: 6-fL/V) = & invertible lineartransformations V-V3 homomorphism

i.e
. representation

GL((") = GL() of G.

gives rise to a KG-module V
.

We have an action
For us

,
G is a finite group.z

of the entire
group algebra IG on V.

If 9 : Egg +> KG then we extend it to a representation of A
: CG

gEG

i
.

t .
a homomorphism D : (G-> M/n

, 1)
of algebras ↑ (x) = p([9) = +g) - M(n

,
C) (a + )



If A and 1 are algebras over I then a horomorphism A-+B is

a map fiA-B
such that

f (2a + i al) = af(a) + c f(a)tB for all c
,

+K

9 Flaa') = f(a) fla')
a

,
at A

Hom (A,B) = & algebra homomorphisms A-> BY is a rector space over
I

End
,
(A) = Hom

,
(A

,
A) = Gemolomorphisms A-A is an algebra ovea

End (v) = M(n, C)

Suppose M
,
M' are modules over A

A map F : M-> M' is C-linear (ftHom
,
(M

,
M'l) if flam+ i'm') = cf(mi + ifIm')

for all c
,

- K
,

Hom
,
(M

,
M' m

,
n't M.

We say f : M->M' is Alinear (ftHom(M,
M') if flamtam) = a (m) + afim

A-homomorphism Mr M

& is A-linear => f is K-linear
.

Tookat A = CG group algebra over I

Modules over A- CG are the same thing as rector spaces
DoverI having a

group action i
.

e
. #: G-GL(K),

For reD" get
, gy = Agsv



Let's consider A = M/n
, 1) as a prelude to CG.

Think of A acting on
itself by left-multiplication ,

acting on M= M/
,
).

what are

thelettideasaals of M(a
,
() ?

E0J3 is a left ideal . (a submodule of the regular modules

ked ex kxn

B(V , . . ., xn] = [BV
,
Br

,
... Bu] B(X, 0, ... 0] = (By ,

0
,

- .

., 0]
1 /
column vectors

Y = FO] <MG, 1) is a left ideal i
.
e

.

submodule of the regular A-module

(A = M(
,
())isoisonousohAmodule,a V

,
E

K"EnV i

.

.e. stronger that
X V: FA" (iso .

as A-modules)V (4 ,
0

,0
& (2v + (v) = c p(v,) + cP(v, ) 2

,
t ; vvi-C D-linear

P (Bv , ) = BH(v,) for all BEA= M/
,
1) i.e. & is Arequirariant

The regular Armodle is a direct sun of simple A-modules↑ preserves the
action of A.

A = V, V0 ... Yn where V=0] ,

v= (0] ," /OI)
dim A = 2

,

dim Vi = n. V: <A left ideal -

Each V: is a simple A-module.



A = M(u
,
4) is transitive on the nonzero colum vectors in".

If veK"is nonzero then AY, = I".

The leftideal 11:A is minimal i
.
e

. simple ,

i

.

e
. irreduciblerepresentatioareideal modele

A las infinitelymany
minimal left ideals foris

eg. A
: M(3

,
c) has minimal left ideals U

,= :] , V ,Ve ,

& (0] : abc B (v, +, 0)
= (Br, By ,0]

For every now rector w = / ,
W2

,
..,

W
. ] , wit

V = 9w : ve] B(rw) = (Br] w - V

lig sw , we w as

A = GV.
as a direct sure ofi minimalleftThere are

way ways
to decompose i= , ideals.

But all the minimal left ideals of the regular module are isomorphic to
as A-modules.

the only 2-sided ideals of A are O and A.

A is a simple algebra.
(left)

Let M be an A module
.

M is simple of its only submodules are 0 and M.

eg .

A = M(,)
,

" is a simple module.

M is semsimple if M is a direct some of simple modules. &sticktdimensional
submodule of M has a complementary submodule.= every (p.4)



For G
any

fintegroup ,
A= CG group algebra , every finite dimensional

module for A i is semisimple.(module/representation for 6) which we have proved (p .
5-6 of handout

this is Masche's theorem ,

irreducible representation of G is isomorphic to a minimal left ideal of A :DG

Every Let R be a semisimple algebra- Them

isomorphic to a minimal
Theorem (p.6) Let M be a simple R-module

&

Then M is

left ideal IC R.Iminimal : left module?
no nonzero
Submodules) nonzero

Proof let veM be nonzero
.

Then RvEM is a submodule. (R : Ru & Pr)

Since M is simple ,
Ru = M

.

Let & : R- M
,

rawy. This is a homomorphism
of Romodules .

(E) seR then plsvi = Soy = s/rv) = sor)
The annihilator of 1 in R is keed = GreR : v = 03 CR is an ideal since it's the

L
-

kernel of a homomorphism. Iso kerd is a submodule of the regular module) .
So R = kerp #J for some ideal JCR. The First Isomorphism theorem

yields M= IR) = Rv = R/besd = J. I .

In the case R = CG
,
161, # : G-> GLD irreducible representation,

then M = &" is a module for R . (E9]v =Dg
&

We now knowthata comes from some minimal left ideal of R= KG.

nivalence?

why ave thereonlyfinitelymanyirred repusofubutonly Finitely
many up to isomorphism.



-oren (p .
7) Let & be semisimple ,

So R = FGI20 ... # In where each

I is a
minimal left ideal of R .

Then every simple Rmodule is isonorfelia
las an R-module) to 1: for some it 912,..., m5. In particular, R has only
finitely many simple

modules up
to isomorphism.

Levery finite group has only a finite number of irred, repus , up
to equivalence)

de R-modula.Proof Let M be a siny
minimal left ideal of R .

So R =
MothepreviousresultO

is in

5 is a prope ideal (FCR ,
JFRT So there exists it 31 ,

2 ,..., my such

that I: /J ·

Claim : MEF ,
as

R-modules.

= (5+ [i)/j CR/j
= M

.

In = Fi/([i15] -must be equality " I
-

b ideal of I ; Second Isomorphism Since Mis minimal
proper Su

hence1:1T= 0. Theorem

Let's take another detour : application to spectra of Cayley graphs.
L

.

Babai
Leto be a group

and SEG a generating set

Eg. % (ie . (S) =G ) such that IES ; seS # itS
.&

2&
The Cayley graph Cay(f, 5) has vertex set G.

G= E under addition G = S3 There is an edge between g and h (g, hef)
S = 9 (00) ,

(010)
,

100 13 S= 9 (12)
,
(23)3
if there exists seS such that g

: as
O 1101000

OI 000 I
1001010 0

10 0 0 1 0
101000

O I 90000 01 0 100 i
.

e
. Ligt S.I 10 0 0 0 11 OI I001010I Cay (G,
5) is a simple graph (mndirected graph010 0100 I 00 0 10 I

00 10 10 1000 10

000 10 I 0 with no loops or multiple edges).



(23) (132)Cay (Sg ,

5212)
, (23)3) = 2(12)

(23)(13)-pat
Cay (G,

5) is a regular graph
of degree 1S1 with 181 vertices.

It is vertextransitive since G acts on

Cay (6,
3) by left. multiplication

Any y
: x > #S gy

= gys
>
gorgy

for some
X

,yef SEG

But transitive graphs don't have to be Cayley graphs.

·
sonles linar die . depena

indexed by Ve G.

X
,

(a) = ED



Given an abelian
group

G
,

181 = n
,
there are n irred. characters.

SCE generators as above

The eigenvalues of the adjacency matrix d
..

--

; bu are

bi = 2X ,
(5) FrrG = &X1

,
X

,

"

; X. 3
,

X
,
(1)= 1.

seS

For the Hamming cube on
8 vertices

,
as above,

3 = X
-

(2007) + 1
,

((010)) + X
,
(1001)) = (1)

(100
+ 7 ,30-1010 + EgV

: Coo,

ve (G-> KS
100= (1 + =1 + ()= H(+) = 3 multiply by

%
100

= (( +(( + (1) = - 1 + 1 + 1 = 1 = 200 = 600 oE
Spo = (l + (1) + f D= 1 + (D) + 1 = - 1 = 6

,0

= %0
&

X
,

= -1 - 1 - 1 = -3
I

I
- Y

&

· - D
eigenvale eigenvale-

eigenvector with eigenvalues .

Eigenvalue-
(multiplicity 3) (multiplicity's-multiplicity a
-



123 LetG be any finite gp
with 181 = n = nitnit--.G:Sa

onSe k= no of conjugacy classes in 6

For G = &X,-

; X 3 , Xi() = n :
·

The adjacency matrix of Cay(6 ,
5) is nxu diagonalizable with

n real eigenvales
Xi, , ..., din,

each with multiplicity ni ; Kick.

+ di +.. - + J =Es Xi - St) kick
111 1

,

Eg .

G = Sa
,

S = <(12)
,
12313

- = EgX ,
(s) = X

,
(((2)) + X

,
((23)) = 1 + 1 = 2

i= 1 gives X ,
= J

, 1
a with multiplicity n.= 1.

i= 2 gives =Je, , ↓& XX(RD
+ X((232) :-1 =

withh

multiplicity = 1.

is givesa 1
, 632 it bit Jan Xa(s) = X

g
(12)) + X

,(13) = 0+0 = 0

(t=2) +=EX= X( + X() + X(() + Xy(13)
X31

= 1
,

63
,
2

= -I
=

2- 1 - 1 + 2 = 2

3 32= 262= 2 => 6= 11 gives 1 - both with multiplicity n.=2.

In Summary
,

the bicycle has spectrum -2
,

-1% 1
,

1
,

1
,
2

-O

y · ·-in
Deigenvalue

- eigenvalue-2 eigenvalue t.
O eigenvale -



For each it 91
,
2

,
..., 3

,

we solve n equations love for each to 9, ..., will

in 1: unknowns bijgym 12,
In general the n polynomials +... + Sin

;

It = 1, w's identies?
can be re-expressed in terms of the elementary symmetric polgronials
ej = e

,
(bi,, -- din) which are the coefficients of

(x + xi , )(X + xi) ... (x + Xin , ) = x*e, x
* ex +... + ex + en

i
.

e .
In = dindie din,

!

= Edirdi,
e= di,

+ ---- Disn,




