
Fields
Book III



We have been talking about number fields : finite extensions E2Qi.e .
IE : Q) = n < a.

↓Some are Galois
i

.

e. G : AutE satisfies 161 = n ; but in general 181En . (

Back to basics :

In a field F
, if

= 0 then the smallest for which this occurs is the characteristio
-of F.

If F has

characteristicnotemineEnab
,
aba

By minimality of n
,

n is prime.

Ift to For any
n 1

,
ther we say
a

has dracteristing

Given a field F
,
chart = characteristic of F is either 0 or p (sore prime p).

a If Clar F=

p then F2# = field of order p (#p=*/*
= 30

,

1
,

2
, ..., p-13 = "integers modp").

eg. #p , # , # , # ,

"

, #(x) = Sall rational functions in x with coefficients in #pY, . .

· If char F = 0 then F2Q . Eg .

R
,
K

,
Q

,
numberfields

,

A = Salgebraic numbers& [C
eg.
Q(E]

In either case I has a unique smallest subfield ,

either # or Q
,
called the prime subfield of

F.



All fields of characteristic O are infinite . (They are extensions of Q
,

hence vector spaces over Q)
If ELF is a field extension Cie . E

,

F are fields with F a subfield of E) then

E is a rector space over F
.

The dimension of this vector space is the degree (EiF] of

this extension eg.

[C : R] = 2 [R : Q)= [D : Q] =

KIRD-91
, 13 basis ,,,,, To

,
i, .-

are liv . indep

For fields of characteristic a prime p ,
some are finite

,
some are infinite

Givenp prime and h1 (positive integer) ,

there is a unique field of order g-ph (up to isomorphisa)
Finite fields : E,,, ,,, , E,

Fir
,
Fa , Fi ...

car # = 2
.# 10, 19,

13 # # of degree [Fp : ) = 2

with basis 1
.
2

20I
# = Sa . 1 +ba : a

,be 3
- 90 ,

1
,

6
, 13 where = x+ 1.

= 50
,

1
,

2
,02 B

F: []
The minimal poly of < over t is *+ X+

1.



Irreducible polynomials over F = 30, 13 There are 2 polynomials ofdegree n : X + c.,

x+...+ 44 +

degree 1 : X
,

X+ 1 (both irreducible
and they are all monic

Co
,

4
, ..., C-1#z

degree 2 : x
,

X+ 1
,
x+x

,
x+ x+ Let a be a root of x+ X+ 1

·

The other roof is 9+ 1·

If Il Il

x.x(x+1)(x+1) X(x+1 Tirreducible
a+ x + 1 = 0 =7 a= - x- 1 = x+ 1

-reducible
degree : 72 = X. X. X Note : The roots of ax+bx +c = 0 areian

x+ 1 = (x+1)(x+ x+ 1)
except in characteristic 2.

Y+ x = x. (x+ 12
y+ X+ 1 irreducible
(3+y = x. x.(x+1) = #(8] where V is a rootof x+ X + 1 :

.
e .
Y= #+

y +x+1 irreducible
= Ea . l + b . U+ c+2 : a

,
b

,
c 3. j= 1

p+ m+x
= x(x+ x +1

y+ x+x+ 1 = (x+1)
= 50

,

1
,

0
,

%, 1,
83

, 87 1,
878,83. v'= y

g3 "j6 "4 "5 ,
Ingeneralthe nonzer elementsof + X+ 1 has three roots in Eg : yt = By

Uhthree roofs in #s :

u5= 8+ j2 = j8+

u3= 3+871= (+)+ 12
There is only one finite field of each order q= p" 23

, 2526= y
+

=+ 1

C prime, =1) up to isomorphism. j7 = 13+y= (N+ 1) +V= 1

If Eg is a finite field then it must have char= p for some prince p

=9Soisanexterhaveto spacof some derlina
q

= ((q) = ph



#q = Fli] compare : ( = Mli]
,
QiXQ

,
=F. 91

, 13 is
abasisof the externsa

&(i)Q
= Eatbi : a

,beF3
=

Si,,
Hei,is i=Fi = 12 F: (i)=[E]
" po = /

A = p = A + i

= (+ i)=A+ 2i +Y= 2i
O is a primitive element : its powers
give all the nonzers elements of Fa

.
= ↳ii)

= Etzi =i

p=0 = (1+zi) (iti) = 1 -2 = -1 =2 Si03 = 04. F = - p = 28 = 2 + 2i

03=!02 = -pr 93 ·
S

07 = 0% p3 = -f

Every finitefield Fr (g-ph , p prime) 08 = 04.84 = - 84

laprimitiveeemiean aeelements = +e *

Why? Idea of proof : Eg, to see thatI has a
·

37initivenonzerelement tamultiplicatea 95-
· dihedral group of

order 8 (symmetry group of a square 3 nonabelian
· quaternia ....

"

Every abeliangroup is a direct product of cyclic
(four elements of orders

,
two elements of order 4,

E 8
C one element of order 2) groups.

abelian
..

2XC (fourelements of order 4
,
three elements of order In =cyclicgrove

ofona

CXCXCe (with seven elements of order 2) Cu = 31, 9 , 92, ...,g
"3

, g= 1.



In a field of order 9
,

the polynomial - I has at most 2 roots.

(In F(x)
,
where E is any field , every polynomial of degreek has at most k roots.

If f(x) + F(x] has k roots v...., +F,
then f(x) = (x-r

,
)(x-2) ... (x-ru)h(x)

-

degreek

-Fis
,

it== 12 In #
,

+ is already a square.
I

,
E is a basis #(i) = #(2] = #5

Q(Q] = Q(2] = Q

RIE] = R

R(i) = C
In R(x] X2 is reducible since x=-z = (x++) (X-r).&

S X+ 1 is irreducible.

How do we extend #p to Ep ? We want a quadratic extension [F : ) = 2.

A choiceof basis is [1
,
5a3 if at # is not a square of any element

in #p ie. F-at #x]
should be irreducible.

When p is an old prime, there are p-, nonzers elements and halfof them are squares,

half are nonsquares.

When p
= 5

,
the nonzero elements of # are 1

,

2
,

3
,
4 where 1

,
4 are squares ; 23 are no squares.

#25 Ele] = #[E] .

When p=2
,
y-a = (*) ie

.
x = xx

,
y= 1 = (x-1) E = So

, 13 has squares only
reducible reducible But x* X+ 1 is irreducible in F(x]

# = Flx] , a roof of *+ x+ 1.



If g= ph then Fa > # is an extension of degree (: ) = b with exactly k automorphisms.

In Fa = Fali] ,
the map

atbirg arbi is the monidentity automorphism.

In Es = FE] ,
the .. atbesabiz .-- ...

Ap = #n(x) the map ----.
..

: 50,
1
,

4
, 93 Xm

= B

Finite fields are Galois extensions of their prime fields : Fg2# , 9= ph , p prime

[F:] = b so G : Antig has order 161 = 1 and 6 = 50
,
0

,
02, ..., 04 3

,
o= c

.

Here(x) = X*

o(xy) = (xy)" = x
+yx = o(x)o(y) for all x

,yeq
w(x+y) = (x +y) = i

+ pty
by the Binomial TheoremWyx

where ()=! n != (x2x3x... xn

= x
*

+y = o(x) + o(y)
0 :F-> # is a homomorphism. All elementsofa are roots ofxx
bersistophism o is an autonopin i
Aut #g 291 ,

0
, 0303, ... 3 but these automorphisms can't all be distinct F

In Fg" = Ex+ Fa : Xol is a↓ (x) =o= = x = x= multiplicative group(actuallyok = 1 of order
q-1 · x51 for *



Eg . #> #2 of degree [:] = 2 with basis 54
,
23

# = 50
,

1
,

9
, B3 where B = x= x+ 1 Aut # = (0) = 32

,03 -wi= Sal + b . < : a
,be 3

G = (0) = 4 1
, 03 B

F- <1 Y

Eg . #3 # : 90
,

1
, 23 , (i) = 2 with basis 30

, 13 0(x = x *
#g = [a + bi = a

,
b #3 cla+bil = a-bi

2 2.

i= F = E
for a, be ts i -i= 2i

2 ;
-Zi= i

atbi a-biE
,a

(a+bi)=3bi + Ya(bil+(
= a-bi

Eg .> = 50
, 13

,
It :F ) = 3 = 161 where f= Autis = (0) = 51

,
0

, 023 , 03:1

F = (a + bu+ c : a,
b

,: 3
,
8= V+ 1 o(x) = X-,

O
St

,
U

, 823 basis o(x) = (x+= x4 -
jFORGAto(x)=YY 22 re V+22
81+ y 28= 1+y2
v= 8+ 82V
=r+ vg= 1 + ph
27= I



If F(x)tFIx] is irreducible ,
then we say any two roofs <

. B
of F(x) (typically in an

extension field EIF) then <
, B are conjugates.

Eg
. f(x)

= X-2 EQ(x] has roof It + R or in QI]
.

IE are conjugates.
If f(x) = X+ 1 - Q(X) has rootsit K or Qli] ·

In are conjugates
In E there can be an automorphism of AutE Fixing every element of F and mapping a

roof of f(x) to any of its conjugates.

Eg .

f(x)= -2 has three roots I w,
do wher a=, w =e=

The elements <
,

ow
,
not are conjugates.

These are all the conjugates of X.

in Qw] > &
,
(Q(,] : Q)= 6.

X-z = (x-x)(X- xw)(X- xwz)
Q1x

,w] is the splitting field of f(x) = X32

Q12] is not the splitting field of f(x)= x=z = (x-a)(x2+ xx + 24)

(Q(x] : Q3 = 3 &[Q, 19w] : Q] = 3

spi
Q(w]



Eg .> = 50
, 13

,
It :F ) = 3 = 161 where f= Autis = (0) = 51

,
0

, 023 , 03:1

F = (a + bu+ c : a,
b

,: 3
,
8= V+ 1 o(x) = X-,

St
,

U
, 823 basis o(x) = (x+= x4 =

re V+22
28= 1+y2FORGAto(x)=YYtf(x) = Y+ x+ 1 t #(x) is irreducible

It has roofs in #g : 0
,
gas

o(84) = p: v 05=y
f(x)= y+ x+ 1 = (x-j)(x-y2)(x- (4) o(83) = y

(v+ v+ 1
=

= 0 5(86) = Y2= 25
y+ j2+ 1 =

- Fo must have minimal poly · g()-#, (x) of degree 3 ·

This must be g(x) = Y+ xi+1

so g(x) = X+ X+ 1 must have roots &28", 25

The roots of XXEFIX] are all the light elements of to

Y- x = x(x= 1) = x(x-D(x*+y+ x
+

+ x3+x+ x + 1)

= x(X+ 1)(x +x + 1)(x+ xz + 1)
0 0

,
82

,
8473

,
85

,
96



# : all elements are roots of x
=
-X = x(x+ - 1) = x(x+ 1)(x1) = x(X-2)(x-3)(x- 1)(x+ 1)

= x(x- 1)(x-2)(x-3)(x-4)
01234

subfields of : Fr
,
F

.
# [: ] = 3

Fogle

ot
F It

Math 4550 Spring 2025 = 45 Theory of Numbers

PutnamExamDe-
: 30
pijest line.



More examples of fields : F((x)) > F(x) > F where F is a field.

y ↑
rationalfunctions in X is an indeterminate

laurent series in x
with coefficients in F (a symbol)

Eg . f(x)=withcoefficientin be regarded as an infinite series in x with coefficientie

= Fo + #x + Ex + Ex +... where E

f(x)=+-xxp
fix)=x-xy(2x) - (1+y)2)1 -

x-12)(2x)=text
a

(1 -x- x2)4

=
f(x) = etc.

f()(x) = f
*

(x) = etc.

Taylor series centered at 0 for f(x)=x = f(0 +fax
The Fibonacci sequence E is defined recursively

= 0 + 1x +zx + Ex+x4 +...

by
F =Sn

=
x + x + 2x3 + 2x+

+ 5x5+8x3 + 13x7+...



Alternatively : f(x)==
- yz

= a + a, x + amx + 94 + a4x4+...T + 2 +35 +8
x = (1 - x-xz)(a + a

,
x + a2x+ a

,
x3 + a

,
x" +... )

: (X +Ca + Ca + (a) x. .

! "

Third way : ·F = 1 + u + u+ u3 +n
+

+ ... (geometric series

since (1-u)(1xu +u+u+n
+

+ ... ) = 1 funy -fi+y -
u+y+ ...

= 1

Substitute n= x+x=

=xx
= X ( + + (x+ +2) + (x+xy + (x + x2 + (x+xy

*
+... )

= X( + + (x+ xy) + (y+2x+x4) + (x+ 3x4+34+x) + (x*+ 4x5+ 6x*+ 4x7 +y8) + -.. )

=x(d + x + 2x2 + 34 + 5x4 + ... )

= x + x+ 24 + 3x4 + 5x+..

Fourth method :

·Fi = #x+x

= x = A(tpx) + B(tax) =
(ox= += A(1-)=
(0x= +) + = B(1- + )= 1= B(B-x)

= B(-)
a

. B are the reciprocal roots of 1-x-x2 = Y(X-x- 1)
-> B=-

=
~ 1.

618 -0. 618

*** F-x)=-=x==+35

where F= / so BoE Enn = & roundedtotheleger (1) , sodecaysexponentit at



E. g .
Cout the numberof sequences of o's and As of length having no two consecutive I's.

n

O i 90 = /

F a, = 2

2 08
,

10
,

01 92= 3

3 000
,

100
,

010
,

001
,

10 93 = 5

4 ------- 94 = g

Other series are relevant in combinatorial applications in which FN) cannot converge anywhere eg.

f(x)= !x = 1 + x + 2x + 6 + 24x
-> 19-

f(x)" = (1+ x + 2x+by+)= 1 + 2x+ 5x7... -> O

E= + 1 + 2x+ 6x+ 24x3+.. +

=x-y
= x+ x+ 24 + 2x

+
+ 5x5+ 8xb + ...

= ...

What is a series fex) = Go + a
, x + anx+ a

,
X +... really?

We think of fas the sequence 190
,
9

,
92

,

9
,

... /
So if g(x) = bot b, X + baxit ... then g is really g is 160

,

b
, b

, by, . (

E-g = Gotbo
,

9+b
,

getbe
,

az + by, ... / entrywise addition

-globtab, abtab, ababababo)=ko),



F((x]] = power series in x with coefficients in F (a ring)
F((x)) = field of quotients of F((x)7 (like FlIx]] but with some negative powers ofx)
eg
.

F= = 50
, 13

-= higher degreeso
x+ x* +y + x7+... = (x+ x3+ x+ x+ .. )(x*+ x + 1 + D ... )

↑
Ox

In the ring Fl(x])
,

the units (i.e .
invertible elements) are all the elements with nonzers constant

term.

F((X)) is however a field i.e, all nonzers elements are with

why can't we allow infinitely many powers of x with negative exponents as well as positive exponents ?

(... + y+x+y+ 1 +x + y+y + - .. )). +5+ 27+ 7x+ 11 + Bx+2+ 3+ x*+x is undefined whereas

(x+y+ 1 +x + y+y + - -. )(7x+ 11 + Bx+2x+ 3x+ x4+ -y = 7x+ 18x2+ 3(x" + 33 + 36x +...

FixF(x) =(x+-=x

F(x]

#



Automorphisms of Q(x) >@ includes 7(x) mo F(x+ i has inverse f(x) re f(x-17

f(x)+g(x) +> f(x+1) + g(x+ 1)

f(x)g(x)+- f(x+ig(x+ 1)
[Q(x) : Q = - (actually so (

This is a start on one of the HW4 problems.
How about square roofs ?

For F(x) -Q(x) ,
when does - Q(x) ?

# Q,
(x)

. Very small traction of functions f(x) eQ(x)
havex) - Q(x).

egF the E = F() = Q) = Q) since xQ)
,

in faxQ

MX = 90 + a
,
x + a2Y+ Ay+..., ait &

eQ((x]]

H + x = (a0+ a, x+ 92y+ax+... - = a + 2909,
4 + 19+ 2909)*+ (2009+ 29

,92)*+ (a+ 29
,an + 29an)x

+
+.

9 = 11
.
Let's take 90= 1. =

1 + 29
,
x + (a,+ zan)x + (2ay + 29

,92)x + (a2+ 2993 + 294)x++..

Now a
,
=

92 = -t
= 1 + x + (y + 2a(x + (29y+ a2(x

+ (a2 + an + 294)x
*
+

- -

O

93 to
etc.

My = 1 + Ex - Ex + tyx ...

The two square roofs ofX in Q(X) are tx = = (1 +Ex-Ex+ tyX- ....



Bromial Trem (1 + x)"= (i) (2)=:
h !

k+ 50
,

1
,
2
, ....

at R.

(Polynomial of degreek in a i

but if a 90,
1
,
2
,3,

then this value (2) is

entry k in row a of Pascal's triangle)·

* -E.=-
um

=+ + 2x - jx + +x - E8x4+.. - - Q(x))

E R((X]] On4 about #3 (?)= -Q ((x]]
QQ((x]]

#x =2 +Q(x]]

If g= ph , a prime hi I we have a field of orderg , unique up
to isomorphism ,

denoted Fg
.

First suppose a is old i.e . p
= charE is odd.

Half the nonzero elements are squares. "ABLEWAS I EREI SAW ELBA

Eg. # = 50
,

1
,
2

,
3

,

4
,
5
,
63. : File] : FlE] = Flis]= li) ,

iF

- - -a is reducible iff a is a square.

x-a is irreducible iff FluS > F is a quadratic extension.

- 3 =

-2 =

· If 9: 24 then every elementof
g

has
auniquesquareroo andXTis-



QCI <R
* R : reals

,
R*: hyperreals

Back to basics :

LetReagadomn ie commentative ring with identity
I having no zero divisors (ie , abo afa

An ideal in R is a subset (actually subring) which is closed under taking R-linear
combinations .

A subset ACR with OtA is an ideal if

Eg .

ifMatAfallT is

(a,, ... an) = Gr,a,+.. + ran : V ..., r + R3 (Compare: theSanof
a set of vectors in ais

Eg .

in I
,
fix an integer m

.

The incipal ideal generated bym is

(m) = 3rm : reX3 = S..., -zm
.

-m
,

0
,

m
,

2m
,

3m,
. . . 3 is an ideal in I

The quotient ring is [/(m) = /mi = Ecosets of (m) in&3 = 5 (m), H+(m)
,

2+(m)
,

. . .

,
m+ + (m)]

Informally #
/mX

= 50
,
T

,

2
, ..., 3 or more informally 50,

1
,
2
,
...,

m-13

/p)
is a field

. 2/(m) is not a prime unless m is prime

4/6) = 50,
7
, ..., 53 is not a field. [.5= C = 0 (zero divisors 2

,

3
,
4 ; mits[

,
5 = -1) .

fails to be a field because the ideal (6) is not maximal ; it is contained in (2) and (3).

/(3) 2
--

/(2)= # and /3) = He (2)= 5....
4

,
-2
,

0
,
2

,
4
,
6....3 (3)

= E...-6,3
,

0
,

3
,

6
,

9, ... 3 examples of maximal ideals
& (not contained in any larger

are fields. (6)= E ...,
-12

,
-6

,

0
,

6
,

12
,

18
, ...3

an ideal which isidealsmaximal (it's contained
The quotient ring R/A is a field if the ideal A is maximal. in larger ideals) .

We use this to construct R
,

M
*
and essentially all other fields.



eg. [x] has many examples of cubrings and ideals.

eg. (x+ 17 <[x] (x+ i = 9h(x)(x+ 1) = h(x) =2(x]}

2(x]/(x
+ 1)

= [a +bx
"

: a
,beR] = Satbi : ab 13 = Xli].

"Gaussian integer?
"

The ideal (x) is not maximal. Not a field,

We have a homomorphism I : [x] -> [i] Theonly units (invertible

which is onto
.

Its kernel f(x) m f(i) levaluate at i) elements) are 1
,
-1

,
i

,
-i

is Ker = (+ 1.

The first isomorphism theorem forrings : X1]/( * Pli]

Y Y Timage ofodomain of 9 kerel of o

(3) = 53h(x) : h(x)tX(X]3 is also an ideal of [Ix].

***) =x] ,
# = 50

,
1

, 23 #x] is a ring but not a field .
(3) is not a

maximal ideal.

2(x]
&(x)/

(3
,x

* F = Satbi : ab-E3
. I

is afield
(3,+1) = 53h(x) + (x2+ 1g(x) : h(x)

, g(x)t[(x]3 .

12
(3) (x+ 1) non-maximal ideals



Construction of R from Q love way
Q = 3100

,

9
,, 92.... ) : sitQ} is a ring with

coordinatevise addition
, multiplication ,

subtraction

(1
,

1
,

+
, 1

,

. . . ) (90
,

9
, 92

,

.. ) = 190
,
9
, 92

,
93

,

... ) commutative wing with identity
(1

,
0

,
1

,

0
,

1
,

0. ...) (0, 1
,
0
,

1
,
0
,

1
....) = 10

,
0
,

0
,

0
,
0

,
0.... )

= 0 zero divisors. Go is not a field.
1zn/-

I = < (70
,

7
,72 ,

... )Q: for all n there exists M such that-cznin wherever h > M 3·
i.e

. En-0 ask-00 · (The sequences of rationals havinglimz-=
This is a subring ICQ0
A larger subring RCQo is the subring of Cauchy sequences

i
.e.

R= Ev= (ro
,
4

, m
,

... ) 08 such that for all n there exists M such that Irrel t wherever 6
,
> M3 .

RCQ0 is also a subring .
(communtative ring with identity)

ECR is a subring ,
in fact I is an ideal in i

R/ze R

There is a field R
*

> R having infinitesmals and infinite elements.
extension

In R
*

there exist elements atR
* such that 250 but 24th for n= 1

,
2
,

3,..

Note :ZCQ is not an ideal in Q e
.g .

(1. 2
,
3

,

*
,
5

,

:7 (1 ,
2

,
3

,
4

,

5
%) = (1 ,

1
,

1
,

1

,

1:)

* ⑭ z



Ro= &(ro ,
4

,
2

, 5.... ) : rit R3 communtative wing with identity 1 = (t
,

1
,

1, ... (

We will construct #
*

= R% where ECR is a maximal ideal . What max,
ideal is this ?

= S(0,%,
0, *,*)3

R = 5(r,, E
,
5
,
4) : ri-CRY has 32 ideals e

.g.
J = <10,

4.
,
0

,
5

,
44) :,

5,-R3
U = S (ro ,

"
,
2

,
3

,
447 : rotr, +ratistic

= 03 is a subspace of R but not an ideal e
.g.

(5
,

0
,

0
,
0
,
0 : (1

,
1
,

1
,

1
, -4) = (5,

0
,
0
,

0
,0) U

5 Y

/R
E(*,*,*,*,3 = R

RY(0 ,*,*,#3 R E, , , ,0 ... (20***] 5maximal ideas

Nothing new
.

-

3(+,7 ,
0
,
0
,03
-

9(,0,
0
,003 90.007. ... (10,000,

510,
0

,
0
,
0
,
0)3



R= S***...) = [Cro
,
Me

, + , . ) : TER3 commering with identity
J= (o*****-) = G(0,

r,,5 ,
4,..)

: ER]

RY ER (Boring)
(1 ,

0
,

1
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