
Math 3500

Algebra I:
Group Theory

Book 3



Eg .

E = # = 50 ,
1

,
2

,
.., pri where

p
is a prime

(finite field of order p)
Take n= 2 and consider the vector space V = F" = &(3] : a

,
b #3,

an additive abelian group.
of order pr

Every homomorphism V->V is a linear transformation our the field F

If T: /-> V is a homomorphism them Traw) = Th + T(w)·

T(2x) = T(r+ v) = T(r) +TG) = 2T(r)
·

T(sv) = Tru + u] = T(2u) + T(r) = 2T(v) + T(u) = 3 Th) ·

In fact T(kv) = kTW) for all ke F
& TV = Av for some 2x2 matrix A over F

There are exactly p"homomorphisms11->1.
How many of these p"homomorphisms are automorphisms of V ?

(p-1)(p2-p) = /Gh (F)) ·

The Klein four-goop (any group of order ↑ which is not cyclic

=
eg. Ge [1 ,

3
,

5
, 73 under multiplication

mod

·or <(12)(4)
,
(137(243) < Su

= 9()
,
(12) (34)

,
(17(24)

, (14)(23)3



F = E = 90
, 13 liteges mod 2)

GE F = [15] : <y + F3 = 91]
,
10)

,
(i)

,
(i)3 is an additive abelian group

This is another
way
to look at the Klein fourgroup.

It has 6 automorphisms i.e . isomorphisms from the group
toItself.

The group G (Klin fourgroup) has 16 endomorphisms

1d : 11 =

=Chomomorphisms G-> G).
why? To define an endomorphismTof 6 : 91

,
9

,

b
, 23 ab = c

= (a
,
b)

think of T as a linear transformation TiG-G

there are four choices of Tal + 6 i

.

.
e. Tas + 91

, 9b , 27
-----TibyG

Then T(c) = Tlab) = TCaST(b)

Only 6 of these 16 homomorphisms are invertible.

How
many endomorphisms does a finite cyclic group have?

Take G= C = S1 . 9 ,92,

--

; g3 , 1g) = n
.

How many homomorphisms are there from this group to itself
? Exactly n

They are the maps,"..., where $ : -2
, P1g) = g.

Note that Pjkxy) = (xy)"= Xyj=j(x)fjly) so d is a homomorphism.

Note thata b for jak in 10 , 1,..., n-3 -

since big) = gl + P1gh + gb so we have at leasta different homomorphisms (+ C
.



Conversely suppose 6 : -> In is

any homomorphism .

Then p(g) = git G ,

0 i < n-1 . In this case we claim !=
ii

4) (g)= (gg) = p(g)f(g) = gg = gh = (gz)"= ((g)

q(g3) = p(ggy = 419)(/g) = gigi = ga = (g2)" = &197

Inductively we getf(x)= 1) for all x+ 6 i
.

.e. 6:% I

eg. G = C = 11
, 9 . 94937 has four endomorphisms t ,

%
, %21 defined by

& (g) = gij
↓ (gi) : go=g-$, (x7 Call trivial homomorphism1 I A

ag blab) = (a)9 A g g
2

A
2 -

g2 & g 9 &

g 99 g & (g)) = g
*

= gi is the identity

bigi) = g
, %(x) = x

3
A 2

I% (x) = x

E 4/gi) = g
then

g
= 4192) = +(gg) + 2/g

=

gy) = (y)yl



G : 11 ,9 ,92, ..., g las n homomorphisms G- G
, namely = X

,

Ocken-

or 1ka .

How
many of

these
are isomorphisms ? (bijectives

& : G->G
,

X2*t is onetoons if it's onto iff it's bijective iff gcd (k, n)=1
-

For n= 12
, di C->C is bijective iff ke 51

.
5

,
7
,

113. Ck is relatively prime
toe

&: C-G2 has image (2) = 91
, 93, 95, ga3 t is neither oneto one

nor outo.

& (1)= G(gt) = 1

the image of fig-H is f(2) = [7(g) : ge 23. 9 ((2]

%:- G is onto ; its image is 91
, 95, go, ggroghso4g

"g "gs"gig "g" "g4"gs
%: 22- >G is not outo: (42) = St

. gag, g) goo, s
Endid'sAlgorithm.

(extended form) :

Let ab -1
,
not both zero

,
and let d= ged(a,b) .

Then there exist integers rise I
such that d= ra + sb .

(that is
,
dis an integer linear combination of a

,
b) .



Eg
.

a = 369
,

b = 126
.

We will compute d = gad(a,b) and write d as an integer
linear combination of a,b.

369 = 2 x 126 + 117 2
126 = 1x117 + 1d= 9 = gad (9

,
b)

117 = 1349 + 0

9 = 126-117
= 126 - (369 - 2- 126)

= 3 x 126 - 369

12 = 2x5 + 2
We want to show every element of C

is the

5= 2x2 +D = gad (12
,
5) =

5th power of some element.

2 = 2x1 + 0
G
k

=

9
5kx5- 2kx12

= 195kys (g12gth = (g5ky
1 = 5-2 x 2 (k+2) u

= 5- z((2-2x5)
= 5x5- 2412

k = 5kx5 -2kx12

9 = 369 = 3x123 = 32x41
b = 126 = 3 x42 = 2x3x21 = 2x3x3 x 7 = 2x3x7

.



There are a homomorphisms & : -E ,
be $1

,
2,.. 23 q(x) =x

isomorphisms C.-En ,
namely of ,

Khea, god(k, n)= 1.

-
-

There are, is totient function ↓(n) = numbe of integers ke 3, -

-; n3 Such that

p(12) = 4 .
gd(k, n)= 1 .

Sorry I'm using "" more than once.

There are exactly plus elementsX- In such that <x) = In

For n = 12
,
$114) = 4 Since 1

,
5
,
7

,
11 are the only elements K*912

,

"

; 13 such that
In 42 = 51,9 , 92 ..; g"3

,
(g) = (n = <g) = 1g7y = <g") gzd(k, 12) = 1

.

Suppose f : G->H is a

group homomorphism.
Them f(12) = A

,
where Is is the identity element of G and I is the identity

element of H . Eg .

if T:/-W is a linear transformation them

T(0) = 0
↓
zero rector

.

Proof : f(tsta) = -(10) F(12)
· Multiply both sides on the left by flig"EH

-
-f(n) to get I= F(2) =(=) = F() .

I
a

f(((+) f(a)) = (f(d)" f(7) f(+2)



More generally , 18191) divides 18) for every get (assuming Igk +)·
If (g) = 6 then If(g)) = 1

,
2

,
3 or 6.

If Ig = 1 then If = 1 (which says f(y) = I

Proof ? Note that Figh = 71ggg=
flgg) = f(g) f(g)
flggg)) = F(g) F(gg) = f(g) f(g) fig)

Now suppose Igl = n and d = If(g))
.

We must show that din.

We have n = gd + r for some integers go
with ozued. The

1 = g= 1 = f(1) = f(g) = f(g) = f(g) (f(q))9f(g)" = 19f(g)"

By definition of the order of an element
,

no
,

i
.

e . din
.
En fig)

Our way
in which group theory is different from linear

algebra : If V
,
W are vector spaces

and
you

take ve V
,

we W
&

You can always find a linear transformation T: V-> W such that T() = w

(unless v=0 and wo) .

Recall T(0) = 0.

If F : C-> C2 is a homomorphism then we cannot have F(g) = gY

since 19 = 3 does not divide Tg31 =
4. Every homanorphism

91
,
9", 92, ..., g"3 f (2-> Ge must take fig") + 31 ,94983 .

Use %
.

%, % tothe



Careful : In Sa
,

there are several homomorphisms 54 -> Sa.

If f : S
-
-> S

,
is a homomorphism , f((12) + & 12, (12), (127(34)

, ...3
elements of order ( or z

But what is an example of a homorphism F: St-> 55 only .

such that f((12)) = (1)(34) ?
(3 if o is even (ie. Ef As

You can say f(0)
= 1 (R)(34) if o is odd·

This is not an isomorphism.

There is an isomorphism ofties,suih that $((123457) = (124537 ?

Yes
.

More generally if G is a multiplicative group and aef
,

them we can

define an isomorphism It :6-6
,
+(x) = axa" / conjugation by a 7.

4
, (xy)

= axya = (axa)(ya) = e
, (x)4ly) for all pyt8.

This shows that Ita : G-G is a homomorphism.

why is it onetoone ? If4o(x) = Hax) then axa = axa then Atxtal = alanatic
So X =X

Why is it outo ? For all yeG , we must find <G such that
,
Ha(x) = y

aXa

- : 6-> G is a bijection x=yaxa))y = aya

and it is a homomorphism i
.

e. laya) =

y
so it is an isomorphism fromG tod so it is an automorphism of f.



If G is abelian then et() = axa" = aax - x i.
.
e . Ha = identity·

The center of G is [IG) = EztG : z commutes with every element of G3

)
212) is a subgroup of 6 .

If z
,
Ezt[(2) then Ect2(6) since

zEg = z
, gz = ge for all ge G.

Clearly 1 = 1
,

commutes with every g+f since Ig : g
= gl ,

1-2 (6).

If ze 2(6) thenth(G) since for all get,

zg = gz so Elegie" = Elge) so ge = Eg.

If at2(G) then valx) = axa" = xay= x so ta = identity
In the dihedral group of order 8

,
D = /F

,
R

, RYR,
H

,
X

,
D

, DS ENS) = [1 , R3

nontrivial abGl
We have an automorphism of Do
(x) = R = DXD = DxD

(1) = I #(t) - I (H)V

& (1)
= -I in (1)

= REI)R" = - IRRY = -I 4) = -I H(v)=H

(R) = RIR= R j(R) = R3 (D) =D

H()= PER = R= R
up(R) = R (DS=D

(H)= Y(D) = Di

() = H ↳(R = R2
HR (D) = D



Four automorphisms of Do :

== identity Since I
,
Rt[(Ds]

He
= His
=

-xe6then we says axa is the conjugate of a by a

Conjugation in G is the map Xmaxal
for fixed at 6.

We say
two elements x

,yea arejugate if y : axa" for some + G.

In this case we often write xwy.

In GLCR)
,

two elements are conjugate iff they are similar.

Conjugacy the relation v) is an equivalence relation.

Do has five conjugacy classes
: [13

,
&R

*

3
,
[P

,
R33

,
[H

,
V3

,
SD

,
D3.

In any group ,
the conjugacy classes

of size I are 573
,

ze2(6).

aza"= zaa= z

2(G) is the unior of conugacy classes
of size I in 6.



Given 9
,

Xt6
, Hix) = axa" (the objugate of x by a)

I : G-> G which is conjugation by 9
.

its is an automorphism of G : it is bijective andolxy) = Haealy)

Eg . Conjugation in S
u
takes permutations to permutations of the same cycle structure

(ie. it preserves cycle structure).
When we count elements of Su according to their cycle structure ,

we are

actually counting group elements by conjugacy classes .

For n = 8
,

0= (137257(48)
,

e= (14)(25367. Conjugating o by + gives

ef (o) = +ot = (((2546)(17253(48) (12335) = (183(2)(34675) = (187(34675)
T -

Observe : o andtot are not only the same order
, they have the same cycle

structure.

But conversely T

if two permutations have the same cycle structure , they
must be conjugate. Why ?

o= (13725)(48)
drtV T= (14) (2536)

To" = (46753) (18) = (18)(34375)

Eg .
Find to So such that t (135)(2746)+ = (1823)(457)

adddd e = (142)(35786) works.(457)(1823)

OR +(135 (274)
= (1823)(45

add Nodd + = (154)(2)(37)(68) = (154)(37)(62)
(574)(2318)



Given gtG ,
the centralizer of g is < (g) = 5 all elements of G that commute with g.

= [ztG : zg =gz3
Once again, ((g)

G ((Ig) is agroup of 6) .
If z

,zzt((g) thent (f(g) Since (EEz]g = =
, gzz = gz,z2

↓t ((g) since Ag =

g
= g(

If ze (1g) then Et (fig) as before (back 2 pages or so]·

If x and
y are conjugate in G them the number of elements atG conjugating

X to y is (()).

Eg.In G = Ss
,

how many
elements -- So conjugate (13725)1451 to

(46753)(183 ? Same as : How may elements commenter with

= = (15725)(48)
.

Answer : 10
.

In this case.

Why is toe the same as o with all symbols in the cycle structure replaced by in (i) ?

0 =1 ...,
i, +(i), ...) (- .. ) ... (. . .)

(to: (((i)) = toftli) = +(o(i)) i
.e. If A + Gl

.
/F) is diagonalizable (which happens over Imost"

-of the time)Tot= 1 ..., tis,

polil), .. ) ... ( .... )
then A is similar (i.e . conjugate)to
↑

a diagonal matrix in 6\(F) ,
i.e. A : BDB"For

some diagonal matrix D and B+GL(F).

Similarly in Gl
.
(F) : x Ax : BDBy

4) : Bit Y scales e Sie ,
wheree d ↑B
iE Diy Scale it coordinata



Example : The group
G of legal moves of Rubik's Cube has order 161

= 43252003274489856000

(depending a little on whether or not we count moves that move the six center pieces).
An example of conjugation in G:

Lik
/ 3
Z

L ↑ 1-1
In our class

,
we might write ↑

↑
22 - I -1 - 1

w=DviBUBUBUBUBU BUB

(right to left composition) but the W
standard guides For cubing would 3
reverse this lusing left-to-right
composition as mathematicians
prefer) .



I
Tot

p
Commutative diagram

Tox
-



IfG isanygoupthen namorphism
ofG is a bjection p:G suct a

Eg .
If G : C = <g) : E , g , 92, ..., gividen ,

then there are p(a) automorphisms of In
where (a) = 15h : 1k, gacku)= 1)) , I is Eller's talent function.

& (x) = xk
, p(g)) = ghi is a homomorphism 2-> En ; it's an automorphism iff god (k , 2) = 1.

# n= 6
,
there are 6 homomorphisms : 27%, xm **

p
,

(x) = x identity
&() = X is not one toone since/g3) = 193=g = 1 = (1)

↑ (x) = x3 is not onefor one Since (g) = (g2)" = ga = 1 = p
,
(1) = $19") = g= 1

%(x) = x + is notonetoone since 193) = 931"= g= 1 = 11

& (x) = x*= X is over to-one , ↑and outo.

92 39t
&9
5

9 g

Eg. theAut(f) = Sallautomorphisms of G3 is a group (not to be confused with 67 . autopifG= In Aut (C) = 30,, %: 3 =C 19 Ps -

·
identity·x =x

9
I ↓i



#Gtekogationby
is

an ineomorphismo a




