
Math 3500

Algebra I:
Group Theory

Book 2



Similar to HW#2 : How
many

elements of each order does In have ?

I element of order I : 2) = identity I

- (2) = 6

9 elements of order 2 : (12)
,
(13)

,
(14)

,
(23)

,

(24)
,

(34). transpositions
-(2)==3

(12)(34)
,

(13)(24)
,
(143/23)-

3)elementotordereA 32
-

24 = 4 ! = (S4/ (Sn) = n! = 1x 2x3x ... xn

InIn the number of nicycles is (n-1) !

The binomial coefficient (2) (in choosek") is the number of ways to
cloose a subset of sizek from a set of size n. By the way, (d)=-b) !
(2) = kth entry in th now of Pascal's Triangle
(4) = number of 2-subsets in 14) = 31

,
2

,
3
, 43

Binomial Theorem (x+y)"=a
-6

Pascal's Triangle
n = 0 I Mrn=

1 I I
n= 2 121

n = 3 1331 O

n = 4 14641 ==+n= 5 15 10 10 5 I

n= 6 1 6 15 20 15 6 1

n = 7 I 72135352171



A transposition is a zcycle (ij)Su ,
itj in (n) = $1, 2, .... n 3.

Products of disjoint transpositions e
.g .

(13)(25)168) - So
are elements of order 2.

How many elements of order I are there in Sy ?

Transpositions : (12)
,
(B)

,
(14)

,
....(67) i.e . (ij) where itj in (7) = 31 ,

2, ..., 73

(2) = 21 transpositions
Products of two disjoint transpositions e

.g . (267(34) = 13471267

Number of these is( = 10-

Products of three disjoint transpositions eg . (1st (27) (36) = (15) (36)(7) = (27)t
Number of theseis

Number of 3-cycles in Speg ,
1274) : 2157 = 2x35 = 70

J 280+ 70
Number of products of two disjoint 3cycles : eg . (274(356) = (356)(274) = 350

-

dements% 70· 1572 = 10 . 4 = 280
of order 3

Elements of order 12 in Sy eg .

(142(3756) in Sy
70 : 3 ! = 70. 6 = 420 elements of order 12 in Sy



Revisiting the dihedral group of order8/ symmetry group of a square)
G = EI

,
R

,

R2
,
R3

,
D

,
D , V

, H3
viewed as a group of permutations of

the four vertices

H m (12)(34)
I m 17I R+> (1234)

V -> (14) (23)

Dr (13)
R

&

-> (13)(24)
D2(24)

B > (1432)

G E subgroup of Sp : (1)
,

(1234)
,
(13)(24)

,
(1432

,

(123(34)
,

(14)(3)
,
(13)

, (24)3
RV = (1234)(1423) = (24) = D

&
= < (1234)

,
(13) Y

This is an example of a permutation group of degree 4 ,
i
.

e .
a subgroup of

A permutation group of degree n
is a subgroup of the symmetric group Sn

.

heorem) Every finite group is isomorphicTheorem (Cayley's Reprepresentation
to a permutation group.

In fact
,
if 161= 1 then G is isomorphic to a

subgroup of Su .
(But we can usually do better

. Eg .

the dihedral group of

orders is isomorphic to a subgroup of Ss .
But Sy is even better . )

The two most important general classes of examples of groups
are (i) permutationgroups (i.e . subgroups of S.) and

(ii) Ifnear

groups (i
.

e . subgroups of GL
. (F) = Sinvertible nxumatrices

over a field F3)
·

eg.
F= R

,
K

,

Q,= 50
,

1
,
2

,
..., p- (integers mody



The dihedralgroup of order t is also a subgroup of GL) = 51) : a
,

b,-Th,
loi] 100](g] = (5]

ad-bato?.

i [i] 15](] = 13] (the rector (j)
rotated 900

counter-clockwise
R
2:to (i) about the origin)

R= Gio]

: 1)
I R R2R3 H

G = symmetry group of square Soi) ,

1i]
,
10-i)

,
Gio]

,

10.],

D: 25
[69]

,

167 , (i)
V D D

subgroup of GL(R)

'E [[i] 1963)
i lo :] commutes with

every
element of

(not so immediately obvious from the other
ways of representing G) .



Similar to HW2 #4 .
5 : # = 90

,

1: p-13 integers mod p .

eg . p = 3
,

F=
z

= 90,
1,23

E = 2
F = &(5) : a

,bef3

-- 172 = 32: 9

2x2 matrices over F there are 3812x2 matrices over F . (II]
Gl

,
(F) = 319 b : a

,

b
,

c
,
-F,

ad-bc +03
iad-be = lorz i

.
e ,

ad-be = #1
-

16,
(53) = 8x6 = 48

X & 9. 3 = 6 choices
for first for the second
clume to be culum to be not

nonzero a scalar multiple
of the first column

.

eg . g = (o) -> GL(7) => g= % <]o2) = 16i] = E

so Ig )= 2.



Eg .

F = F = 50 , 13 i · i.e
.

detA= 1

Let'fry G= GL
,
(F) = 53x3 motices & over F such that deta + 03

The total number of 3x3 matrices over F is 2" = 512·

(]* *I sa Fis a 3-dimensionse

space over #3

(13) = 2 = 8

eg. A= 18, 17 -> G

* pop)=
= (8 ;/=

IA) =4 Theorder
o the

-

A A

A = AA = (0)(80 = 100 = I

#3 Se ,
19)

,

1 :]
,
197

,

1: )
,

(i]
,
11

,
1173

i ii i is n
A = 10%) permutes the rectors as 15]r17m()-l)re] ie

. 14217)
= (17427

= (1742)(36) (i) 10) m (i) i.e. 16)

has order 4 [i] (b) i
.e. (5)

18) - 187 ie
. 10



B = 188. ] what is the order of B + GL
,
/F)

,
F = 90

, 13 ?

ll]m(i] us l] reli]mli)() ms lo]
" ↳ I Ve ↳ V

i
.

e . B = (1637542) has order 7.

Alternatively compute B ,

B2
,
B

,
BY B, B

,
BE= 1.

17) = 7! = 5040

(A
,
B>= ((1742)(36), (1637542)] subgroup of S of order 168

//

GLz(F)

Note :Ef F= = 90
,
1
,
2
, .., p-h (integers mod p , ↑ prime)

andG = GL
,
(F) =

group of invertible 3x3 matrices over F

then 181 = (p- 1) (p"- p)(p - p
=

) = p(p-1)(p=D(p+ >.
↑ not scalar] notere multipleoa

p93x3 matrices in all ;
but not all of them
are invertible.



# = 50
,

1
,

2
,
3

,
4
,
5
, 63 <1) = 913 <6) = 50

, 69
(2) = < 1

,
2

,43

#" = 41
,
2
,
3

,
4

,
5

, 63 multiplicative <3) = 91
,
3

,
2

,
6

,
4

,
53 = (5)

of order 6
Group (4) = 91 ,

4
,
33 = (2)

(5) = 91,
5

,
4

,
6

,
2

, 33
XI

6135 32645 Ii#4 264513
5 3 645132

45132 6 I
gardenaddition mods

12345 We have on isomorphism from
12345

! 3450
(421 + 7 to (tx]

3450 I defined by % : /62 -> #"34501 2-
& (1) = 3

4 50123 6) 10) = 1 p(x+y) = f(x) f)/y)

&(2) =2 9) big
(3) = 6

&(4)= 4 (k) = 3k

6)(st =5 p(k+1) = y
+ 2 34. 31
=(k) (l)



check that

&↳
4

123/agentor



↑

2026-Apr20a The symmetric group Sn : Spermutations of ln]]
9 11 13

where n = 91
,
2, ..., n 3.

.

Note : there are

16 18 20 n points being permented by (Sul= n != (x2x... Xn

23 25 27 permutations. THIS IS NOT THAT
.

30 I 3

Test on Mon Mar 30
There are (2)=) transpositions in S2.

material prior to Theorem S is generated by its transpositions.-covering
eg. for n = 4

,
S=<112,

1137
,

1147
,
1231

,
124)

,
1343]

,

eg. (13) (12)
= ( 123) = (147(23) (127(34)(24)(12)
-

Theorem Every permutation ofS 2
appes case Sigma M

is either even or odd ,
never both. E lower case signa M

nu

(o is even if it's a product of an
or S

wen number of transpositions ; ↳oc 0= (123)
23

o is odd if it's a product of 3 -

an odd number of transpositions .) 44
-

55

To prove the theorem ,

we must show isthat
() = (12)(12)

if 0= -,2 ts - · Tek
+,

then o F M ,M2
---Mze

- -

To transpositions us transpositions
um



Proof Consider the polynomial
& (x 1

,
X2

,
Xa

,
x4] = (x2- x,) (a - X

1 ) (X+
- x

, ) [xg- *2)(44 - 42) (44 -Xa7

f(x, xe , .... x)= (x; - xi) of degree (2).
kijen

If of Sy then f(xo
,
Yos ,

Yos
,
You) = #f(x

,
42

,

43
,
44)

eg .

for (12) we get
- (x2

,

41
, %

,
44) = (x

,

- *2) (4a- *2) (Xa - *2) [xg- *
, )(44

- 4
, )(44 -47

=
- f(x)

, X2
,
43

,
44]

For (123) we get
f(x-

,
x3

,

x1
, x4)

= (xs- 42)(Xi- x27(x4-x2)(x1 - x37(xx-X3)(x4 -*1)
= f(x
, X2 ,Xg

,
Xp = (x2-xi) (xa- X1 ) (x+ - x

, ) [xg- *2) (44 - 42) (44 - Xa)

The sign of So has value squot = #1 where fo You ," Yoc)
= Egulol f(x) ,

X2
,

",n]
↑

-For 0, 0-Sn , squloo's =

synsgl i
.
e, even x even= even

m evenxodd-odd
#1 odd x even-odd

where o is even if squlo =
1
;

odd x odd = even

odd if syn(o) = -1 .



An n-cycle (i
.
e

.
aNote

:Cyclesofevenlength are addpermutationaerations & cycle of length) is a

eg .

(127 is an odd permutation product ofatranspositions
(53)(12) = (123) is an even permutation
(14) (15)(12) = (1234) is an odd permutation .

(127 (13) /14) = (1432)

(1764)(s
is odd

= (14)(16) (17) (15) (29)(28)(237
- (131

XI

- -
Y3

2Y -x

right-handed coordinate system rightshaded left-handed

(123) preserves orientation

(13) reverses orientation

An uxu matrix A
912- -· Sin has determinant
922- - Azn[ s : - &

An , Anz-- - Sun If n= 3 then

detA = 2 Squ(o) 9,0092 ,002An
,
out def (g) : Azalea

rESu 931 932 Egy

In ! terms)
-

Ez92z9y1-92929zg - 9
, 922932



-
(1)

,
15

,
14
, (2) is anwd permutati

(I
,
12
,
14
,
157



ISn) = n !

An= Seven permutations in Sub alternating group of degree m.-

For n>2
,
exactly half of the permutations in S are even ; the others are odd.

IAn1=
For n= 4

, Sp = 9()
,
(12)

,

(13)
,
114)

,
1237

,
124)

,
(34)

,
(1234)

, (12432 (124), (1342), 11423) (1432) ,
(1237

,
(132)

,
(124)

,
(142)

,
(134)

,
1143, 1234), (243)

,

(127(34)
,
(13)(24)

,
(14)(23) 3

Ap = G() , (1237,
(132)

,
(124)

,
(142)

,
(134)

,
1143; 1234), (243)

,

(127(34)
,

(13) (24)
, (14)(23)3

1Sql= 24
Ap is a subgroup of Sp.
The odd permutations do not form a subgroup ; they form a cosets.

The legal moves of this puzzle form a subgroup of Sia :

C (1 ,
2

,
3

, 4 ,

5
,

6
,

7
,
8
,
9)

,
19

,
10
,

11
,

12
,

13
,

14
,

15
,

16
,

17
,

18
, 193)

The altered positionis3
,15), 6)

Fixingis
which is odd. length !
This is not a legal more !



warming up to Lagrange's theorem :

Let's consider subgroups of a cyclic group In = E
, g , g2, .... g"3 of ordern

, g = 1.

gigt = gitj (exponents mod u). JItI
G is a multiplicative group isomorphic to/I= 30,

1
,

2,.; n-1
,

an additive group (integers mod n)

Special case n = 12 : Ge = St
, g , g2, .... g"3 = (gy

, gi=
↳2 has 6 subgroups : The positive intege divisors of 12

C = <g) = 91 , 9 . 92, -; g"] of order 12
are 1

,
2

,
3
,
4

,

6
,

12.
-"A

Ctrivial subgroup) <1) = 5 1 3
gcd(4,

6) =2 <gig3) = <gy./ <gy = 91
, 92, 94,698,We

<g
*

>
(g) = 51 , 93 , 99 , 923 ... 4 gad (3 ,

4) = 1 = <g,g
+
> = <g) = <g)

.

<g4y = 31
, 94 , 983 -3

<g6y = 91
, 93Y - 2

Theoremlet n
be

a positive ilgenandht
be a cylior a

of order n .

-

n .

Moreover
,

there is a mique

subgroofordenforeypoie itegedividing
particular, the e a

n
.

(g, gb> = <g2y Since <g+gy < (g) and <gy & <g4, ga)

g2 = (gyigh Egt, gb)

(g5>
h

= (g7ytki = (g) ( <gt,g)

(g*) = 91
, 95, 9:48 , g , g , g49g7Y , Evereleme generate,

= (g) = <g") = <gy inverse : <g/ = (g)



2

E
is an additive cyliea

Zero

If a
,
b

,257 with a-ba their

· a is a multiple of b calso a multiple of a
o b divides a

divisibility is a relation between
-

· b is a divisor of a two inte
· bla 1"b dividesa") Note : vertical bar

,
not division

gers

eg . 3712 /3 divides 12 since 12 = 4x37

17/17
1710 Since O = x17

-3/12 Since 12 = (-4x +3)

· 10 Since O = 17x0

The divisors of 12 are - 12- 6
,

14
,

-3,2% 1
,

2
,
3

,

4
,
6

,
12 · (ie,1,2,3, 4,6

, =12)
The positive divisors of 12 are 1

,
2

,
3
,
4

,
6

,
12 ·

(positive integer divisors)
The divisors of 7 are 11

,
17·

3/2,
18t12 18 12

,
18412 ,

12/12 , 12413
-61-12 Since - 12 = 2x767

Let neX
.

Then n is even if 2n iff not 5 . ..,6 ,
-4

,
-2

,
0

,
2

,
4

,
6, ... 3



>

Facts about divisibility:
If all and bla

,
then ale .

(If <=kband bila the C-lkla .

If all and all then allbic) If als and bk ,
does atb divide c ?

No
.

Division with remainder :

Let nd 2 with d > 0. (Note : neI can be positive, negative or 0 .7
(Division Algorithm)
Tem There exist unique queI such that n = gatr ,

Ord .

(r + 50
,

1
,
2,

d- 3)
I'm intentionally writing pid,r to stand for quotient, divisor, remainder.

21 = 5x4 + 1 4521 2026 =5x4 +2

Y Tremainder 506

quotient 4202620

d dividesm iff when we divide n by d ,
the remaindes is zere.

-026
24

- z

21+ 1 + 4 +1 but 4 isn't the quotient and 5 isn't the remainder
Since 550,

1
,
2

,33.
-21 =

-Gx4 +3

--25x4 terminology ,
the theore above is named after the arta

that computes 9 and r.



Theorems
Let a be a positive integer and let In

= &1
, 9 , 92-...g be the cyclic group of

order n. gr= 1S
The subgroups of Care of the form <g9), din (d> 1).

Proof Let HE In (i.e
.

H is a subgroup of (2).
-

Certainly 1tH .

If H = 913 (e trivial subgroup) .

This is the special case
in which din

,

and there is nothing, more to say in this case.

Henceforth IH1>2 andH contains at least one of g.gigs , -, ga.

Let de [1
,
2

,

"

- n-13 be minimal such that G
&EH

.

We will show that <9
&
y = H

,
-

and that & In. clearly <gyCH Since I is a subgroup .
Next we must show

that HE <gdy, Consider
any
hel ; we must show that he <g

*
x. Note that

h = g for some he 90
,

1
,

2
, ..., n-17 .

By the Division Algorithm ,
h = glor for some

gr- I with red .
So he ghegeergarI g= (g) heH

-> 90,
1

,
2

,
-

-, mis but rel
,

", is since go is the I Y
smallest (nontrivial) power ofgiv H.
So r =o

,
i

.
e

. 11k
, kid ,

h= ghlge zgdy .

Thus <gdy and Hegds.

To proved lu ,
we have n = gder' for some gre& with Or d

,
so

1 =g = gider'= (g&&gr => g" = (g)-2 = (gty = H - v= 0 = n = qd = d/,
I



Let G
,
H be groups.

A function + : G-> H

isahomomorphismite is the rangeoff).flabs = f(al fibs for all a,bt G.

(For now
,
assume G

,
H are multiplicative]

Eg .

ifI is a Lective , homomorphism ,
then f is an isomorphism. .

-

Ifof is onto If is a surjective homomorphisms then I is an epimorphism.

If f is oneto one (fis an injective homomorphism) then of is a monomorphism.

dism
I

F is an automorphism of G.

If fiGG is auisomomorphism, I is an endomorphiso a

Eg . Every isomorphism is a homomorphism.
everyThe trivial homomorphism 6-> H is the function gre ! for get.

1 It i
.

e
. g

I = identity element of H.
If

-- --

-G
.

1 = identity in either case (if no confusion arises)
the trivial homomorphism gatt is E onetoone iff G = [to3 ;

↓

onto if H= Str3
ectire if 6= St and H= S13big

Mathematicians often abuserotation by writing G= d to mean G = 9103 la trivial group i
.e.

a group
of order 1).

A more interestingComorphism ? (something "in between"-
trivial and bijective.

↓ & (cyclic group of order 2)
For >2

, squ : Sn-> [113

Sgu(o) = Su if O iseve oddi sgu is not one-for one or onto unless
&

n=C

syn (o)
= sgn(07sgu/t) (if v= 2 then Sgn is bejective



eg .

Let G = GL(R) = Yuxn matrices A with real entries ?invertible

H = HS" = SMonzero real numbers? = GL
,
(R)

↑
Identifying (a] with a

gives equality (buy abuse
There is a well-known homomorphism ofrotation)

det : Gl(R)-> R
*

i
.

e
.

det(AB) = (detA)(det B).

This homomorphism from GL) outs I "
:

It's not oneto one unless n = 1
,

in which case it is an isomorphism GLC=-M.

why is det : GL1)- > R" onto? Given at 1 ,
det (*0 .%) = a.

u
#f n 32 then def /ji.%) = a = det /120] so det is not overforme.

Vertor spaces : linear transformations :: Groups : homomorphisms

Every
rector space

can be viewed as an additive group(ignore
scalar multiplication).

Linear transformations are homorphism.
labelian !

= E(a, . . ., and : 9
,

"

; an +#3 is an additive group
with usual componentwise addition

(a,
, , . .

.

,

an) + (b, - -

,
b) = Latb

,
Get be

, -..,
an +but

10, ..., 0)
= identity

Inverse of 19, .9n) is Ea, ---

, -An
Everynonidentity element of

"

has infinite order.



Any men matrix with integen entries , say A ,

defines a homomorphism 1->*
v - Av A(v+w) = Ar +An

· reae
Firtw) = flu) + Flui

I" is not a vector
space.

R is a rector space.

A linear transformation T : R
"

-> #
*

is defined by an mxn matrix i.e.

TI) = Ar where A is an myn matrix with real entries.

We can forget about the scalar multiplication
to get examples of additive (abelian) groups.

linear transformation T: V-> W gives us more examples of homomorphismsSo everyadditive groups.

If n is a positive iteges and A is a square uxu matrix with integer entries
then T:

"-

> I" - Av is a homomorphism.
S

If detA = 0 then A is not onto
,

not one for one,

If det A = 2 then A is one-to-one
,

but not onto.

Try A : 18 % ), deta= 2
, Aly = 1yy .

We have a homomorphism IsI
which is oneto one but not outo.

If Aly] = Alis] then lgy = Ky so x= x, yoy

But there is no fig] such that Aly] = bi] Since 2x= 3
, y: 5 he no solution int

↑

-



Eg .

E = # = 50 ,
1

,
2

,
.., pri where

p
is a prime

(finite field of order p)
Take n= 2 and consider the vector space V = F" = &(3] : a

,
b #3,

an additive abelian group.
of order pr

Every homomorphism V->V is a linear transformation our the field F

If T: /-> V is a homomorphism them Traw) = Th + T(w)·

T(2x) = T(r+ v) = T(r) +TG) = 2T(r)
·

T(sv) = Tru + u] = T(2u) + T(r) = 2T(v) + T(u) = 3 Th) ·

In fact T(kv) = kTW) for all ke F
& TV = Av for some 2x2 matrix A over F

There are exactly p"homomorphisms11->1.
How many of these p"homomorphisms are automorphisms of V ?

(p-1)(p2-p) = /Gh (F)) ·

The Klein four-goop (any group of order ↑ which is not cyclic
eg. Ge [1 ,

3
,

5
, 73 under multiplication

mod

= or <(12)(4)
,
(137(243) < Su ·= 9()

,
(12) (34)

,
(17(24)

, (14)(23)3




